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Abstract: In the present paper, the observer-based composite adaptive terminal sliding-mode control is investigated
for the nonlinear uncertain system. First, an adaptive observer is designed to estimate the unavailable high-order
derivative of the output. Then, a new dynamic terminal sliding surface is proposed with a state filter, which aims to
develop the dynamic terminal sliding mode controller. By the composite adaptive control methods, a new adaptive
law is designed, and the stability of the overall system is proofed based on the Lyapunov method. Finally, some
numerical simulations are conducted to validate the effectiveness of the proposed algorithm.
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1. INTRODUCTION

In control systems, sliding mode control (SMC) is a
nonlinear control method that alters the dynamics of a
nonlinear system to “slide” along a normal cross-
section of the system by applying a discontinuous control
signals. Many studies on SMC have been conducted. Y.
Wei. et al. proposed a output-feedback sliding mode
controller for uncertain continuous-time semi-Markovian
jump systems which could driving the underlying closed-
loop system on the sliding surface in finite time [1].
Furthermore, W. Qi et al. designed an observer-based
adaptive SMC with applications to DC motor which could
effectively reduce the adverse effects of parameter
variations and external disturbances [2].

In recent decades, terminal sliding-mode control
(TSMC) has been paid increasing attention [3-7]. The
traditional sliding mode variable structure control utilizes
a linear sliding mode, and the deviation between the
system state and a given trajectory converges
asymptotically. Compared with the traditional sliding-
mode control, the TSMC introduces a nonlinear term in
the sliding surface function to improve the system's
convergence characteristics, so that the system state can
converge to a given trajectory within finite time.
Therefore, the TSMC has the advantages of fast dynamic
response, finite time convergence, and high steady-state
tracking accuracy [8]. However, chattering of the control
signal and high-frequency noise are main drawbacks of

TSMC due to discontinuous switching term of the control
signal and sensitivity to high-frequency noise. To
overcome these problems, Liu and Sun [5] proposed a
method, namely the dynamic terminal sliding-mode
(DTSM) control, in which the time derivative of control
input was treated as control variable for the augmented
system. The control input becomes chattering-free
because of an integrator (like a low-pass filtering) placed
in front of the system.

Despite the superiorities of DTSM control, the
application of DTSM control is challenging for the
following reasons. In non-matching uncertain nonlinear
systems, there is no general integral relationship among
the system states, and thus the various derivatives of the
system state cannot be obtained. Therefore, those sliding
mode control methods based on the various orders of the
system state can not be achieved [9]. In addition, as like
traditional dynamic sliding-mode control [10, 11], the
augmented system is one dimension larger than the
original system in the DTSM control design, and hence
the dynamic sliding variable contains an uncertainty term
due to the wvariations of parameters and external
disturbance [12]. As a result, tracking errors based on
adaptive law will face the same dilemma.

Moreover, unlike the foregoing adaptive law of the
observer-based adaptive controller, a provably stable
adaptive law employing both the tracking error and the
prediction error to update the parameters is proposed,
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which is inspired by the principle of composite adaptive
control [13, 14]. In Ref. [12], based on traditional DSM
control, a robust observer was proposed to estimate the
state-dependent uncertainty in dynamic sliding variable.
Another approach called observer-based adaptive control
has achieved great development in recent years [15-20].
Compared with some general state estimators proposed
in[21, 22], the robust observer is employed to estimate
the unavailable system states, so the parameters of
controller can be adjusted on-line by the adaptive
controller in this observer-based adaptive control scheme.
In the previous studies, observer-based adaptive controller
was used online to adjust control parameters by
employing the observation error [16] or the estimation of
tracking error solely [19]; however it would chuck away
the information of parameters contained in the one not
covered. Furthermore, estimation will be slower owing to
the very small observer error in general. If high
compensation coefficient or high adaption gain is used to
deal with this problem, the amplification of the
uncertainties contained in the observation errors may lead
to chattering.

In this paper, the observer-based adaptive controller is
integrated into the dynamic terminal sliding-mode control
to overcome the obstacle to the application of DTSM
control.

2. PROBLEM FORMULATION

We let R denote the real numbers, R" the real n-
vectors and R™M the real NxMmatrices. The norm of

matrix A ¢ R™™ defined as ||A| = ,Mmax (ATA) s Amax (A)

and Ani, (A) stand for the maximum and minimum

eigenvalues of matrix AeR™™, ||x||: /x12+---+x§

stands for the norm of vector xR".

Consider the n th-order single input single output
nonlinear system of the form

X =Ax+B[f(x)+g(u+d(t)],

y =Cx.
(1)
where x e R" is the accessible state vector of system,
u e Rtis the scalar control input, yeR! is the scalar
output of system, f (x) e R*and g(x) e R" are unknown
but continuous functions, d(t)eR" is the external
bounded disturbance. The pair (A, B) is controllable, and
B < R™. The row vector C e R™" is a design parameter
chosen such that (A, C) is observable and zeros of system

(A B,C)are all in the open left-half plane.

Because of the system uncertainty (i.e. external
disturbance, parameters variation and unmodeled
dynamic), the dynamic model of the system is an

approximation of the real [23]. Hence in the presence of
uncertainties, functions f (x)and g(x) can be represented
the form as

f(x)=f(x)+AFf(x),
9(x)=4g(x)+Ag(x).

where f (x)and §(x) are the known parts, and  Af ()

@

and Ag(x) are the unknown parts of f(x)and g(x)
respectively. In this paper f (x), 4(x), Af(x),Ag(x)
and d (t) satisfy the assumption as follows.

Assumption 1: Assume that f(x),d(x), Af (x),
Ag(x),d(t) and their derivative f;(z),g*(g),Af' (x),
Ag(x),d(x) satisfy ‘f(g)‘s F Soo,‘f;(g)‘ﬁ Fy <o,
OSGmin SQ(Z)SGmax ’ OSGdmin Sé()_()Sdeax and
|d|<dy, |d| <dy, respectively, for all xeQ cR",

where F, Fy, Gin , Gax » Gamin » Gamax » dn 'dH are

positive constants.
Based on (2), system dynamic (1) can be rewritten as
follows [15]

>_'<:A§+B[f(5)+@(g)u+Tl],

y=Cx 3
Here T, isthe uncertainty of system dynamic:
T, = Af (X)+Ag(x)u+d(t) )

From the Assumption 1, and the boundedness of u, we
can conclude that T, is bounded.

Suppose that Y4 is the reference signal, which satisfies
the following assumption.
Assumption 2: The signal Y4 and its derivatives up

to y{"™ are bounded for all time, and the (n+1)"

(n+1)

derivative y; "~ is a continuous function of t. Let

e=Y—Yy denote the tracking-error,
E= [e é em T :

In the conventional DTSM control [5], the dynamic
terminal sliding variable is defined as

s(t)=KE—KP(t) )

where P(t)=[ p(t) p(t) ~ p"Y(R)] <R". P()

is a function designed such that the following assumption
holds.

Assumption 3: Consider function p(t) , R, >R,
p(t)eC"[0,0) , P, B , -, pMel”, p(t) is
bounded in

E cR" denote

interval  [0,T] for some T>0 |,
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p(0)=e(0) . p(0)=€(0) , - p(0)=e"(0).
Moreover, when t>T , p(t)=0 , p(t)=0 , -
p™(t)=0
differentiable continuous functions defined in [0,%) .

K=[ky K k.4]€R™ is a positive vector,
defined by the follow:

. C"[0,0) represent the set of all rank

d

n-1
ﬁQ:KE—M%U:[a+AJ o]
where 4, is a positive design parameter.

Define terminal function p(t)as

Zn: {Zn: (1% o) (O))j,tj+n+1

j=0

PO = +Z?:%e(k)(0)tk,if t<T )

0, if t>T

The dynamic terminal sliding surface &(t) is defined
as

S(t)=3(t)+As(t) (®)
where 4, is a positive design parameter.

For system (1), the conventional DTSM control used
in general design is

1
~ K,CABg(x)

B[ (96610 o A

(kg + K2 )Y = (Arkg +Ky g )y =
—(Aky +ko ) Y = koY + 1y + 1 +7sign (S )}

(4

{—kn_1CA”‘1B[f(5)+ §(x)u +'I:2J

9)
where 77 is a positive design parameter, 1; and I,
are described as
I, = kn—lyc(jml) + (ﬂlkn—l + I(n72 ) ygn) R
(Aaky +ko ) Vg +AKoYq
(10)
_ (n+1) (n)
IZ_kn—lp(t) +(/11kn—l+kn—2)p(t) tee
(ks +ko ) B(1)+ Ao p (1)
(11

Consider a Lyapunov function candidate as follows:

vm:%

(12)

5's

s(t)=K(E-P)= Zn:k, (0D — p(-D)y
1=0

(13)
The derivative of s(t)is
$(t)=K(E-P)
n-1 ) )
=k, (e(n) _ p(n))"'zki (e(l) _ p(l))
i=1

The dynamic terminal sliding surface and its derivative
are:

(14)

n-1 ) )
5=k, (e(n) _ p(ﬂ)) + Zki (e(') _ p('))

i=1

n (15)
Ak (e pt D)
1=1
n-1 i .
5 — kn (e(n+1) _ p(n+l)) + zkl (e(Hl) _ p(l+l))
i=1
(16)

n
+21 ki (€0 = p¥)
1=1
Since
M) _a(M _ y(n) _ y((jn) =Y —Vod
K, (e(n+l) _ p(n+1)) =K, (Y — Ving — p(n+l))
= ky (f () +g(x)u(t) + g()u(t) +d(t) - ¥og — p™),
n-1
Zki (e(i+l) _ p(i+1))

i=1

=kn 1 (F () +gu(t) +d (®) = Ypq — P™)
+r§ K, (e(i+l) _ p(i+1)),
i=1
A3k e p)
1=1
= 2Ky (F () +9(u(t) +d(t) = Yog — P™)
+ﬂinz_fk. " - p").
1=1

Therefore

8 = (K9 + (ko1 + 4Ky ) OO)U (D)
+(Kn_ + 41K, )d () + K, (9 ()u () +d (1))
+ko (£ (X) = Yog = P™P)
+(Kn_g + 44Ky )(F (X) = Vg = ™)

n-2 . . n-1
+2 ki@ = pU )+ 2,3 k(e - p)
i=1 1=1

Substituting the dynamic control law (9) into (17), then
the sufficient condition for the existence of DTSM can be
obtained as:

k, ,CA"BT, “ +

(17)

n> k,_,CA" BTl” (18)

which ensures the derivative of Lyapunov function
V <0 when &=0. That means this Lyapunov function
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will decrease gradually [13] and the sliding surface ¢
will converge to zero. According to (5) - (8) and

Assumption 2, itis easy to know that s(0)=0, $(0)=0
5(0)=0. Thus, it implies that 5(t)=0, s(t)=0 .

Remark 1: It follows from assumptions before that

s(0) = K(E(0)-P(0)) =0,

$(0) = K(E(0)-P(0)) =0.

From (8), we can get 6(0) =0 . According to Lyapunov
analysis, 96(0) =0 can be achieved. Consider &(0)=0
and (8), we have s(0)=0for all the time. Then, if we
choose P(t)(Vt =T), the tracking error E(t)(Vt >T) will
converge to zero in finite time T .

From (9) - (11), it can be seen that the control law
contains the high-order derivative of the output y(“) .
And system described in this paper as show as follows:

y =Cx,

y = CAx,

* (19)
y(n—l) _ CAn_lﬁ,

y(" = CA”§+CA”‘lB[f(§)+ §(x)u +T1J.

The high-order derivative of the output y(”) cannot be

available, since it contains the uncertain component T; .

However, system state X can be measured exactly and
the system input U can be obtained directly by system
controller. Furthermore, from Assumption 3 and (5), it

can be known that the design for function p(t) needs
the initial value of ¢(") . Since y(") cannot be obtained

directly, it can’t get the exact value of e(”)(O). As a
result, the original DTSM control cannot guarantee that
the initial value of dynamic terminal sliding surface
satisfies 6(0)=0 .

From the discussions above, it is clear that the original
dynamic terminal sliding mode control is not applicable to
the system described in this paper. To overcome these
problems, a new observer-based adaptive dynamic
terminal sliding mode (ADTSM) control is designed in the
following content.

3. ADAPTIVE OBSERVER DESIGN

In this section an adaptive observer based on algebraic
Lyapunov equation [18, 24] is proposed to estimate the

unavailable high-order derivative of the output y(“) .
Define a new two-dimensional state as

(n-1)
q:{y }ERZ (20)

where, the first component is accessible for evaluation,
but the second one is not accessible due to the

uncertainties in (19). From (20), estimated value of y(“)
can be obtained by estimating the state 0.

Taking the time derivative of (20), can get the dynamic
of state d

0 = A+ By{CA™x+ CA™B[ f (x)+ G (x)u~+T; ]

+CA B £ (x)+(x)u+§ (x)oT,
y" Y =cyq. 1)

where @ =U is the dynamic of system input, and
system matrices described as

SIS HREH

T, and T, are unknown uncertainties defined as
follows [20]

T, =Af (x)+Ag(x)u+d, (22)

T, =T, = Af (X)+Ag (X)u+Ag (X)w+d.

To estimate the state q, the following adaptive observer
is proposed:

G=AG+ Bz{CAMXJrCA"B[f(x)+@(x)u +T1]

+CN48P(@+QUMH@(@w+ﬂﬁ-

+1,A;Q7'CTCq,
Y = cq. 23)

. 1
where A, =diag {l, Z} is a positive constant.

Y

g, T,, T, are estimated value of 4, T,, T,

respectively and updated on-line by adaptive law
designed in section 5. § is the observation error vector

T
defined as G=q—q= [y(“—l) y(“)J o)
unique solution of the following Lyapunov equation:

Q+AJQ+QA, -C]C, =0 (24)

is the

The explicit solution of (16)can be obtained as

QUi )= (1)1, 1siLi<2 )
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where Ip = W .

Furthermore, Q is a symmetric positive definite
matrix [24].

Theorem 1: Supposed that the system satisfies
Assumptions (1) and (2), and T,, T, are bounded. The
observer given by (23)-(25) can ensure that the
observation error § is uniformly bounded and

converges to €% defined as
2[ezQ(caefr)
ﬂ‘min (Q)+ /12

Qg =1 dlfal<

(26)

Moreover, the radius of set % can be made arbitrarily

small, if A, is chosen to be sufficiently large.

Proof: From (21) and (23), the observation error
dynamic can be written as

4= AG+B, (CA"BT, + CA™ BT, )~ ,A,/Q'C]C,q
(27)

here T,=T,-T,, T,=T,-T,.Since T;, T, , T, ,

fz are bounded and the closed-loop system (27) is stable,

T,, T, and G are also bounded.
Consider the Lyapunov function as

1.
==-4'Qq
(28

The derivation of (28) along (27) is given by
. l ~T ~ l ~T P

V== +=
0=54 Qq > Qq

- —%qTQqu +B;Qq(CA"BT, +CA"BT,

1 A 1l
_Eﬂlz l lCzczq__ﬂQ C;CZQ lAzleq
1. . .
+E/12qTCZTC2q
(29)
Because of

4'QALQ'C;C,4=G"C;C,Q A, Qq

2
—qTcic,a=(y"Y)
(29) can be re-arranged as:

= —%qTQA§q+ B; Qq(CA"BT, + CA™BT, )

_% 4 (y<n—1))2

where L(p)

is the Laplace operator,

bounded in interval

when t>T

since |y"|<d].

Vo <~ 210l A ()+ 2. - 2[B 0| (cA"8[T [+ cA™ 8 )
(31)

Obviously, V, is negative as long as G is outside of

the compact set €% defined as

2||B Q||(CA” [T,|+CA™BIT, |)

32
(@) (32

Oy =1 dlfa] <

According to Lyapunov theorem [13], it can be

concluded that § is bounded and converges to £ .

Moreover, the radius of the set €% can be made arbitrarily
small, if 4, ischosen to be sufficiently large.

4. ADTSM CONROLLER DESIGN

According to the discussion in section 2, p(t)cannot

be designed and the initial state of &(t) cannot be made

satisfy &(0)=0 ,due to the unavailable state y(”) . To

deal with this problem, a new terminal sliding-mode
surface is designed:

¢ (t)= L(p)[s*(t)%@(t)]e R! (33)
=/1f/(p+/1f) L(p) is a state filter, P

A5 and At are positive

S

parameters. § is a new terminal sliding mode, defined
as:

§=KE-KP(t)eR' (34)

In (34), K and E are the same with (5) and (6),
P(t) is a design function which satisfies the following

assumption.

Assumption 4: Consider the function p(t):R, - R,
p(t)eC"[0) , p . p . pM el . B(t)is a
[0,T]forsome T >0, p(0)=¢(0),

«, p(0)=e"Y(0) , moreover,
pH)=0 . pH)=0 ., -

p" Y (t)=0. C"[0,00) represents the set of all rank

p(0)=¢(0) .

continuously differentiable functions defined in [0,0).

In this paper, the function f)(t) chosen as follows

nil ® t'+n1 nz el (0) [t if 0<t<T
f)(t) OI| Sl TJ I+n+1

0 Lif t>T
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(35)
where &jj can be obtained by Assumption 4.

Since L(p)=4 /( P+ A ) ,(33) can be rewritten as

5 (t):ﬂfé(t)+%§(t)
(36)
From Assumption 4 and (34), it can be known that y(”)
and its initial value y™ (0)do not exist in P(t) and
( ). since yU) (i=1,2,---,n—1) and their initial values
D (0)(i=12,, p(t) and $(t)
can be exactly calculated by (35) and (34), thus &¢ (t) s

n—l) are available,

available. Moreover, &;(0)=0
Consider the control law:
Up = Wp = Opc + Opr (37)

, if Assumption 4 holds.

The term @, is the adaptive control, which is designed
based on the observed state 9(”) and the adjustable

parameters Tl and T,.

Onc =+ CA”‘lBg { . 4CA" 1B ( )+4(x )u+f2}
ko 1CAB| (%) + G (x)u+T, |~k 4,CA" Bx
_(%kn l+k )9 (ﬂskn—z +kn—3)y(n71)

—eee = (Agky + Ko ) Y= AgKo Y+ 1 g + 102}
(38)

I, =k, 1yd (ﬂekn 1Ky 2)y3)+ ~+(Agky +Ko ) Vg

+45K0 Vg
(39)
Ia2 =K, 1p(n+l)( t)+(Agkn g + Ky z)f’(n)(t)Jf
~+(Zaky +ko ) P(t)+ Zako (1)
(40)

where T, andT, are estimated values of T, and T,

respectively. A composite adaptive law will be derived in
section 5.
The compensated control @,, is employed to guarantee

the dynamic terminal-sliding surface to be an invariant set
by compensating the system uncertainties and the external

disturbance. In this paper, @,, ischosen such as:
1
k,CA"Bg (x)

where f is a positive design parameter .

Opr =— PS¢ (41)

5. COMPOSITE ADAPTIVE LAW DESIGN

In this section, a new adaptive law which extracts
parameters information from both observation errors and

tracking errors is developed. In the following, the
observation errors and tracking errors are presented
based on adaptive law, and the composite adaptive law is
generalized.

5.1. Observation errors based adaptive law design
Observation errors based on adaptive law is the most

common employed adaptive law in observer-based

adaptive control [25] which based on the observation error

vector §. However, in system (1), the state of G is
unavailable, so the § cannot be used to design adaptive
law directly. To deal with this problem, inspired by the
works in Ref. [26], a new state 0 is introducted as
follows

dr =L(p)q (42)
T
where §; =[y(f”_1) y(f”)} , L(p)=44 /(p+/1f)
L(p)is a state filter as same as the filter in (33). From
(27) and (42), (42) can be expressed as
Gf = Ay +B, (CA"BT, + CA" BT, +w
~750%,Q
where
w; =—(CA"BT, + CA" BT, )+ L (p)(CA"BT, + CA" BT, )
(44)
P)= A /( P+ A ) the 7,"and ¢\
can be expressed as
Y =[ 2 (420 ) |9,
W =205 - 22 (p+ 2, ) |9,

The system state y("™ is available and ("%

43
67eq, (43)

Since L(

can be obtained directly, so y(f”) is available, then

g" ™ y\" and Gf are available. Therefore, the

observation errors based on adaptive law can be
designed as

T, = 1BJQMq CA"B, (45)

T, = 7,BJ QMg CA" B, (46)
where 7; >0,(i=1,2) is adaptive gain. In this paper, 7
is chosen as appropriate  positive  constant.
M =01,(60>1)is a compensation gain matrix, which

used to compensate for the filter-induced signal
attenuation. Here @ is a positive design parameter, which
is satisfied @ >1. | is the identity matrix.

5.2. Tracking error based adaptive law design
From (33) and (34), it is clear that the new terminal

sliding mode surface J; (t) contains the tracking errors.
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In this section, J; (t)is used to design the adaptive law.
Taking the time derivative of ¢ gives the dynamic of

Ot as follows:

81 = L(pKKky1CA™ B f () + G (x)u+T,]
+k, ;CA"B[ f (x) + d(x)u +T,]+k,_,CA"'Bx
+(ﬂ*3kn—1 + kn—Z ) y(n) + (ﬂ3kn—2 + kn—3) y(n—l)
+---+(/13k1+k0)y+/13k0y— Ia— a0}

(47)

where, 1, and |, have the same definition as (39)

and (40). Taking the adaptive control law (38) - (41) into
(47), we have:

8¢ =Ky 1CA"BT, +k, .CA™ BT, +(Agky 4 + Ky 5) 9"
—ft +W,

(48)
where

W, == Ky 1CA"BT, +k, LCA™ BT, +k, LCA g (x) o, |
+L(p)[ knsCA"BT, +k, sCA™ BT,

+k1CA™BY (x) @ |
(49)
Since J¢ is available, the tracking-error-based
adaptive law of parameters fl ,fz can be designed as
follows

T, = y,k, 16, CA"B, (50)

T, = y,k, 15, CA™B, (51)

where 7; >0,(j =3,4) is adaption gain, in this paper,

7j 1is chosen as appropriate positive constants.

5.3. Composite adaptive law design

In this section, inspired by the composite adaptive
control methods [27, 28], a fast, stable and relatively
smooth adaptive law which extracts parameter
information from both the tracking-error and the
observed-error is proposed. The new adaptive law is
designed as

T, = 7 (B] A,QM, G CA"B +k, 15, CA"B) i,
(52)
T, = 7e2 (B} A,QM, 8 CA" B +k, 15;CA™B) -0, T,

(53)

where ¥, 7., are adaption gains chosen as appropriate
positive constants. M. =6,1(6, >1) isacompensation
gain matrix, where 6. isthe design parameter satisfied
6.=1 . I is an identity matrix. oy,0, are positive

design parameters as the o —modification employed to
avoid the parameter shift problem [29, 30] defined in next
section.

6. STABILITY ANALYSIS

In this section, the stability of proposed adaptive
controller is analyzed. The following lemma is required
in the stability analysis.

Lemma 1: If Assumptions 1 and 2 are satisfied, then
there exists positive constants ¢;,C, and Cz; such as:

(a) "Wl” =0 |-|:1| +C |-|:2| (54)

) Mall<ciff+c[T|+cs (55)

Proof: Equations (44) and (49) can be arranged as
follows

W = [—kHCA” BT, +L(p)(k, CA"BT, }+
T,

[k, 1CA™ BT, +L(p) ( _CA™B ]
(56)
W, = [—kHCA“ BT, +(L(p)k, 1CA" B'I:lﬂ

+[ K, 1CA™ BT, + L ( p)(kn_l CA™BT, )]

+{~knsCA™BG (x) &, +L(p)| kosCA™ B (X) e ]}
(57)
From (56) and (57),

wy| < “—kn_ch” BT, + L (p)(ky CA" BT])H +|k, 1AM BT,
L ( p)(kn_chHBT”2 )

(58)

AE “—kHCA” BT, +L(p)(ky 1CA" Bﬂ)“ +[ -k 1CA™BT,

+L(p)(ky4CA™ BT, )” +| - CAMBG (x)

+L(p)[ knsCA™'BY (X) |

(59)
Since the system (1) satisfied Assumptions 1 and 2,
L(p) isastablefilter,and e, is bounded. It is clear that

there exist positive constants ¢;,C, and Cssuch as:
|-knCABT, + L (p) (kniCA™BT, )| < [T,
“—kMCA”‘leZ +L(p)(k,1CA™ BT, )H <6, [Fy|.

[n1CA™BG ()@ +L(P)] Ky o CA™ B (), ]| < s

Using the inequalities above, (58) and (59) can be
bounded by
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vl < e T3] + 2 [T,
||W2||£C1|f1|+cz |f2|+03-
Lemma 2: If the sliding mode surface is defined as
s(t)=(d/dt+4)" e, where e=x—x, is the tracking

error, and n-1 is the relative degree of the system.
Bounds of s can be directly translated into bounds of

T
tracking error vector E = [eé---e(”_ﬂ . Specifically, if
E(0)=0 ,then

vt20,[s(t)|<g=

vt> O,‘e(t) (t)‘ < %Mfi (i=1,2---n-1)
S
here ¢ >0 is the up-bound of the sliding surface

[s(t)]-
Theorem 2: Consider the nonlinear system (1) with the
control law given by (38)-(41) and the observer given by

(23) which estimating the unavailable state y(“) . Let

(60)

Finally, the theorem 2 can be established.

the parameters fl and fz be adjusted by the composite

adaptive laws (52) and (53). If Assumptions 1 and 2 are
satisfied, the design parameters are selected such as:

X >0[0, , 01>26, , 0,>25, , B>[ where
/TZ ,0.,6,,0,and B are constants defined later. Then
T,, T,.8 ,u,wand eV(t) ,(i=12--n-1) are

uniformly ultimately bounded (UUB), moreover, the
tracking error converges to following bound in finite time

T.

» —as(t)+1fa§(t).+4ﬁag(t)
22
here (i=12,---n—1),vt>T.

Proof: Consider the Lyapunov function candidate:

el (1) < (61)

(62)
Where
1. -
Vi :E‘ﬂMcQQf (63)
1
V=355 (64)
Vs = L 1:12 "'_1 1:22
27q 2¥¢2
(65)

The derivation of V; along system (43) and (24) is
given by

1. 1 .
Vi =50 Mc QA +24iMcQdy
1 . » _ ~ o~

=—Eq¥MCqu +B; McQd; (CA"BT, +CA™ BT, +w )

1, . PN 1, 1, -
—Eﬂz(ﬂMcQAéQ 'C; C,4; _EJQQR:JCZQ 1A};MCqu

1
+§/12‘ﬂ M¢C; C,

(66)
Since
Gt McQA,Q7'C;C,f =47 C;C,Q A, McQd;
1 \2
= (ﬂ MCCngqf =0 (y(fn 1))

(66) can be rearranged as
Vp = —%(ﬂ McQA; d; +B; McQdy (CAn BT, + CA"'BT, +W1)

1 (n-1)\?
2 ﬂ’z‘gc (yf )
(67)
Based on (48), the derivation of V, can be written as
VZ = 5f 5f

=5 [kn,lc:A“ BT, +k, ,CA" VBT, (68)
+( A3k +Kn2) V(fn) +W, — 64 ]
Because of fl =T, _'|51 , fz =T, _'|52 , the
differentiation of V3 is written as follows
. 1 2- 1 32~ 1 -n 1
Ya Ye2 Ve Ve2

When T; ,T,are arbitrarily large and slowly varying

with time, the last two terms can be negligible [23].

Based on (62) - (69), and by substituting the composite
adaptive laws (52) and (53), the time derivative of V
can be described as

V =V, +V, +V,

1. N N 1 1))\2
Z_qu-MCqu +B;MCquW1_§ c/,iQ(y(fn 1))
S (ks +k )9 + 8w, — 62 +o(T]T,
+ f(ﬂe n1t n—2)yf +01W, — B6% +opTiTy

o, Tl + 1T, + 1T,
Vel Ve2
(70
)

Since ”B;MCQ”=HC B;Q” . ‘Y(fnfl)‘ﬁan" :

V(fn) < ||qf || , (70) can be rewritten as follows
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V < —%6{3 [ Amin (Q)+ﬂz]||qf ||2 +6; B;Q""qf ||||W1||

(Aaks +ko_)|0¢ s |7 Iwa - o

o T+ {1+ e

(71)

+0 |T1

From lemma 1,

0. |B;Q 7 I

+o,0,|BIQ]2]

I < e, B Q]

R L2 g
say quH +alﬂ‘Tl‘ +a2ﬁ‘T2

s

‘2
(72
8¢ Iwel < | [T+ €2 [ [T+ ca o |

2 -2 =12 Cy
Sa4|5f| +cl|T1| +CZ|T2| +E

where o =0.5¢,6,

B;Q| . @ =056,

o3 =0y +a, andoy =C +C, +0.5¢; |
Substituting (72) and (73) to (71) with the following
inequalities

(Agkng +Knp) < |5f |||qf " <ag |5f |2 +as "qf "2 ,

i< -5 =12

BQ .

A AL AP S S Al A
Ya Ve2

|2

where a5=(ﬂ,3knfl+kn72)/2 s =12y, and
o7 =12y

\/ < _%|:Hcﬂ'min (Q)+Hcﬂ2 _2a3]||qf "2 _[%61 -0 —C —%J

are positive constants, yields

2 ¢c3 1

i +?+501|T1|2+%02|T2|2+a6|T1|2+a7|T2|2

<—50n-E)[ - 3oi-a i

1 _ = — _
_(502_02J|T2|2_(ﬁ_ﬂ)|§f|2+l//
(74)
Wherezzzza3+2a5_‘9clmin(Q) , o= +C +ag,
O_'2=0(2+C2+O!7,B:a4+a5 al’ld
:/7:(C3+01|T1|2+o-2|T2|2)/2+a6|Ti|2+a7|T2|2 f

design parameters chosenas 4, > 4, /6, ,
0,>25, , B>p.Itisclearthat \V isnegative as

oy, > 20,

long as 0+ is outside the compact set (% defined as

Qg ={Qf |||(1f||S ,90,1?/7_}2}

According to the Lyapunov theorem [31], it can be

(79)

concluded that G is bounded and converges to { .
This means 0y is uniformly ultimately bounded (UUB).
Moreover, the radius of (% can be made arbitrarily
small, if 4, is chosen to be sufficiently large. Since the
stable filter is in a bounded input bounded output (BIBO)
form, there exist a positive constant P4 such as
a=pgdr [32], thusq is uniformly ultimately bounded
(uuB).

Similarly, T, and T, are uniformly ultimately bounded
(UUB) and converge to €% and €, respectively. <, and
Q .defined as

o, - (Tl 2|

o, —206;

o, - [l 2

o, —20,

(76)

Since Assumption 1, T, and T, are bounded, T, =T,-T,
and T,=T,-T, , thus T, and T,

ultimately bounded (UUB).
From the inequality (74), it can be obtained

are uniformly

V< =plo [+ (ko 1+ ko) ae [ +]o Il & [T s
AR AL AR A ARt 1A
7(:1 7(:2
< —,B‘é'f ‘2 +ag ‘§f ‘+ag
(77)

where ag, a9 20 | o z(ﬂskn—l"‘kan)"qf ||+||W2|| ,
B3 Q) [+ o [T T

I

ag :HC

et A 11
Ya Ve2

Since T, ,T, ,T, ,T, ,T, ,T, ,df ,wW and W,
are bounded,it can be known thatag , @9 are bounded.
Based on the inequality (74), it is clear that V is
negative as long as s is outside the compact set €,
defined as

o, -6, |0<|5f|< —aa(t)+~/a82+4ﬂa9
. < <

2p

Based on the Lyapunov theorem [31], 5 is uniformly

(78)

ultimately bounded and converges to compact set €% .
According to Assumption 4, definition (33) and (34) , it
can be seen that 5; (0) =0 Based on (78), there exist
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Q5f 1~

5, (0=, (o] < <2 NE OO

2p

(79)
Since the stable filter is in a BIBO form ,5(0)=0. It

can be concluded that o is uniformly ultimately
bounded (UUB). Here,

Os) =

s(tylo<ls(t)<p a5 (1) +Ja (1) + 462 (1 vt>0

2p
(80)
and £ is a positive constant.
Based on (80) and lemma 2, it is clear that $(t) is

uniformly ultimately bounded. The bound of §(t) is
defined as

Qr;(t) =
$()10<[s(t)] < p _“B(I)Wig?”ﬂ“g(t)] vt 0

(81)
According (81) the lemma 2, it is easy to know that

£0(t)=[e(t)-p(t)]",(i=1.2,+,n-1) is bounded,
and the bound is defined as

Q . =
5(')(0
£ )10<le 1)< p —a (1) +y/ag (1) + 4B (1)
2257
(82
)

here(i=1,2,---,n-1),vt >0,

From the Assumption 4, £(t)=e(t)—p(t) and (82), it
can be concluded that e(i)(t),(i =12,---,n-1) is UUB
and converges to zero in finite time T ,where defined as

‘e(i) (t)‘ < P —0g (t)+ \Aagz (t)+4ﬂ0.’9 (t)

2B2544
(83)

here (i=12--,n-1),vt>T

Because system (1) satisfies the Assumption 1 and 2,
based on the (83), it can be seen that the system states

Y, ¥, y(”) are UUB. And it can be concluded that X is

UUB, due to the controllable (A B,C) and observable

(A,C). From (1) and Assumption 1, it can be seen that

input u is UUB, furthermore, the boundedness of u=w
can be obtained from (38)-(41).

Remark 2: In order to prove the stability of the
proposed adaptive controller [33, 34], a three-part

Lyapunov function is constructed: V; for observation
errors with state filter, V, for terminal sliding mode surface
contains the tracking errors, V; for the unknown

uncertainties of the system. The key difficulty in deriving
the stability theorem is scaling down the time derivative
of V and guaranteeing its time derivative negative.

Ya
ADTSMC U__ [ Original Plant Y

g(n-1)

P y

1
o (n-1)

Adaptive Observer | y

am
a; Yal-
Composite Adaptive Law E_'—_l Filter Whal
S

Fig. 1. Structure of Observer-based Adaptive DTSMC

T

7. SIMULATION

In this section, two numerical simulations are
presented to demonstrate the properties of the proposed
adaptive control algorithm. First, the proposed adaptive
control algorithm is applied to a second order SISO
system (see Fig. 1). The tracking performance in
comparison with tracking-error-based adaptive control
and observation-error-based adaptive control is presented.
Next, an application to an inverted pendulum system is
illustrated, and the performance of observer-based
composite adaptive terminal sliding-mode control is
compared with original terminal sliding-mode control.

Example 1. Consider the second order SISO system:

Xlzxzx
% = (xt)+g(x.t)u(t)+d(t), (77)
y=X.

where x =[x, x,]' . u(t)is the system input, f(x.t)
and g(xt)are the dynamics which are not exactly
known, d (t) is the external disturbance.

In this simulation, f(x,t) and g(xt) have the

same expression as (2). The control objective is to
maintain the system to track the desired trajectory

Y4 =0 , under the condition that only X, and X, are

available, the initial values is x(0)=[0.1 O]T The
proposed observer and adaptive controller are designed
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as given in (23) and (37), and the design parameters used
in this simulation are chosen as k; =10 , k, =5

A,=15 | 43=25,

The following cases are simulated:
Case 1. Let f(xt)=30x% and g(xt)=150, the
known parts of them are f(g,t) =10 and §(x,t)=130
respectively. No external disturbance exists in this case.

Case2.  Let  f(xt)=[26+4sin(t)]x and
g(x,t)=140 , theknown partsare f(x,t)=10 and
d(x,t)=130. The external disturban d (t)is defined as
d(t)=5+5cos(t) .

0.04} T ::

¥ m—
+ o+ —
g0 x 10’ .-
2004 |
5 -0.08! o & —
R 0.08| sl /\

~0|: 10+ |

0.14) i QOO O T A TS T T PO U UT Y Y Crar e

oc 1 1.8 2 ) 3
a16—— g T R T

s
timejs)
Fig. 2. The tracking-error of case 1

In the present work, C-A denote the composite
adaptation proposed in this paper; T-A denote the
tracking-error based adaptation with ¥ =800 ; O-A1
denote the observation based adaptation with y =800
6 =500 ; O-Al denote the observation based adaptation
with =800 , #=250.

Figs. 2. and 3. compare the tracking error of the tracking
error-based adaptive controller with adaption gain with
the observer error-based adaptive controller with two
different compensation gains & =250 and € =500 . It
can be seen that the tracking error converged to a small
bound intimeT =0.6s.

c

0.04} T
0.02f =
)

P oS S S ———

002} x 10’

3 weror (w)

2

2008 | o
H

=.0.08 | f
a1}) 5

b ! 8 9 10
time{s)

Fig. 3. The tracking-error of case 2
According to (77) - (83), it can be seen that the bound

‘e(')(t)‘ relates to the adaption error. That means the

good tracking performance can be obtained by a stable
and fast adaption. From Fig. 2, when the uncertainties are
time-invariable, the tracking performance of our
proposed adaptive law is better than it of the observation
error-based adaptive law, since the composite adaptive
law extracts parameter information from both the
tracking-error and the observation-error. It is not as good
as the tracking error-based adaptive law, due to the signal
weakening which is caused by the composite adaptive
law. However, for this property, the proposed adaptive
law has better robustness to fast time-varying

uncertainties d(t) than tracking error-based adaptive
law (see Fig. 3).

Example 2. Consider the inverted pendulum system.
Let X =@ be the angle of the pendulum with respect to

the vertical line and x, = 6. The dynamic equations of
the inverted pendulum system are expressed as follows

Xl = X2,
(M +m)gsin x —mlIx3 cos X, sin ¥, +U cosx,

X, = +d(t),

? 41(M +m)/3-mlcos? x

y=X.
where g is the acceleration due to gravity, M is the mass
of the cart, M is the mass of the pole, | is the half

length of the rod, Y is the system output, U is the applied
force ( the control signal ), and d(t) is the external

disturbance.
In this simulation, it is assumed that the external

disturbance d(t) is a band-limited white noise with
sampling period 0.001 whose magnitude is +2
Another  system  parameters are given  as
M =1+0.5cos(3t), m=0.1+0.25sin(5t) ,1=05. The
control objective is to keep the system tracking the desired
trajectory Yy =0.1sin(t) under the condition that only
the states x1 and x2 are measurable and the initial values
x(0)=[0.15 0]

The observer-based adaptive DTSMC is designed as
given in (23), (37) - (41), (52) and (53) ,and the design
parameters used in this simulation are chosen ask; =5,
k=1, 4,=10 , 4;=15. In order to illustrate the
effectiveness of the proposed method, we randomly
choose the initial valuesof M =1 ,m=1 andl=1 (i.e.

there is no previous knowledge of the system
nonlinearities).

L=
-
\
|
|
J

of |

Trajectory

N Desired Trajectory
Y ——— —— Actual Trajectory
o 061 2 3 s e
time(s)
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Fig. 4. The tracking performance of proposed O-
ADTSMC

Iror o)
-]
—

&
e
.

3
? |
2 01} 4
£ [ — O-ADTSMC
V — TSMC
Ay o sy ) ey
0 061 2 3 a € 7 8 s 10

—
time{s)

Fig. 5. Comparison of the tracking errors between O-
ADTSMC and TSMC

100 v

Inputiu)
° 8
|

% oe1 2 3 4 & 7 8 9 10

;lméc(s)_
Fig. 6. The control input of Observer-based Adaptive
DTSMC

50 4
E)
2o 8
£
B T ¥ S — & 7 8§ 8§ 1w

time(s)
Fig. 7. The control input of TSMC

To compare the control performance, this system is also
controlled by the original terminal sling mode controller

with control gain Kqgue =10 ,boundary layer width
$=0.03 andT =0.6 .

As shown in Fig. 5, the performance of Observer-
based Adaptive DTSMC is similar to it of TSMC.
However, from Figs. 6 and 7, it is clear that the chattering
of control input generated by Observer-based Adaptive
DTSMC is reduced effectively. Therefore, the observer-
based dynamic sliding-mode control which proposed in
this paper has a good robustness to uncertainties,
immunity to the noise and effective reduction of input
chattering.

8. CONCLUSION

In this paper, the proposed observer-based composite
adaptive terminal sliding-mode control has good
practicability. Based on the algebraic Lyapunov equation,
an adaptive observer which dispense with the famous SPR
condition is designed. By employing an appropriate state
filter and a new function p(t) ,both the filtering
observation error vector and a new terminal sliding-mode
surface which is available for the state-unavailable

systems can be obtained. The stability analysis and
numerical simulations are provided to illustrate stability,

fast adaptation, good robustness and effectively reduction
of input chattering by using the proposed controller.
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