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Abstract We consider equivalence, stability and integration of quadratic Hamil-
ton—Poisson systems on the semi-Euclidean Lie-Poisson space se(1,1)%. The inho-
mogeneous positive semidefinite systems are classified (up to affine isomorphism);
there are 16 normal forms. For each normal form, we compute the symmetry group
and determine the Lyapunov stability nature of the equilibria. Explicit expressions
for the integral curves of a subclass of the systems are found. Finally, we identify
several basic invariants of quadratic Hamilton—Poisson systems.

Keywords Hamilton—Poisson system - Lie—Poisson space - Lyapunov stability

Mathematics Subject Classification (2010) 53D17 - 37J25

1 Introduction

The dual space of a Lie algebra admits a natural Poisson structure, called the
Lie—Poisson structure. Such structures are in a one-to-one correspondence with
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linear Poisson structures [24] (i.e., those structures for which the Poisson bracket
of two linear functions is linear). Many dynamical systems admit a Hamiltonian
formulation in terms of Lie-Poisson brackets: for instance, the motion of a rigid
body (and its generalizations) [20,25] and (on infinite-dimensional Lie algebras)
fluid dynamics in the form of Euler’s equation for an ideal fluid [25]. Moreover,
such systems arise naturally in the study of invariant optimal control problems
[21,7,22].

The study of quadratic Hamilton—Poisson systems (especially on low-dimen-
sional spaces) has seen a flurry of recent activity. We provide a brief overview here.
Systems on the orthogonal space s0(3)*, as well as the Euclidean space se(2)*,
have been treated extensively. In particular, on s0(3)* orthogonal equivalence and
explicit integration of homogeneous systems is considered in [19] (see also [29])
whereas in [2,5] affine equivalence, integration and stability of inhomogeneous
systems have been studied (in a similar vein to this paper). Similar questions on
5¢(2)* were considered in [4,3,6]. On the other hand, spectral and Lyapunov sta-
bility, as well as numerical integration, of homogeneous Hamilton—Poisson systems
on se(1,1)X are considered in [9], and spectral stability and numerical integration
on 5[(2,R)* in [13]. A number of Hamilton—Poisson systems have also been stud-
ied from the viewpoint of invariant optimal control problems (see, e.g., [3,6,15,
28,12,11] and references therein). A thorough treatment of homogeneous systems
on three-dimensional Lie—Poisson spaces has also recently been published [18] (see
also [16]).

This paper serves as a sequel to the earlier work [14], in which the homogeneous
systems on se(1,1)* were treated; here we are chiefly concerned with the inhomo-
geneous systems. Together, these papers form an extensive and systematic study
of the classification, integration and stability of positive semidefinite quadratic
Hamilton—Poisson systems on se(1,1)* . (Our restriction to positive semidefinite
quadratic forms is motivated by control theoretic considerations; see, e.g., [14,17].)
We expect that this study will complement existing work on other Lie—Poisson
spaces and would be integral to any systematic treatment of (inhomogeneous)
Hamilton—Poisson systems in three dimensions.

We start by classifying the inhomogeneous and positive semidefinite quadratic
Hamilton—Poisson systems on se(1,1)%. Sixteen normal forms are obtained, in-
cluding five one-parameter families of systems, as well as a single two-parameter
family of systems. We distinguish between those systems whose integral curves
evolve on lines, on planes, or on neither lines nor planes. The latter group is fur-
ther subdivided by separating out those systems for which the equilibria are the
union of lines or planes. Some systems are shown to be equivalent to systems pre-
viously considered on the orthogonal space s0(3)* and Euclidean space se(2)*;
these systems shall be excluded from our treatment of stability and integration.

For each normal form, we compute the symmetry group and determine the
(Lyapunov) stability nature of its equilibria. To prove stability, the extended
energy-Casimir method [26] is applied; instability either follows from spectral in-
stability or by a direct approach.

With the exception of a subclass of systems, we find explicit expressions for all
(maximal) integral curves. (Due to the complexity of the computations required,
we exclude those nonplanar systems whose equilibria are not the union of lines or
planes.) We provide proofs for typical cases. Most integral curves are expressed in
terms of elementary functions. However, for one system the Jacobi elliptic functions
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are used. Also, it turns out that the Hamiltonian vector fields for two of the normal
forms are not complete.

We conclude the paper by identifying some invariants of quadratic Hamilton—
Poisson systems. These invariants may be used to form a “taxonomy” of systems.

2 Preliminaries
2.1 Lie—Poisson spaces

Let g be an n-dimensional (real) Lie algebra. The dual space g* admits a natural
linear Poisson structure, called the (minus) Lie—Poisson structure [24,25]. If F,G €
C*°(g*), then the Lie-Poisson bracket is given by

{F,G}(p) = — (adgr(p) p,dG(p)) = —(p, [dF(p),dG(p)]).

Here [-,-] is the Lie bracket on g and adt*iF(p) is the dual of the adjoint map
adgp(p) = [dF(p),-]. (As dF(p) and dG(p) are linear functions on g*, they are
identified with elements of g.) The Lie—Poisson space (g*,{-,-}) is denoted g*.
A linear Poisson automorphism is a linear isomorphism 1 : g* — g* such that
{F,G}ot) = {Fot,Gov} for every F,G € C*°(g"). Linear Poisson automorphisms
are exactly the dual maps of Lie algebra automorphisms.

The Hamiltonian vector field H corresponding to a function H € C°°(g*) is
defined as H[F] = {F,H} for F € C°°(g*). Explicitly, we have H(p) = adg g (p) P
A Casimir function is a function C € C°°(g*) such that €' = 0. (Casimir functions
are constants of motion for any Hamiltonian vector field on g*.) An integral curve
of a Hamiltonian vector field H is an absolutely continuous curve p(-) : (a,b) — g*
such that p(t) = H(p(t)) for almost every t. We say that H is complete if the
domain of every integral curve of H can be extended to R (cf. [1]). An integral
curve is mazimal if it has maximal domain. The following lemma is easy to prove.

Lemma 1 Let p(-) : (a,b) — g* be an integral curve of H. If (i) a = —oo or
limt—q ||p(t)]] = 00 and (i) b= oo or lim;_ ||p(t)]] = oo, then p(-) is mazimal.

A quadratic Hamilton-Poisson system is a pair (g, Ha o), where g* is a Lie-
Poisson space and H4 ¢ is a Hamiltonian function of the form

Ha,o(p) = La(p) + Ho(p) = (p, A) + Q(p).

Here A € g and Q is a quadratic form on g*. (In coordinates, we write Q(p) =
%prT7 where Q € R™*™.) When the space g* is fixed, (g%, Ha,o) will be identified
with its Hamiltonian H,4 . We shall consider only those systems for which Q
is positive semidefinite. If A = 0, then the system is said to be homogeneous;
otherwise, it is called inhomogeneous.

Let (¢%,Hy o) and (h™,Hp ») be two quadratic Hamilton-Poisson systems.
We say that Hq o and Hp g are affinely equivalent (or A-equivalent) if there exists
an affine isomorphism ¢ : g* — h* such that w*ﬁA’Q = HB,R- If ¢ is a linear
isomorphism, then Hy o and Hp r are called linearly equivalent (or L-equivalent).
It is easy to show that the following systems are all L-equivalent to H4 g:

(€1) Hy g o, where ¢ : g* — g* is a linear Poisson automorphism.
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(€2) Hy o + C, where C is a Casimir function.
(€3) Ha,rg, where r # 0.

Affine equivalence of two inhomogeneous systems implies linear equivalence of the
corresponding homogeneous systems.

Proposition 1 If ¢ : p — 1o(p) + q is an affine isomorphism such that ’L/)*ﬁA)Q =
ﬁB,R7 then (wo)*ﬁg = ﬁR.

Proof We have
Ha,0(p) = 2di(L s 110y P = ada P + adgng (n p = La(p) + Ho(p)-

Accordingly, o - ﬁA,Q =0 -La+o- ﬁQ and

-

Hp r(¥(p)) = Lp((p)) + Hr (¥(p))
= (Lp ovo)(p) + Lg(q) + (Hr o 0)(p) + Hr(q) + F(p) + G(p)

where F(p) = adgp, (po(p)) ¢ and G(p) = adgp, g %o(p). Expanding terms in
(Yo Ha,0)(p) = (Hp,r 09)(p) =0, we get

(o - La)(p) + (0 - Ho)(p) — (L 0 o) (p) — (Hr 0 0)(p) — F(p) - G(p)
= Lp(q) + Ar(a). (1)

Taking p = 0 yields Lg(q) + Hr(¢) = 0. Interpreting both sides of (1) as maps
g* — b*, we have

T0(¢0 . EA) +T0(1/)0 . ﬁQ) _TO(EB Owo) — To(ﬁ']g O¢0) —ToF —ToG = 0.

(Here ToF is the tangent map of F at zero.) Elementary calculations show that
To (o ~ﬁ9) = To(ﬁg 01p) = 0. Furthermore, F and G can be shown to be linear;
hence we make the identifications To F' <+ F' and ToG + G. (Likewise, g - L A and
Lp oo are linear.) Thus ¢ - Ly — Ly oo — F — G = 0, and so (1) becomes
1/)0~I‘j’g :ﬁROwo. That is, (lpo)*ﬁg :ﬁR O

2.2 Stability

A point pe € g* is called an equilibrium point of a Hamiltonian vector field H if
H(pe) = 0. An equilibrium point pe is said to be (Lyapunov) stable if for every
neighbourhood N of pe there exists a neighbourhood N’ C N of pe such that, for
every integral curve p(-) of H with p(0) € N’, we have p(t) € N for all ¢ > 0. The
point pe is spectrally stable if all eigenvalues of the linearized dynamical system
DH (pe) have nonpositive real parts. Every stable equilibrium point is spectrally
stable. The point pe is unstable (resp. spectrally unstable) if it is not stable (resp.
spectrally stable).

The (extended) energy-Casimir method and continuous energy-Casimir method
[26] provide sufficient conditions for stability of equilibria. We state simplified ver-
sions here.
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Proposition 2 Let pe be an equilibrium point and let C' be a Casimir function. If
there exist Ao,A\1 € R such that d(MoH + A1C)(pe) = 0 and the quadratic form
dZ2(MoH + A\1C)(pe is positive definite, where W = ker dH (pe) N ker dC(pe),
then pe is stable.

)‘WXW

Proposition 3 If C is a Casimir function and H™*(H(pe)) NC~H(C(pe)) = {pe} in
a neighbourhood of pe, then pe is stable.

2.3 The Lie—Poisson space se(1,1)*

The three-dimensional semi-Euclidean Lie algebra

000
52(1, 1) =< x1E1+x2FEs+23E3 = |x1 0 x3| : z1,72,23 € R
zo x3 0

is the Lie algebra of the Lie group SE(1,1) of (orientation-preserving) isometries
of the Minkowski plane. The nonzero commutator relations are [Ez, B3] = —E;
and [Es, E1] = Es2. Let (Ef, E5, E3) be the dual of the standard basis (E1, E2, E3).
We write elements p = p1 Ef + paE5 + psE3 € se(1,1)* as row vectors. For conve-
nience, we take ||p|| = \/p? + p2 + p3. The group of linear Poisson automorphisms
of se(1,1)% are

T Yy v
p—ployorw| iv,w,z,y €R, o€ {-1,1}, xgaéyQ
0 0 o

Let H : se(1,1)* — R be a Hamiltonian function. The equations of motion take
the following explicit form:

. oH
pl—pzafpg
. 0H
P =g,
OH oOH

p3 = *plaim 7p287p1'
The function C : p — p? — p3 is a Casimir function on se(1,1)* .
Remark 1 The vector field H may be written in the form H= %VH x VC.

Lemma 2 The points (0,0, 1), p € R are equilibrium points for any Hamilton—Poisson
system H on se(1,1)*. If g}i (0,0, ) # 0, then the state (0,0, ) is (spectrally) un-
stable.

Proof The linearization at (0,0, u) of the vector field H has eigenvalues \; = 0,
Aoz = :I:g—g(o,(),u). Hence, if g—g(0,0,u) # 0, then the state (0,0, u) is spectrally
unstable. ad

*

Lemma 3 Let H be a Hamilton—Poisson system on se(1,1)* and let p(-) be an ab-
solutely continuous curve such that p1 = ng%, C(p(t)) = constant and H(p(t)) =

constant. Then p(-) is an integral curve of H.
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Proof By assumption, the first equation of motion is satisfied. Differentiating both
sides of C(p(t)) = p1(t)” — p2(t)? yields 0 = 2p1p1 — 2popa, Le., P2 = B =

P2
P1 a—g. Hence the second equation of motion holds. Lastly, differentiate both sides
of H(p(t)) = constant, to get plg—g +p2§—g +Psg—g = 0. Solving for p3 gives
s =~ G — P2y Thus (1) = H(p(0)) .

3 Classification

We classify all inhomogeneous quadratic Hamilton—Poisson systems (with positive
semidefinite quadratic form) on se(1,1)%. This classification is based on a clas-
sification of the homogeneous systems [14]. The following two results essentially
comprise that classification; however, we state a slightly stronger version here.
(Nevertheless, the proof is identical, so we shall not repeat it.)

Proposition 4 (cf. [14]) Let Hg be a positive semidefinite homogeneous quadratic
Hamilton—Poisson system on se(1,1)%. There exists a linear Poisson automorphism
¥ and real numbers r > 0, k € R such that rHg o ¢ + kC = H; for ezactly one
i1€{0,...,5}, where

Ho(p) =0 Hi(p) = 391 Ha(p) = 5 (p1 + p2)?

Hs(p) = ip3  Halp) = 3(p1 +p3) Hs(p) = 3 [(p1 +p2)” +p3).
Corollary 1 Fuvery homogeneous quadratic Hamilton—Poisson system on se(1,1)% is
L-equivalent to exactly one of the systems Hy, ..., Hs.

For each of the systems Hy, ..., Hs, let S(H;) denote the subgroup of linear
Poisson automorphisms 1 : se(1,1)* — se(1,1)* satisfying H; oy = rH; + kC for
some r >0 and k € R.

Lemma 4 The subgroups S(H;) are given by

T Yy v [z 0 v 0yw
S(Hop) : |oy oz w S(H1): |0z w|, |oy 0w

10 0o 100 o 00c

(zy v [z y 0
S(H2): |y zw S(Hs3): |oy oz 0

001 0 00

[c1 0 0 0 o1 0 [ 2 o—z0
S(Ha): | 0 o102 0|, [0202 0 0 S(Hs): |o—xz =z O

0 0 o 0 0o L0 0 1

Here o,01,02 € {—1,1}, v,w,z,y € R and the determinant of each matriz is nonzero.

Proof We illustrate by finding S(H1). We have
2

z© oxy 0 T ywv
(Hioy)(p) = 3p |owy 4* 0| p',  where ¢ :psp |oy oz w
0 00 0 0o

If ¢ € S(Hi), then either y = 0 or z = 0 and so 1 is of the given form. If

y = 0, then (Hy o ¢)(p) = 2?Hi1(p) and so ¢ € S(H1). Likewise, if = 0, then
2

(H1 ow)(p):yQHl(p)f%C(p) and so ¢ € S(Hy). O
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Theorem 1 Let Hy g = Ly + Hg be an inhomogeneous quadratic Hamilton—Poisson
system on se(1,1)* .

(¢) If Hg is L-equivalent to Ho(p) = 0, then Ha o is A-equivalent to ezactly one of
the following systems:

0
H£ )(Z’) =Dp1
0
Héi(l’) = aps.
(%) If Hg is L-equivalent to Hi(p) = %p%, then Hy o is A-equivalent to exactly one
of the following systems:
1
H§ )(p) =p1+ %p%
H(l) — 1,2
5 (p) =p1+p2+ 501
1
HSD(0) = aps + 1pi.
(#i) If Hg is L-equivalent to Ha(p) = %(pl +p2)?, then Hya. g is A-equivalent to exactly
one of the following systems:
2
HP (p) = p1 + L(p1 + p2)’
H (p) = p1 +p2 + 4(p1 + p2)?

H?E,Qg (p) = 0ps + 3 (p1 + po)?.

() If Hg is L-equivalent to Hs(p) = %pg, then Ha o is A-equivalent to exactly one
of the following systems:

H® (p) = p1 + 0}
H (p) = p1 + p2 + 03
HSY (p) = 1p3.

(v) If Hg is L-equivalent to H4(p) = %(p% +p3), then Hy g is A-equivalent to exactly
one of the following systems:

H® (p) = ap1 + L0} +p3)

Hé%o)él,az (p) = o1p1 + a2p2 + 3 (pT + p3).

(vi) If Hg is L-equivalent to Hs(p) = [(p1 + p2)? + p3), then Hy o is A-equivalent
to ezactly one of the following systems:
Hf,s;(l?) = ap1 + 5 [(p1 + p2)” + p3]
HS (p) = p1 — p2 + 3 [(p1 + p2)? + p3]
H{(p) = alpy +p2) + 5 (o1 +p2)° + ).

Here a > 0, a1 > ag > 0 and 6 # 0 parametrize families of normal forms, each
different value corresponding to a distinct (non-equivalent) normal form.
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Proof Let Hj o be an inhomogeneous quadratic Hamilton—Poisson system. By
Corollary 1 and (€1), (€2), (¢3), we have that Hy o is A-equivalent to a system
H = Lg + H; for some B € s¢(1,1) and i € {0,...,5}. By Proposition 1, Lg + H;
is not A-equivalent to Lp/ + H; for any B’ € se(1,1) when i # j. Hence there are
six cases to consider (corresponding to each H;).

(¢) Suppose H = Lp + Hy. There exists ¢ € S(Hp) such that Lg o9 €
{Lg,,LE,+Ey: Lag, : o > 0}. Indeed, let B = Z?:1 b;E;. Suppose b3 = 0. If
b? # b2, then

by __b
CECAGEC
. b
P — 2 1 0
AR AR v R
0 0 1

is an element of S(Ho) such that Lp ot = Lg,. If b7 = b3, i.e., by = b # 0 and
bo = &b, then ¢ : p — pdiag(%,i%,:l:l) € S(Hp) and Lg oy = Ly, +g,. On the
other hand, suppose b3 # 0. Then
1 0 -
P :prp |0 sgn(bs) —sgn(bg)g—z
0 0 sgn(b3)

is an element of S(Hy) such that Lg oty = L,p,, where a = |b3| > 0.
Consequently, H is A-equivalent to one of the systems Gi(p) = p1, Ga2(p) =
p1 + p2 or G3.o(p) = aps. The systems G and G2 are A-equivalent. Indeed,

-1-10
Yip—p| 0 10
0 01

is a linear isomorphism such that w*él = Gs. However, G1 and G3 . are not A-
equivalent. Suppose there exists an affine isomorphism ¢ : p — p¥ + q, ¥ = [¥;,]
such that 1!1*61 = @37a. This yields the system of equations

aWiap1 + (aWag + ¥31)p2 + a¥zaps + age =0
a¥i1p1 + (oW1 + ¥32)p2 + a¥31p3 + ag1 =0
W33p2 = 0.

By inspection, we have W3, = W39 = W33 = 0, whence det¥ = 0, a contradiction.
Likewise, G3,q is A-equivalent to G3 o only if a = o/. Therefore H is A-equivalent
to either HEO) (p) = p1 or Hé?; (p) = aps.

(ii) Suppose H = Lp + H;. Like in case (1), there exists ¢ € S(Hi) such
that Lp o9 € {Lg,+8E,» Lag, : @« > 0, 8 > 0}. Hence H is A-equivalent to one
of the systems G; g(p) = p1 + Bp2 + %p% or Ga,o(p) = aps + %p% The systems
G1,8, 8> 0 and G1,1 are A-equivalent. Indeed, ¢ : p — pdiag(1, %, %) is a linear
isomorphism such that UJ*él,B = G1.1. One can now verify that Gi1 and Gz
are not A-equivalent, and G2, is A-equivalent to Gg o only if o = o'. Hence H
is A-equivalent to exactly one of H{l)(p) =p + %p%, Hél)(p) =p1 +p2 + %p% or
Héli(p) = op3 + %p%

(i) Suppose H = Lp + Hs. There exists ¥ € S(Hz) such that Lg o4 €
{LE,, LB, +oE,> Lsg, : 0 #0, 0 € {—1,1}}, and so H is A-equivalent to one of the
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systems G1(p) = p1 + 5(p1 +p2)?, G2,0(p) = p1 + op2 + 2(p1 + p2)? or G35(p) =
ops + %(pl —|—p2)2. We have that G1 is A-equivalent to G2,—1. Indeed,

pep

O Ol
O =N
— o O

is a linear isomorphism such that w*C_jl = C_v"g,,l. No two of the systems Gy,
G2,1 and G35, 6 # 0 are A-equivalent. Thus H is A-equivalent to exactly one
of H? (p) = p1 + L(p1 + p2)?, H?(p) = p1 +p2 + L(p1 + p2)? or Héis)(p) =
op3 + 5 (p1 +p2)%.

(i) Suppose H = Lp + Hs. There exists € S(Hs3) such that Lg o =
{LE,+8Es) LE\+Es4~vEs» Lap, : @ >0, >0, v € R}. Thus H is A-equivalent to
one of the systems Gl,ﬂ(p) = p1 + Bp3 + %p?’n GQ(‘/(?) =p1+p2+p3+ %p% or
G3,a(p) = aps + %pg Let ¢ :p—p+BE;, ':p—p+aFiand ":p—p+ryE;.
Then 1/)*6317[3 = G10, LG2a = Goo and ¢)Gs, = Ga,0. No two of the systems
G1,0, G2,0 and G3 o are A-equivalent. Therefore H is A-equivalent to exactly one
of the systems H{g) (p) =p1 + %pg, Hé?’)(p) =p1 +p2+ %p% or H?()B) (p) = %p%

(v) Suppose H = Lp + Hy. There exists € S(Ha) such that Lgp o €
{LBE,+aEs LyE 48E+aB, @ > 0, B >0, v € R}. Thus H is A-equivalent to
one of the systems Gy a,s(p) = Ap1 + apz + 15 + 73) oF Gag g4 (p) = W1 +
Bp2 + aps + %(p% +p32). If ¢ : p— p+ aE}, then 1/)*@‘27&,5,7 = 52’07577. Likewise,
if ¥/ : p — pdiag(—1,1,1), then w;éQ,O,B,’y = éQ,O,ﬂ,—v' Accordingly, we have a
family of potential normal forms Gs o g, 3,(p) = Bip1 + Pap2 + %(p% + p3), with
B1,B2 > 0 and p1, B2 not both zero. If B2 > 0, then G5 3, 8, = G1,q,3, Where
a=8B2>0and =61 >0.If 31 >0, then

010
"ip—p|100
001

/

is a linear isomorphism such that w;’@2,0,517ﬂ2 = Gﬂl,aﬁ, where @ = 81 > 0 and
B = B2 > 0. Let Gg,a(p) = ap1 + %(p% +p§). Then 1/){.!@1,0470 = 63704. Hence we
have the potential normal forms G1,a,,a,(p) = @1p1 + a2p2 + %(P% +p§) and G3 q,
where o, a1,as > 0. If as > a1, then 1/)5!51@1,042 = él,az,al, and so we may assume
a1 > az > 0. No two of the systems G1,a,,a,, @1 > a2 > 0 and G3,4, a > 0 are
A-equivalent. Thus H is A-equivalent to exactly one of H ﬁl (p) = ap1 + % (pT +p3)

4
or Hf,c)nm (p) = c1p1 + azp2 + 5 (pi +p3).

(vi) Suppose H = Lp + Hs. There exists € S(Hs) such that Lg o €
{LBE,+~Es) L6y +aBstvEs - >0, 820, v €R, § #0}. Hence H is A-equivalent
to one of the systems Gy g (p) = Bp1+7ps+3[(p1+p2)>+p3] or G2.0,4,6(p) = dp1+
apz +vp3+ 5 [(p1 +p2)2 +p3). If ¢ : ps p+E3, then .Gy 5., = G1 0. (As G1,0,0
is a homogeneous system, we assume 3 = o > 0.) Likewise, w*égﬂm(g = @27%075.
Suppose 62 # o. Then

el el 0
PP | g Trial 0
0
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is a linear isomorphism such that w;ég’a7§)o = @17|5+a‘,0. On the other hand,

suppose 62 = 2. Let Gs(p) =p1 —p2 + %[(pl +p2)2 +P§] and Ga,a(p) = a(p1 +
p2) + 5l(p1 +p2)* +p3]. If a = =5 > 0, then

1-90
140

H- !

W' ipep

e
OM‘\M‘-‘,—
SORRSY)
oy
— o O

is a linear isomorphism such that w;/ég,a’g’o =Gs. Ifa=6> 0, then Gy o 50 =
G4,a. No two of the systems G1,o, @ > 0, G3 and G4,o, a > 0 are A-equivalent.
Thus H is A-equivalent to exactly one of Hfil(p) = ap1 + 3[(p1 + p2)? + pi],

HS? (p) = p1 —p2 + 3[(p1 +p2) + 93] or HS) (p) = alp1 +p2) + 3[(p1 +p2) +p3].
O

We say that a system Hy4 g is ruled if the trace of every integral curve of ﬁAQ
is contained in a line; planar if it is not ruled and if the trace of every integral
curve lies in a plane; and nonplanar, otherwise. A nonplanar system H 4 ¢ is said
to be of type I if the set of all equilibrium points of I:'IA)Q is the union of lines
or planes; otherwise, it is said to be of type II. The partition of the normal forms
into these four classes is given in Table 1. (As a concluding remark to the paper,
we discuss how these normal forms may be better organized according to some
invariant properties.)

Remark 2 The classes of ruled, planar and nonplanar systems can be characterized
in terms of the curvature and torsion of a system’s integral curves. Indeed, a system
is

— ruled, if and only if every integral curve has zero curvature;

— planar, if and only if every integral curve has zero torsion, and there exists an
integral curve with nonzero curvature; and,

— nonplanar, if and only if there exists an integral curve with nonzero curvature
and nonzero torsion.

(Although the curvature and torsion of a curve are not invariant under affine
isomorphisms, whether they vanish or not is invariant.)

Table 1 Normal forms for inhomogeneous quadratic Hamilton—Poisson systems

Class Systems
Ruled HY, #HY B B B
Planar Hé?;

Nonplanar, type I Hé};, Hé?, Hig), Hés), H£4o)u Héii

Nonplanar, type II a® a® Hés)

2,a1,97 1l,a
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3.1 Symmetry groups

In this section we compute the symmetry group for each normal form. The symme-
try group of a system H,4 o, denoted Sym(H 4 g), is the group of all affine isomor-
phisms v : g* — g* such that ¢*I:‘IA,Q = ﬁAQ. Throughout this section, we shall
identify p = [pl D2 pg] with p = [1 p1 P2 pg]. An affine isomorphism ¢ : p — p¥ +q

is then written as ¢ : p+— p [(1) ;] .

Proposition 5 The symmetry groups of the (nontrivial) homogeneous normal forms
are given by

(100 a 100 a [1a —a b
00z v 0z0 v Ozxzz—x2 v
Sym(H) : 0y0w|’ |00y w Sym(H2) : oy w
000zy| [000azy 00 0 22
(10 00 100 O 100 0
oz y o0 100 a1 0 0c1 0 O
Sym(Hs) 10 o0 g 0 Sym(Ha) = 1o 000 0 |00 6s 0
_0000‘ _0000102 00 O o102
10 0 0
0 z o—2z0
Sym(Hs): Oc—z2 z O
0 0 0 1

Here o,01,02 € {—1,1}, a,b,v,w,x,y,z € R and the determinant of each matriz is
nonzero.

Proof As a typical case, we find Sym(Hs). Let ¢ : p — 1o(p) + q (where o (p) =
p[¥;;]) be an affine isomorphism such that ¢« Hs = H3z. By Proposition 1, ¢ is a
symmetry of Hs. In particular, we have

Yo Hs(E3) = Hs(vho - B3) <=  [Ws3Ws Ws3Ws 0] =0.

Suppose L_ngg = 0; then g ﬁg(Ef +E3) = ﬁg(wo - (ET + E3)) and v - Hg(E; +
E3)) = Hs(¢o - (E5 + E3)) imply that W13 = Waz = 0, a contradiction. Hence
Y33 7&0 and W3, = J/32 = 0. Again, as 1o ﬁg(ET + E;) = ﬁ3(1/)0 . (Ei< + E§)) and
Yo - H3(E§ + E;) = Hg(’g/)() . (E; + Eg)), we get W13 =Wa3 =0, U3z =0 € {*1, ].}
and Yo = oW1, Yaa = oW¥p1. Relabelling ¥;; and W2 as x and y, respectively,
yields

z y 0
o :prployox 0. (2)

0 0o
It is now easy to show that w*ﬁg = Hs implies ¢ = 0, and so ¥ is a linear
isomorphism of the form (2). Conversely, every map of this form is a symmetry of
Hs. |

Proposition 6 The symmetry groups of the inhomogeneous normal forms are given
below. (Throughout, we have o € {—1,1}, a,b,c,v,w,z,y,2 € R and the determinant
of each matriz is nonzero.)
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(i) For the systems corresponding to Ho:

1a0bd 100a

0 0z0 v 0 Ozy0
Sym(H ()). 0y 2w Sym(Hé,(i): OyZO
000 z 000z

(i) For the systems corresponding to Hi:

[1-1a b 1 a O b
1y. |0 0 aw 01+a0 v
1) 0Oz 0wl [0 0 2 w
00 Oazx 0 0 Ol—l—a)m

Sym(H

1 a c
1), . |01+4+a v 1—|—bv
Sym(H3 ) g g 1+aw 01+b 0 w
0 0
(100 a 100 a
Sym(H(l)) 0zx00 00z O

00z 0|  [0z00
0002%] [0002?

(ii3) For the systems corresponding to Ha:

(1 1(oc+a) —a® b
@) |0 2(14 20a) —20az v
Sym(H, ™) : 0 2(1 —z+20a) 2(z — 20a) w
0 0 0 22
[1a —a b la—-(1+a)bd
@y, |0zl-zwv Oz —(z+1) v
Sym(Hy™) : Oyl—yw|’ |0y —(y+1) w
00 0 1 00 0 1
(100 a
@,.|0zy 0
Sym(Hg,é) loyz 0
1000 (z+y)?
(iv) For the systems corresponding to Hs:
1000 1 0 0 0
3),.10100 3),y.|0 2 1-20
ML) 006 0 M) 012, & 0
000¢ 0 0 0 1
(v) For the systems corresponding to Ha:
1000 1000 1000
@, 0100 @ . |o1o0| |oo10
Sym(Hia) 1o 0o 0 SymHz.a00) 10 10[° 0100

0000 0001 0001
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(vi) For the systems corresponding to Hs:

1000 10007 [1 0 00
G, (0100 s, (0100 |00 —10
Sym(H1a) 10010 Sym(H>"): loo10|" |o-1 0 0
0001 0001| |00 01
1 0 0 0
5 0 =z 1—-=z0
Sym(HS) o5 o
0o 0 0 1

Proof The proof is analogous to that for Proposition 5. However, note that by
Proposition 1, if ¥ : p — vo(p) + ¢ is an affine isomorphism such that w*ﬁA,Q =
ﬁA’Q, then ¢o must be a symmetry of Hg. (This substantially simplifies the
calculations.) |

3.2 Equivalent systems on se(2)* and so(3)*
The systems Hffla and Héflo)[haz turn out to be affinely equivalent to systems al-
ready considered on the Euclidean space se(2)* and the orthogonal space so(3)*.

(Accordingly, we shall not treat the stability or integration of H ﬁz and H{Y )

2,001,000°
We give explicit isomorphisms between the equivalent systems below. The Lie

algebras se(2) and s0(3) are given by

00 O
58(2) = x151 + .fEQEQ + x3E3 = |x1 0 —x3| :x1,22,23 € R
zo x3 0

and

0 —z3 x2
50(3) = x1E1 +m2E2 +x3E3 =23 0 —xz1| :21,22,23€R
—x2 21 O
respectively. The non-zero commutator relations are [E2, E3] = E1, [E3, E1] = E»
and [EQ,E;;] = El, [E37E1] = EQ7 [El,EQ] = E3.
The system (se(1,1)%, Hf%) is A-equivalent to both the system

(se(z)i,H(@ P+ (AR éﬁg)) . ene>0,a=,/2
and the system
(so®2.H'®) = a'hr +5 +3473), o =V2a

that were treated in [6] and [2], respectively. Indeed,

vise@) sl | 00 0~ |- /e 00]
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and
V2 0 0
¢ 1 50(3)" — se(1,1)%, p—p| 0 0 —-1|+[-v2d00]
0 —V2 0
are affine isomorphisms such that . H = ﬁﬁi and ¢, H' = ﬁfo{ On the other
hand, (se(1,1)%, Héghaz) is A-equivalent to the system
(s0(3) HF) = ipr + b +51 +473) . ol = V2as
considered in [2]. Indeed,
-V2 0 0
Pis0(3)" —se(1,1)",  p=p| 0 0 1|+ [—V2a] —V2ah 0]
0 V20
is an affine isomorphism such that w*ﬁ = I_{éflo)th e

4 Ruled and planar systems

For the sake of completeness, we briefly treat the ruled and planar systems. The
ruled systems have the following integral curves and equilibria:

HO : p(t) = (c1,¢2,¢3 — cat) et = (1,0, 1)

H{Y i p(t) = (c1, 02,08 — ea(1+ 1)) e’ = (n,0,p), 5" = (=1,v,p1)

HY :p(t) = (c1,c2,e3 — (c1 + ca + crca)t) M = (—(L+e"),—(1+e "), 1)

Hfz) :p(t) = (c1 — c2,c2,¢3 — (] + c2)t) e = (n+n°,—n? p)

Y p(t) = (cr,02 —c1,es —ealea + 1)) el = (n,—(L+1n),p), e3* = (n,—1, ).

(Here c1,c2,c3,m, 1, v € R and v # 0.) All equilibria for these systems are unstable;
we graph these equilibria in Fig. 1.

Fig. 1 Equilibria of ruled systems

The only planar system is Héo{i (p) = ap3, a > 0. The equations of motion are
P1 = apz

P2 = ap1
p3 =0.
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The equilibrium states of ﬁz(?; are e = (0,0, u); all equilibria are (spectrally)
unstable. The integral curves are given by

p1(t) = p1(0) cosh(at) + p2(0) sinh(at)
p2(t) = p1(0) sinh(at) + p2(0) cosh(at)
p3(t) = p3(0).

5 Nonplanar systems, type I

In this section we consider the stability and integration of the nonplanar, type I
systems (see Table 1). The integration for each system is typically subdivided
into several cases, where each case corresponds to a qualitatively different integral
curve. Qualitative changes occur when the level sets corresponding to the Hamil-
tonian and Casimir functions are tangent. Since every Hamiltonian vector field H
on se(1,1)* can be written in the form H = LVH x VC, it follows that these level
sets are tangent exactly when H(p) = 0, i.e., at equilibria. Thus we have a set
{(H(pe), C(pe)) : pe € s5¢(1,1)*, H(pe) = 0} of critical energy states corresponding
to equilibria. The set of all energy states {(H(p),C(p)) : p € se(1,1)*} is subdi-
vided into a number of regions by the critical energy states. As a general rule, each
qualitative case corresponds to a different region of energy states. (The integral
curves corresponding to two different points in the same region can usually be
continuously deformed into each other.)

Remark 8 For some cases, we find it useful to consider critical energy states cor-
responding to equilibria “at infinity.” We say that (ho,co) is a generalized critical
energy state if there exist two curves f and g in se(1,1)* such that lims—oo[f(s) —
g(s)] = 0, H(g(s)) = 0, H(f(s)) = ho and C(f(s)) = co. (Every critical energy
state is a generalized critical energy state.)

For each system (except two) we graph the critical energy states. (The anal-
(1)

3,x
systems.) Critical states corresponding to stable equilibria are coloured in blue,
whereas those corresponding to unstable equilibria are coloured in red. The gen-
eralized critical energy states are depicted in purple. For typical configurations
(or rather typical energy states (ho,co)) of the system, we graph the level sets
H 71(h0) and Cil(co) and their intersection. The equilibrium points for each sys-
tem are also graphed. (As before, stable equilibria are blue and unstable equilibria
red.)
Throughout this section, we parametrize equilibria by u,v € R with v # 0.

ysis of Hp ', and H§25) is straightforward, and hence we omit the graphs for these

[

5.1 The systems H:,E}) and Hézé)

The equations of motion of the system Héii (p) = aps + %p%, a >0 are
P1 = ap2
P2 = ap1

p3 = —pip2-
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The equilibrium states of ﬁé}; are e = (0,0, n); all states are (spectrally) unstable.
The integral curves are given by

p1(t) = p1(0) cosh(at) + p2(0) sinh(at)
p2(t) = p1(0) sinh(at) + p2(0) cosh(at)
pa(t) = 5= (p1(0)* = pr(t)?) + ps(0).

The equations of motion of the system H§25) (p) = dps + 3 (p1 +p2)?, 6 #0 are

p1 = dp2
P2 = 0p1
. 2
p3 = —(p1 +p2)°.

The equilibrium states of }_Ié?&) are e* = (0,0, u); all states are (spectrally) unstable.
The integral curves are given by

p1(t) = p1(0) cosh(dt) 4 p2(0) sinh(4¢)
p2(t) = p1(0) sinh(6t) + p2(0) cosh(dt)
p3(t) = 35 [(p1(0) +p2(0)* — (pr() + p2(t))*] +p3(0).

5.2 The system H{S)

The equations of motion of the system Hﬁg) (p) =p1+ %p% are

P1 = p2p3
P2 = p1p3
p3 = —p2.

The equilibrium states of 1-71(3) are e}’ = (1,0,0) and e5 = (0,0,v).

Proposition 7 The equilibrium states have the following behaviour:

7 e states €, u € (—o0,0| are unstable.

1) Th ’f 0 bl
7 e states e7, p € (0,00) are stable.
i) Th ﬁb 0 bl

0% e equilibrium states ey are (spectrally) unstable.
i1t) Th libri 5 Il bl

Proof (i) Consider the states €], u € (—00,0). The integral curve

p1(t) = p[l + 2csch? (/= t)]
pa2(t) = —2u coth(y/—pt) csch(y/—put)
p3(t) = 2¢/—p csch(v/—put)

satisfies lim¢—,—oo ||p(t) — /|| = 0. Accordingly, for every neighbourhood N of ef,
there exists t; < 0 such that p(t1) € N. Furthermore, lim;_ ||p(t) — || = ooc.
Hence the states e}, u € (—o00,0) are unstable. Likewise, the integral curve p(t) =

—2 .2 2) guffices to show that the state e is unstable.
20820 1 1
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(ii) Let Hy = A\oH\® +A1C, where Ao = pand A\, = —1.Then dH,(e}') = 0 and
the restriction of d2H) (e}) = diag(—1,1, 1) to W x W is positive definite, where
W = ker dHfB) (ef) NkerdC(e}) = span{E3, E5}. Hence the states e}, u € (0,00)
are stable.

7 (3)
(éii) As dgjls (e5) = v, it follows from Lemma 2 that the states e are spectrally
unstable. ad

Table 2 Index of cases for the integral curves of H 53)
Conditions Designation
co >0 ho > +/co Case I-a

ho = +/co Case I-b
—y/co < hg < /cg Case I-c
ho = —y/co Case I-d
ho < —y/co Case I-e
co=0 ho >0 Case I1-a
ho =0 Case I1-b
ho <0 Case II-c
co <0 Case II1
Co
1-d I-b
I-e I-c I-a
‘ { )
I-c I1-b Il-a
11

Fig. 2 Critical energy states for H£3)

Table 2 lists the partition of cases used for integration. The critical energy
states of the system H{g) are graphed in Fig. 2 and the typical configurations
graphed in Fig. 3 and Fig. 4. The integral curves of ﬁ{B) are expressed in terms
of the Jacobi elliptic functions (see, e.g., [8]). Given a modulus k € [0,1] (and

complementary modulus k' = /1 — k2), the basic Jacobi elliptic functions are
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defined as

sn(z, k) = sinam(z, k)

cn(z, k) = cosam(z, k)
dn(z, k) = /1 — k2 sn2(z, k).

Here am(-, k) = F(-, k)" and F(z,k) = [ \/ﬁ
k=0 and k = 1, we recover the circular and hyperbolic functions, respectively.)
The functions sn(-, k) and cn(-, k) have period 4K, whereas dn(-, k) has period 2K,
where K = F(%, k). Furthermore, sn(-, k) is odd, whereas cn(-, k) and dn(-, k) are
even.

(For the degenerate cases

Theorem 2.1 (Case I-a) Let p(-) : (—e,e) — se(1,1)* be an integral curve of ﬁf’)

such that H®) (p(0)) = ho, C(p(0)) = co > 0 and ho > /.

(i) If p1(0) < —/co, then there exist to € (0,2K) and o € {~1,1} such that p(t) =
p(t + to) for every t € (—e,e), where p(-) : (0, %) — se(1,1)* is given by

(5 -+ ho) dn(.Qt, k}) + ((5 — ho)

pi(t) = dn(02t, k) — 1
N cn($2t, k)

P2(t) =200 G o T 1
N 9 sn(02t, k)
pa(t) = k™42 dn(2t, k) —1°

Here § = \/hg —co, 2=+ho+0 and k = ,/%.
(i) If p1(0) > \/co, then there ewists to € [—25, 2K such that p(t) = p(t + to) for
every t € (—¢,¢), where p(-) : R — se(1,1)* is given by
. K dn(6t, k) + 1
t) = g o8 T 2
() = veo dn(02t, k) + &
N sn(02t, k)
p2(t) = k"o dn(02t, k) + k'
cn(2t, k)

p3(t) = kV/26 DT

Hereéz«/hgfco,Q:\/ho—ké,k:,/hi‘f_é and k' = }I;S-T-g

Proof As p1(0)? > p1(0)? — p2(0)? = cp, we have that either pi(0) < —/co or
p1(0) > /co. We describe how the expressions for p(-) were found in the case
p1(0) < —y/co. (The expressions for p(-) in (ii) were found in a similar fashion.) Let
5(-) be an integral curve of H* such that H£3)(ﬁ(0)) = ho, C(p(0)) = co, ho > \/co
and p1(0) < —\/co. As p1 = P2ps, ho = p1(t) + 5p3(t) and co = p1(t)? — pa(t)?, we
get

p1= Ul\/(ﬁ% — c0)(2ho — 2p1)
for some o1 € {—1,1}. Equivalently,

dp1 i
/ \/(ﬁ% — Co)(Qh() — 2}31) N / v dt. (3)
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E;O
(c) Case I-c

E;
(d) Case I-d (e) Case I-e (f) Case I11

Fig. 3 Typical configurations of H %3), co#0
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(a) Case II-a (b) Case I1I-b (c) Case II-c

Fig. 4 Typical configurations of H{s), co=0

We transform (3) to standard form and apply an integral formula (see, e.g., [8]).
First, (3) may be rewritten as

dp1 = /(71 dt
\/ [A1(p1 + A1)2 + Bi(p1 + A2)?] [A2(p1 + A1)? + Ba(p1 + A2)?]

where A} = —(5+h0) Ao =08—ho, Ay = J(1- 1)y <0, By = 1(1+ 1) >0,
Ag:% >0, By = j <0and = w/hz—co The change of variables u = 22t

P1+A2
yields
= /01(>\2 — )\1)\/T1142dt-

du
/ Vol B+ )

Thus we have

/\/h0+5 T o1/ho = 3 dt. (4)

We now apply the integral formula ([8])

xr
/ du :%nd_l(%,i‘/azasz), b<z<a
b \/(a2 —u2)(u? — b?)

to the left-hand side of (4), for a = (/7225 b = 1 and o = mii;‘;. (Here
nd(z, k) = grgy-) We get

pi(t) + M\
D1(t) + A2

Va2 —
:nd<a ho—at,“Tl).
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(For convenience, we omit any translation in ¢.) Let 2 = ayv/ho — § = v/§ + ho and
2__ — _
k=Ya-1l— ,/%7 k= % Then p; (t) takes the form

(5 + ho) dn(_Qt, k) + (5 - ho)
dn(.Qlf7 k) -1

p(t) = -
Using the equation ¢o = p1 (t)?—p2(t)? and the identity dn? (02, k) = k% cn?(02¢, k) +
(K")2, we obtain

en (02t k)

P2(t) = 2020 G0 Iy T

for some o2 € {~1,1}. Likewise, as ho = p1(t) + 353(t)?, we have

Pa(t) = 03 V/26k rns(nrgf Z)kz 1

for some o3 € {—1,1}. We claim that p(-) is an integral curve of ﬁfS) if and only
if 09 = 03. By Lemma 3, it suffices to show that p; = pops if and only if oo = o3.
Indeed,

_ 26V26 k(1 — o203) en(2t, k) sn(02t, k)

B (dn(£2t,k) — 1)2

p1(t) — p2(t)ps(t)

and so p1 = paps if and only if o2 = o3. In this case we have p(t) = I:‘I£3) (p(2)).
Since dn(2t,k) = 1 for t € {2 : n € Z} and p(-) has period 25, we may take
the domain of 5(-) to be (0, 25). Moreover, by Lemma 1, 5(-) is maximal.

It remains to be shown that any integral curve takes the form ¢ +— p(¢ + o) in
each case.

(¢) Let 0 = —sgn(p3(0)) € {—1,1}. (If p3(0) = 0, then ho = p1(0) < —/co < 0,
a contradiction.) We have sgn(p2|(o,x/)(t)) = o and sgn(p2|(k/0,2kx/02)(t)) = —0o.
Moreover, lim;—o p2(t) = —ooco and lim;_, 55/ p2(t) = ooo. Therefore, since pa(-)
is continuous, there exists to € (0, 25) such that f2(to) = p2(0). Then

p1(t0)? = co + P2(t0)? = co + p2(0)* = p1(0)>.
We have p1(to), p1(0) < —y/co, and so p1(to) = p1(0). Furthermore,
3(t0)* = 2(ho — p1(t0)) = 2(ho — p1(0)) = p3(0)*.

Since sgn(ps(to)) = —o = sgn(ps(0)), it follows that p3(to) = p3(0). Therefore, as
t — p(t+to) and t — p(t) are integral curves of ﬁf’) passing through the same
point at ¢ = 0, they both solve the same Cauchy problem, and hence are identical.

(ii) Let w = \/2ho — 2y/co. From the identity ho = p1(t) + Sp3(t)* we have
p3(t)? = 2ho — 2p1(t) < 2ho — 2\/co0 = w?, ie., —w < p3(t) < w. Likewise,
—w < p3(t) < w. Moreover, p3(0) = w and 1’73(%) = —w. Therefore, since ps(-)
is continuous, there exists t; € [0, 25] such that p3(t1) = p3(0). Then py(t1) =
ho — %ﬁ3(t1)2 =ho — %p3(0)2 =pi (0) Similarly,

P3(t1)% = p1(t1)? — co = p1(0)? — co = p2(0)?

and so pa(t1) = £p2(0). Since p1(-) and p3(-) are even and pa(-) is odd, we have
pi(—t1) = pi(t1), p2(—t1) = —p2(t1) and p3(t1) = ps(t1). Hence, there exists
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to € [-25,2K] (ie., to = t1 or to = —t1) such that (to) = p(0). Therefore, as
t — p(t+to) and t — p(t) are integral curves of ﬁ§3) passing through the same
point at ¢ = 0, they both solve the same Cauchy problem, and hence are identical.

0

Theorem 2.2 (Case I-b) Let p(-) : (—¢,e) — se(1,1)* be an integral curve of ﬁ?)
such that H(B)(p(O)) = ho, C(p(0)) = co > 0, ho = /co and p1(0) < —\/cg. There
exist to € ( 57 o) and o € {=1,1} such that p(t) = p(t+to) for every t € (—¢,¢),

where p(-) ( 53 LQ) — se(1,1)* is given by

p1(t) = —ho[1+ 2 tan? (\/hiot)]
P2(t) = —o2hg sec (\/%t) tan (\/%t)
p3(t) = 20\/ho sec (Vho't).

Theorem 2.3 (Case I-c) Let p(-) : (—¢,e) — se(1,1)* be an integral curve of ﬁfs)
such that H{S) (p(0)) = ho, C(p(0)) = co > 0 and —/cg < ho < \/co. There exist
to € (0, (I;) and o € {—1,1} such that p(t) = p(t + to) for every t € (—¢,e), where
p(-) : (0,2 ) — se(1,1)" is given by

= (t) _ (5 + \/a) dn(Qtv k) + (5 — \/a)
Pt = dn(€2t, k) — 1

en(02t,k)/dn(02t, k) + 1
= oV V) A )+ [dn(2t, ) — 1]

o \/dn 2t k) + k'\/1 — dn(£2t, k)
P3(t) = o/ 2(0 + eo = ho) dn(02t, k) — 1

Here 6 = 2(C07\/5h0),!2:% 6\/@72}140—"45,]4::21/3\/6—0:5% andk/:

3y/co—ho—26
3y/co—ho+25"

Theorem 2.4 (Case I-d) Let p(-) : (—¢,&) — se(1,1)* be an integral curve of ﬁﬁ)
such that H§3)(p(0)) = ho, C(p(0)) = co > 0 and ho = —/co. There ezist to € R and
o € {—1,1} such that p(t) = p(t + to) for every t € (—e,¢€), where p(-) is given by

p1(t) = ho [1 + 2csch? (v —ho t)]

p2(t) = —20hg coth ( —ho t) csch ( —ho t)
p3(t) = 20 csch (v —hot).

Furthermore, pl(_ o) () and Pl ) (+) are mazimal.

Proof The expression for p(-) was obtained by taking the limit hg — —,/co of the
expressions in Theorem 2.3. Let p— () = pl(_o 0y () and p4(-) = Py o0y (). By
Lemma 1, we have that p_(-) and p4(-) are maximal. We prove that any integral
curve is of the form ¢ — p_(t + to) or t — p4+(t + to). Let ¢ = sgn(p2(0)) €
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{-1,1} and ¢ = osgn(p3(0)) € {—1,1}. (If p2(0) = 0 or p3(0) = 0, then p(0) is an
equilibrium point of ﬁﬁ).) We have sgn(p— 2(t)) = sgn(p+,2(t)) = o. Moreover,

lim py 2(t) = oo, lim pyo(t) =0,  lim p-o(t) =0, limp_ 2(t) = oo

Suppose sgn(p3(0)) = 1; then ¢ = o. Since p_ 2(-) and p4 2(-) are continuous and
sgn(p2(0)) = sgn(p- () = sgn(p (1)), there exists

(=00,0) ifo=-1
to € .
(0,00) ifo=+1

such that pe2(t0) = p2(0). Then
Po1(t0)? = Po2(to)? + co = p2(0)* + co = p1(0)°.
We have p1(0), po,1(to) < —+y/co < 0, and so pgs,1(to) = p1(0). Moreover,
Po,3(t0)? = 2ho — 2p0,1(to) = 2ho — 2p1(0) = p3(0)*.

As sgn(pe,3(to)) = 1 = sgn(p3(0)), we have ps,3(to) = p3(0). That is, pc(to) = p(0).
Therefore, as t — pc(t+to) and t — p(t) are integral curves of H'F') passing through
the same point at t = 0, they both solve the same Cauchy problem, and hence are
identical.

On the other hand, suppose sgn(ps3(0)) = —1; then ¢ = —¢. Since p— »(+) and
p+,2(+) are continuous and sgn(p2(0)) = sgn(p—2(¢)) = sgn(p+,2(t)), there exists

(—0,0) ifo=+1
to € .
(0,00) ifo=-1

such that §—s,2(to) = p2(0). From po,1(t0)* = po,2(t0)* = p2(0)* = p1(0)* we again
get p—q,1(to) = p1(0). Similarly, as pe,3(t0)? = 2ho — 201 (to) = 2ho — 2p1(0) =
p3(0)? and sgn(p—_o,3(t0)) = —1 = sgn(p3(0)), we have p_o,3(to) = p3(0). That is,
P (to) = p(0). Therefore t — pc(t + to) and ¢ — p(t) both solve the same Cauchy
problem, and so are identical. ad

Theorem 2.5 (Case I-e) Let p(-) : (—e,e) — se(1,1)* be an integral curve of ﬁfB)
such that H£3) (p(0)) = ho, C(p(0)) = co > 0 and ho < —\/cg. There exist ty €
(—%, %) and o € {—1,1} such that p(t) = p(t + to) for every t € (—e,¢), where
p() (=25, 25) - se(1,1)* is given by

(ho + 6) cn(2t, k) + (ho — 6) dn(£2t, k)
dn(02t, k) 4+ cn(2¢, k)
26
7 dn(02t, k) + cn(2t, k)
_ V26K sn(0t, k)
pa(t) = ~7dn(02t, k) + en(Q2t k)

Here 6 = h%—co,Q:\/é—ho,k:@/szg andk’:1/53io.

pi(t) =

p2(t) =
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Theorem 2.6 (Case II-a) Let p(-) : (—e,e) — se(1,1)* be an integral curve of ﬁf’)
such that H® (p(0)) = ho > 0 and C(p(0)) = 0.

() Ifp1(0) < 0O, then there exist to € R and o € {—1,1} such that p(t) = p(t+to) for
every t € (—¢,€), where p(-) is given by

P1 (t) = —ho csch? (\/@t)
p2(t) = oho csch? (\/h;Ot)
p3(t) = 0+/2ho coth (\/h;ot),

Furthermore, pl(_ 0y () and Pl o) (+) are mazimal.
(i) If p1(0) > 0, then there exist to € R and o € {—1,1} such that p(t) = p(t +to) for
every t € (—¢,¢e), where p(-) : R — se(1,1)* is given by

p1(t) = ho sech? (\/%t)
p2(t) = —ohg sech? (\/%Tt)
p3(t) = 0\/2ho tanh (\/%Tt)

Theorem 2.7 (Case II-b) Let p(-) : (—e,e) — se(1,1)* be an integral curve of
ﬁf‘g) such that H§3)(p(0)) = C(p(0)) = 0 and p1(0) < 0. There exist to € R and
o € {=1,1} such that p(t) = p(t + to) for every t € (—e,¢), where p(-) is given by

_ 2
pi(t) = 2
_ 20
pa(t) = 2
_ 20
p3 (t) = 7.

Furthermore, pl(_ o) (") and Pl o) () are mazimal.

Theorem 2.8 (Case II-c) Let p() : (—¢,¢) — se(1,1)" be an integral curve of ﬁ?)
such that H£3) (p(0)) = ho < 0 and C(p(0)) = 0. There exist to € (—g5, 557) and
o € {—1,1} such that p(t) = p(t +to) for every t € (—¢,¢€), where p(-) : (— 57, 55) —
se(1,1)" is given by

p3(t) = o/ —2ho tan(\/ 7%15).

Theorem 2.9 (Case ITT) Let p(-) : (—¢,e) — se(1,1)* be an integral curve of ﬁf’)
such that Hfg)(p(O)) = ho and C(p(0)) = co < 0. There emist to € (0,%) and
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o € {—1,1} such that p(t) = p(t+to) for everyt € (—¢,e), where p(-) : (— 25, 2K)

se(1,1)* is given by

(ho + 6) en(2t, k) + (ho — )

pi(t) = en(2t, k) + 1
_ _ 2 dIl(.Qlf7 k)
p2(t) = 02 en(2t, k) + 1

_ o D2sn(02t,k)

) =0 1

Hereézs/hg—co,Q:mandk:\/%A

5.3 The system H2(3)

The equations of motion of the system H2(3) (p) =p1 +p2+ %pg are

D1 = p2p3

P2 = p1p3
p3 = —(p1 + p2).

The equilibrium states of ﬁés) are e} = (u, —p,0) and e§ = (0,0,v).

Proposition 8 The equilibrium states have the following behaviour:

3 e states e; are unstaole.
i) The states e tabl

(24 e states ey are (spectraity) unstaote.
ii) The states e trall tabl

Proof (i) Consider the states e, 4 # 0. The integral curve p(t) = (e, —pet, —6),
§ > 0 satisfies ||p(0) — e}'|| = 6. Accordingly, for any open neighbourhood N of e/,
there exists 6 > 0 such that p(0) € V. Since lim¢— o ||p(¢)|| = oo, it follows that the
states e/, i # 0 are unstable. Likewise, the integral curve p(t) = (e, —6e%t, —4)
suffices to show that the state e is unstable.

(3)
(ii) As 85;23 (e5) = v, it follows from Lemma 2 that the states e5 are spectrally
unstable. O

Table 3 Index of cases for the integral curves of Hég)

Conditions Designation

co >0 ho >0 Case I-a
ho =0 Case I-b
ho <0 Case I-c

co=0 ho >0 Case [I-a

ho =0 Case II-b
ho <0 Case [I-c
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ho

Fig. 5 Critical energy states for H£3)

Remark 4 The states (0,co), co # 0 and (ho,0), ho > 0 are generalized critical
energy states of Hé?’) (see Remark 3). Indeed, the points (ho,0), hg > 0 are
critical energy states in the usual sense. On the other hand, the curves f(s) =

(— COZ:;“*, 502:54, —%) and g(s) = ( 5045 , 60452 , 0) suffice to show that (0,¢cp), co # 0

are generalized critical energy states.

The map ¥ : (p1,p2,p3) — (p2,p1,ps3) is a symmetry of H( ) such that C'o P =
—C. Accordingly, we may assume cg > 0. For the cases cog > 0 and ¢o = 0, there
are several further subcases (see Table 3). The (generalized) critical energy states

of H§3) are graphed in Fig. 5; the typical configurations are graphed in Fig. 6.

Theorem 3.1 (Case I-a, case II-a) Let p(-) : (—¢,e) — se(1,1)* be an integral
curve of ﬁz(g) such that Hés)(p(O)) =ho >0 and C(p(0)) =¢o > 0.

(¢) If p1(0) < —/co, then there exists to € R such that p(t) = p(t + to) for every
t € (—e,¢), where p(-) is given by

p1( {ho csch2 ) + cosinh? (1/ % t)]

p2(t) = {ho csch2 o t) — ¢o sinh? (\/@t)}
p3(t) = —\/% coth (\/;t)

Furthermore, pl(_ 0y () and Pl o) (+) are mazimal.
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E

E

(b) Case I-b (c) Case I-c

E > E; > E; Py
(d) Case II-a (e) Case II-b (f) Case II-c

Fig. 6 Typical configurations of Hés)
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(@) If p1(0) > /co, then there exists to € R such that p(t) = p(t + to) for every
t € (—e,e), where p(-) : R — se(1,1)* is given by

pi(t) = T}ILO [h% sech? (\/@t) + ¢o cosh? (\/gt)}
p2(t) = 2—20 [h% sech? (\/"2:15) — ¢o cosh? (\/@t)}
p3(t) = —\/2ho tanh (\/h;’t)

(i3i) If co = 0 and p1(0) 4+ p2(0) = 0 (with p1(0) and p2(0) not both zero), then there
erist to € R and 0,5 € {—1,1} such that p(t) = p(t + to) for every t € (—¢,¢),
where p(+) : R — se(1,1)* is given by

P (1) = eV
ﬁz(t) _ _ge—o\/2h0t

Pps(t) = o\/2ho.

Proof Standard computations yield the expressions for p(-) shown. We prove that
for case (i) every integral curve takes the form t — p_(t + to) or t — p+(t + to),
where p—(-) = P|(_co0) (") and p1() = Pl o0 (). (The arguments for (ii) and
(#2) are analogous.) By Lemma 1, we have that p_(-) and py(-) are maximal. Let
¢ = —sgn(p3(0)) € {—1,1}. (If p3(0) = 0, then p1(0) > 0, a contradiction.) We
have

m p_s(t) = oo.

pppea(t) = ool Pralt) =co,jipp-alt) = oo, I

Since p— 2() and py 2(-) are continuous, there exists

(—00,0) if¢=-1
to € .
(0,00) ifc=+1

such that p¢2(to) = p2(0). Then
Po1(to)? = Pe2(t0)” + co = p2(0)? + co = p1(0)*.

We have pg,1(t0),p1(0) < —y/co < 0, and so pc,1(to),p1(0) < 0. (If co = 0 and
p1(0) = 0, then p(0) is an equilibrium point.) Hence pq,1(t0) = p1(0). Furthermore,

Pe.3(to)? = 2(ho — P 1(to) — Pe.2(t0)) = 2(ho — p1(0) — p2(0)) = p3(0)*.

As sgn(pe,3(to)) = —¢ = sgn(ps(0)), it follows that p¢ 3(to) = p3(0). Therefore, as
t — pe(t+to) and ¢ — p(t) are integral curves of ﬁég) passing through the same
point at ¢ = 0, they both solve the same Cauchy problem, and hence are identical.

O
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Theorem 3.2 (Case I-b, case II-b) Let p(-) : (—¢,e) — se(1,1)* be an integral
curve of ﬁ§3) such that HQ(B) (p(0)) = 0 and C(p(0)) = co > 0. There exists to € R
such that p(t) = p(t + to) for every t € (—e,¢), where p(-) is given by

v Attt
) ="
_ N 4—Cot4
Pal) ==z
_ 2

Furthermore, pl(_ o) () and plg ) (+) are mazimal.

Theorem 3.3 (Case I-c) Let p(-) : (—¢,e) — se(1,1)* be an integral curve of Hé?’)
such that H2(3) (p(0)) = ho < 0 and C(p(0)) = co > 0. There exists to € (—g55, 557)
such that p(t) = p(t +to) for every t € (—e,e), where p(-) : (—55, 5i5) — se(1,1)* is

given by
1
1
p3(t) = v/—2ho tan (\/@t)

5.4 The system HSO{

The equations of motion of the system H;SD)( (p) = a(pr +p2) + %[(Pl +p2)2 + P%L

a >0 are
P1 = p2p3

P2 = pP1pP3
p3 = —(p1 +p2)(p1 +p2 + ).

The equilibrium states of H’?()Sg‘ are e = (p,—p,0), e = (p,—(a + p),0) and
ey = (0,0,v).

Proposition 9 The equilibrium states have the following behaviour:

(i) The states e} are unstable.
(ii) The states e are stable.
(#44) The states ey are (spectrally) unstable.

Proof (i) Consider the states ¥, 1 # 0. We have that p(t) = (ue®t, —uedt, —6) is an
integral curve of ﬁéz (for any & > 0) such that ||p(0) — e}|| = . Accordingly, for
any neighbourhood N of e there exists § > 0 such that p(0) € N. Furthermore,
lim¢— oo ||p(t)|] = co. Therefore the states ef, 4 # 0 are unstable. Similarly, the
integral curve p(t) = (6¢°t, =6, —6) suffices to show that the state f is unstable.
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(i) Consider the states efy. Let Hy = >‘0H§2 + A1 C, where A\g = 1 and \; = 0.
Then dH) (eh) = 0 and the restriction of

110
d®Hy(ef)= 1110
001

to W x W is positive definite. Here W = ker dHS®) (e¥) N ker dC'(e!) = span{E} —

3,a

a’—qu’QﬂE;} when a + p # 0, and W = span{E3, E5} when a + g = 0. Thus the

states e are stable.
)

(iii) Consider the states e5. We have —5 2 (e§) = v, hence by Lemma 2 the

states ej are (spectrally) unstable. |

Table 4 Index of cases for the integral curves of Hgi)x

Conditions Designation

co >0 ho >0 Case I-a
ho =0 Case I-b
ho <0 Case I-c

cg=0 ho >0 Case II-a

ho =0 Case II-b
ho <0 Case II-c

2hg+a?=0 2hg+a? >0

Vo

Fig. 7 Critical energy states for Héil

Remark 5 The states (0,cp), co # 0 and (ho,0), ho > 0 are generalized critical en-
ergy states of H:gil (see Remark 3). Indeed, (ho,0), ho > 0 are critical energy states

_CU(1+0¢232)2+4a2 co(14+a?s?)%—4a? _ 2a2s )
4a(a’s?+1) 4a(a?s?+1) 0 a?s?+1

in the usual sense, whereas f(s) = (
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2.2 2.2
and g(s) = (— C”(O‘4Z +1) 60(0‘42 +) 0) are sufficient to show that the states (0, co),

co 7 0 are generalized critical energy states.

The cylinders (Héii)fl(ho) degenerate to a line exactly when 2hg + o = 0;
hence we assume 2ho+a? > 0. The map v : (p1,p2,p3) — (p2,p1,p3) is a symmetry
of Héii such that C oty = —C, and so we may assume cg > 0. The cases co > 0 and
co = 0 are further subdivided into several subcases (see Table 4). Fig. 7 illustrates
the (generalized) critical energy states of H:,E O{, the typical configurations of the
system are graphed in Fig. 8.

Theorem 4.1 (Case I-a, case II-a) Let p(-) : (—¢,e) — se(1,1)* be an integral
curve of YY) such that C(p(0)) = co > 0, H) (p(0)) = ho > 0 and 2ho + a® > 0.

3,a

(¢) If p1(0) > \/eo and p1(0) + p2(0) # O, then there exists to € R such that p(t) =
p(t + to) for every t € (—e,e), where p(-) : R — se(1,1)* is given by

Pit) + a(t) = 2o
a+ v2ho + a2 cosh(v/2ho t)

pi(t) - pz(t)*ﬁ( a+ \/2ho + a2 cosh(y/2ho t))

V2hov/2ho + a2(a — /2ho + o) tanh (/4 t)

p3(t) =
ho + (ho + a2 — av/2hg + a2) tanh® 1/’12—01:)
(i) If p1(0) < —y/co and p1(0) 4+ p2(0) # O, then there exists to € R such that
p(t) = ;B(t +to) for every t € (—e,¢), where p(-) : R — se(1,1)* is given by
_ _ 2ho
t) + pa(t) =
Pt ) = s o (Vo 1)

p1 (t) — ﬁz(t) 2h (Oc — \V2hgo + o2 COSh( 2ho t))
V2ho/2ho + a2(a + V2ho + a2) tanh (1/ % t)
ho + (ho + a2 + av/Zho + a2) tanh? (/42 ¢)

(#5) If co = 0 and p1(0) + p2(0) = 0 (with p1(0) and p2(0) not both zero), then there
erists to € R and 0,5 € {—1,1} such that p(t) = p(t + to) for every t € (—¢,¢),
where p(-) : R — se(1,1)* is given by

p3(t) = —

p1(t) +p2(t) =0
p1(t) — p2(t) = 2ce™
ps(t) = o\/2ho.

Proof We briefly describe how the expressions for p(-) were found in (7). (A similar
approach may be used for (i), whereas the integration for case (1) is straightfor-

ward.) Let w = v/2ho + @? and parametrize the cylinder (H(5)) Y(ho) by 6 and =
as follows:

2ho t

p1+ P2 =wcosfh —a
D1 —p2 =2
Pp3 = wsinb.
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1 Ei Ei
(a) Case I-a (b) Case I-b (c) Case I-c

2 0 0
El 1
(d) Case II-a (e) Case II-b (f) Case II-c

Fig. 8 Typical configurations of Héii
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From p3 = —(p1 + p2)(p1 + p2 + ), we get § = o — wcos 0. Hence

0(t) = —2tan~" [("\J/%) tanh (\/@tﬂ .

(For convenience, we have omitted any translation in the independent variable.)
Using the identity 1(t)? — p2(t)? = co and solving for 71 (t) and pa(t) yields the
given expressions.

It remains to be shown that every integral curve takes the form t — p(t + to).

(4) We have p1(0)+p2(0) > 0. (If p1(0)+p2(0) < 0, then p1(0) < 0, a contradic-
tion.) Thus w? = (p1(t)+p2(t)+a)?+ps3(t)? implies that —w < p3(t) < w. Similarly,
—w < p3(t) < w. Furthermore, lim;—_ o p3(t) = w and lim¢—o0 p3(t) = —w. Since
p3(+) is continuous, there exists to € R such that p3(to) = p3(0). Then

(P1(to) + P2(to) + a)? = w® — P3(to)? = w” — p3(0)* = (p1(0) + p2(0) + a)?

and so p1(to) + p2(to) + a = £(p1(0) + p2(0) + a). But p1(0) 4+ p2(0) + a > 0 and
P1(to) + p2(to) + a > 0, and so p1(tg) + p2(to) = p1(0) + p2(0). Thus, from

(p1(to) — p2(t0))(P1(to) + P2(to)) = co = (p1(0) — p2(0))(p1(0) + p2(0))

we get p1(to) = p1(0) and p2(to) = p2(0). Therefore, as t — p(t + to) and t — p(t)
are integral curves of FI35O)( passing through the same point at ¢ = 0, they both
solve the same Cauchy pfoblem, and hence are identical.

(ii) We have —a—w < p1(t) +p2(t) < 0. (From w? = (p1(t) +p2(t) + ) +ps(t)?
we get p1(t) + p2(t) > —a — w? Also, if pi(t) + p2(t) > 0, then pi(t) > 0, a
contradiction.) Furthermore, p1(0) + 72(0) = —a — w?. Since t — p1(t) + pa2(t) is
continuous, there exists ¢; € R such that pi(¢t1) + p2(t1) = p1(0) 4+ p2(0). Then

pi(t1)? = p2(t1)? = co = p1(0)* — p2(0)?
implies that p1(t1) = p1(0) and p2(t1) = p2(0). Similarly,
p3(t1)? = w® = (P1(t1) + P2(t1) + @)” = w? = (p1(0) +p2(0) + )* = p3(0)°

and so p3(t1) = =£p3(0). Since pi(-), p2(-) are even and p3(-) is odd, we have
]31(—251) = ﬁl(t1)7 ﬁz(—tl) = ﬁz(tl) and [73(—1’1) = —[73(151). Hence there exists
to € R (either to = —t1 or to = t1) such that p(to) = p(0). Therefore t — p(t + to)
and t — p(¢) both solve the same Cauchy problem, and hence are identical.

(#ii) Let o = sgn(p3(0)) and ¢ = sgn(p1(0)). (If p1(0) = 0 or p3(0) = 0, then
p(0) is an equilibrium point.) We have

L coo if o =+1 L 0 ifo=+1

lim t) = and lim t) =
N it {0 if o =1 Jrm, (1) {goo if o =—1.
Hence, as sgn(p1(t)) = sgn(p1(t)) for every t and p1(-) is continuous, there exists
to € R such that ]51(t0) = p1(0). Then ﬁg(to) = —]51(150) = —p1(0) = pQ(O) and
p3(to) = ov/2ho = p3(0). Therefore ¢ — p(t) and t — p(t + to) both solve the same
Cauchy problem, and hence are identical. O
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Theorem 4.2 (Case I-b, case II-b) Let p(-) : (—¢,e) — se(1,1)* be an integral
curve of ﬁéso)é such that C(p(0)) = co > 0 and Héso)é(p(O)) = 0. There exists to € R
such that p(t) = p(t + to) for every t € (—e,¢), where p(-) : R — se(1,1)* is given by

_ _ 2a
pl(t) +p2(t) = —m
_ _ N0, 2.2
Bi(t) - Pa(t) = ~ 2 (a% 4 1)
_ 20242
Ps() = ~aps T

Theorem 4.3 (Case I-c, case II-c) Let p(-) : (—¢,e) — se(1,1)* be an integral
curve of ﬁéa such that C(p(0)) = c¢o > 0, Héii(p(())) = ho < 0 and 2ho + a* > 0.
There exists to € R such that p(t) = p(t + to) for every t € (—e,€), where p(-) : R —
se(1,1)" is given by

2ho
a— \/2h0 + o COS(\/—2h0 t)

pi(t) — pa(t) = QC—;L)O(a — /2ho + a2 cos(v/—2ho t))
V=2hov2ho + a2(a + V2ho + a2) tan (/ — 12 t)
ho — (ho + a2 +am) tan? (g/—% t)

p1(t) +p2(t) =

p3(t) =

6 Nonplanar systems, type II

For the nonplanar, type II systems we consider only stability. As before, we graph

the critical energy states for each system, the level sets H ' (ho) and C~*(cp) and

their intersection (for typical configurations), as well as the equilibrium points.
Throughout this section, we again parametrize equilibria by u,v € R, v # 0.

6.1 The system Hl(i)y

The equations of motion for Hl(i)Y (p) = ap1 + %[(pl + p2)? —|—p§]7 a >0 are

P1 = p2p3
P2 = p1p3
ps = —ap2 — (p1 +p2)*.
The equilibrium states are e}’ = (£ u(p + a), —é;ﬁ,O) and ey = (0,0,v). In Fig. 9

we graph the critical energy states of this system. The typical configurations are
graphed in Fig. 10 and Fig. 11.

Proposition 10 The equilibrium states have the following behaviour:

(i) The states €, p € (—oo0, —%) are stable.

(i) The state e, p = —% is unstable.

(iii) The states e, p € (—%,0) are (spectrally) unstable.
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Co

Fig. 9 Critical energy states for Hﬁl

i) The state €', =0 is unstable.
1
v) The states ek, u € (0,00) are stable.
1: M
(vi) The states €5 are (spectrally) unstable.

2—}—)\10, where \g =1 and A\ = —%. Then dHy (ef) =0

is positive definite, where W = ker dHS) (ef) NkerdC(ef) =

[e3%

Proof (i) Let Hy = AoH!
2

and d*Hy(e!)| ;v

span { Ef — mE’Q"7E§‘} Hence the states e/, i € (—oo0, —§) are stable.

m
(ii) The integral curve

6 2 2
pi(t) = o (45+at(at—6) S (a-3)7 5)

6 2 !
p2(t) = (45+at(at76) (=32 §)

(t) = — 20
ps (at — 3)(at(at — 6) + 45)
satisfies limy—,_oc [|p(t) — €| = 0. Let ¢ = 3||p(0) — €| > 0. Then for every

neighbourhood N of e/ contained in the e-ball B: about e/, there exists t1 < 0
such that p(t1) € N. However, p(0) ¢ Be, and so the state e}, u = —§ is unstable.

(#¢) The linearization of the system at has eigenvalues A1 = 0 and A2 3 =
++/—p(a+ 3p). There exists an eigenvalue with positive real part exactly when
p € (—%,0). Hence the states e, 4 € (—§,0) are spectrally unstable.

(iv) We have that p(t) = (7%7 %, %) is an integral curve of FIS’O{ such that
lim¢— oo ||p(¢) —€}' || = 0. Accordingly, for every neighbourhood N of e}’ there exists
t1 < 0 such that p(t1) € N. Furthermore, lim;—o ||p(t)|| = co. Thus the state e/,
u = 0 is unstable.

(v) The function H) of (i) suffices to show that the states ef’, u € (0,00) are

stable.
3H(5)

(vi) As =52 (e5) = v, it follows from Lemma 2 that the states e are spectrally

unstable. 0
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Fig. 10 Typical configurations of H{)s; (cases a through f)
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Fig. 11 Typical configurations of Hﬁl (cases g through ¢)
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6.2 The system H2(5>

The equations of motion for HQ(S)(;D) =p1—p2+ %[(pl +p2)2 +p§} are

P1 = p2p3

P2 = p1p3
p3 = —p1(p1 +p2 — 1) — p2(p1 +p2 + 1).

The equilibrium states are e} = (3 (u+u?), 3(u—p?),0) and €5 = (0,0,v). The crit-
ical energy states for this system are graphed in Fig. 12; the typical configurations
are graphed in Fig. 13 (by symmetry, we may assume cg > 0).

Co

/.,

0

Fig. 12 Critical energy states for Hés)

Proposition 11 The equilibrium states have the following behaviour:

(i) The states ey, 1 # 0 are stable.
(ii) The state €}, p =0 is unstable.
(#6) The states €5 are (spectrally) unstable.

Proof (i) Suppose u # 1. Let Hy = )\OH2(5) + M1C, where \p = —p and A\ =
1. We have dHx(e}) = 0 and d*Hy(e})|,,,, Positive definite, where W =

kerdHéS)(e‘f) NkerdC(e}) = span{Ef + ﬁf%E;,E;} Therefore the states ef,

u ¢ {0,1} are stable. Suppose p = 1. We have H2(5) (e}) = 3 and C(e7) = 1. It is
straightforward to show that locally about e} we have (Hém)*1 (Z)nC7H(1) = {e1}.
Hence, by the continuous energy-Casimir method, the state e} is stable.

(i1) We have that p(t) = (—4, %, %) is an integral curve of I_{é& such that
lim¢— —oo ||p(¢)]] = 0. Accordingly, for every neighbourhood V' of €| there exists
t1 < 0 such that p(t1) € V. Furthermore, lim;—¢ ||p(t)|| = co. Thus the state e/,
u = 0 is unstable.

()
(éii) As 81;32 (e5) = v, it follows from Lemma 2 that the states ef are spectrally
unstable. 0
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(b) Case b (c) Case ¢

E 2
(d) Case d

Fig. 13 Typical configurations of H§5)
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7 Concluding remark

In Section 3 we partitioned the quadratic (inhomogeneous) systems into four
classes, viz., the ruled, planar, nonplanar type I and nonplanar type II systems.
Clearly, if two systems are affinely equivalent, then they must belong to the same
class. We identify several additional invariants that facilitate the identification of
the normal form of a system.

The dimension of the symmetry group is a simple invariant. (Likewise, for
an inhomogeneous system H 4 o, the dimension of Sym(Hg) is also an invariant.)
Regarding the equilibria, we have that the set of equilibria for each system is
the union of (a finite number of) lines, curves, planes or surfaces. We define the
equilibrium index of a system to be a tuple (i,7,k,£), where ¢ is the number of
lines; j the number of curves that are not lines; k£ the number of planes; and ¢ the
number of surfaces that are not planes. Clearly, equivalent systems have the same
equilibrium index. Moreover, for an inhomogeneous system H 4 ¢, the equilibrium
index of the corresponding homogeneous system Hg is another invariant.

More invariants may be found by identifying the type of quadratic constants
of motion that a system admits. We say that a system has spherical symmetry if
it admits a constant of motion of the form K(p) = Q(p — q), where Q is a positive
definite quadratic form. Likewise, we say that a system has one of the following
types of symmetry if it admits a constant of motion of the form K(p) = Q(p — ¢),
where Q is a quadratic form with the corresponding signature:

hyperboloidal symmetry: signature (0,2, 1).
hyp-cylindrical symmetry: signature (1,1,1).
cylindrical symmetry: signature (1,2,0).

— planar symmetry: signature (2,1,0).

(The signature of Q is the triple (ng,n4,n_), where ng is the number of zero
eigenvalues; n4 the number of positive eigenvalues; and n— the number of negative
eigenvalues.) Clearly, every system on se(1,1)" admits the Casimir function as a
hyp-cylindrical symmetry.

Equivalent systems must have the same types of symmetry. Accordingly, these
invariants may be useful in a more general classification of inhomogeneous systems.
For instance, as Héf)(i does not have a spherical or planar symmetry, it cannot be
equivalent to any system on s0(3)" or the Heisenberg Lie—Poisson space (h3)*.
(However, as it has cylindrical and hyperboloidal symmetries, we cannot rule out
the possibility of it being equivalent to a system on se(2)* or the pseudo-orthogonal
Lie-Poisson space s0(2,1)*.)

In most cases, these above-mentioned invariants are sufficient to uniquely de-
termine the equivalence class of a system. In Table 6 we list the partition of the
inhomogeneous normal forms according to the invariants discussed above. (For the
sake of completeness, the homogeneous normal forms are likewise partitioned in
Table 5.)
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Table 5 Taxonomy of homogeneous systems

=~ =
o s
= B g =
£ B = 9 2
> ° 2 2 5 =
9N = §E & £ &
£ & s B 5 =
Type ks <3| n = O n Systems
Ruled 5 (0,2,0,0) e o H
7 (0,1,0,0) ° e Hs
Planar 2 (1,1,0,0) ° e Hj
Nonplanar, typeI 0 (3,0,0,0) e ° ° Hy
1 (2,0,0,0) o o Hs
Table 6 Taxonomy of inhomogeneous systems
— Q
N < Q
T 5 = > 3
= 3 B =R
T E 3 b = ¢ £
g & 3 - -
E B - s < 5 R 3
Type iS o m m » T O M Systems
Ruled 5 5 (0,0,0,1) (0,2,0,0) o o HM
5 7 (0,001) (0,1,0,0) e o H?
5 5 (0,2,0,0) (0,2,0,0) o o HY
6 7 (0,2,0,0) (0,1,0,0) o o HP
7 12 (0,1,0,0) - o o HY
Planar 4 12 (1,0,0,0) : . O
Nonplanar, type I 0 2 (2,0,0,0) (1,1,0,0) ° H§3)
0 0 (3,000 (3,000 e e e H
1 2 (2,000 (1,1,0,0) . HY
1 1 (3,000 (20,0,0) o o H)
2 5 (1,0,0,0) (0,2,0,0) HSY)
3 7 (1,0,0,0) (0,1,0,0) H)
Nonplanar, type II 0 1 (1,0,1,0) (2,0,0,0) ° ° Hﬁi, H£5>
0 0 (1,0,2,0) (3,0,0,0) e e @ HY)
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