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Abstract. Optimal filters are designed in vibration-based condition monitoring to enhance weak fault signa-
tures for improved diagnosis. While optimisation-based filter design approaches have matured, their validation
has typically focused on final objective values and constraint satisfaction. However, ensuring robust and reli-
able results requires verifying the correctness of design sensitivities, i.e., the gradients of both objective and
constraint functions with respect to design variables, as well as hyperparameter sensitivities. This paper
emphasises the importance of confirming and quantifying a filter’s response to varying hyperparameters to
ensure it meets design specifications. By rigorously verifying sensitivities, engineers can more confidently
deploy optimal filter designs that enhance fault-related features, resulting in more effective fault detection
and diagnosis in complex engineering systems.

Keywords: Optimal digital filter design / gearbox fault detection / squared envelope spectrum /
gradient-based optimisation

1 Introduction

In vibration-based condition monitoring of rotating
machinery, weak fault signatures can be enhanced using
digital filtering methods [1–3], which enable early fault
detection, fault component identification and fault trend-
ing [4]. Filter design methods used in vibration-based
condition monitoring include informative frequency band
identification methods [3], blind deconvolution [1], blind
filtering [5], wavelet filtering [6], sparse filtering [7], empir-
ical mode decomposition [8], Wiener filtering [9], cyclic
Wiener filtering [10], and adaptive filtering [11]. Machine
learning models enable the realisation of more complex fil-
ter structures (e.g., convolutional sparse filtering [12]), by
utilising historical data to extract important information
from data [12–14].

Furthermore, in implementing these methods, decisions
such as formulating objectives and choosing optimisation
strategies must be critically validated [1,15]. To achieve
this, validation involves verifying that (i) the objective
function is correctly implemented, (ii) derivatives (if appli-
cable) are accurate, (iii) the optimisation process itself

* e-mail: stephan.schmidt@up.ac.za

does not distort performance, and (iv) parameter changes
lead to expected and consistent changes in performance.
Such rigorous evaluation confirms the method’s correct-
ness and ensures its sensitivities reflect realistic behaviour,
enabling robust comparisons with existing techniques and
reliable conclusions in diverse applications. It is often pos-
sible to verify (i) using cases where the function value
is easily estimated, and (ii) through numerical sensitivi-
ties like finite differences. Sensitivity analyses of optimal
filtering hyperparameters are frequently performed (e.g.,
[16–19]) to assess the impact of hyperparameter choices.
However, (iii) and (iv) are rarely explicitly addressed in
the literature, despite likely being performed in published
works.

To address this gap, a hyperparameter sensitivity veri-
fication framework is proposed and presented in Figure 1.
The hyperparameter sensitivity verification framework
involves interconnected optimal filtering and sensitivity
analysis decisions. The general optimal filtering process is
a structured approach for designing and evaluating filters.
The optimal filtering hyperparameters, which affect the
filter’s performance, must be set throughout the process.
Sensitivity analysis is conducted to understand the impact
of hyperparameter choices on the performance of the filter.
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Fig. 1. This conceptual framework illustrates an optimal filtering workflow, starting with raw input signals and progressing through
pre-processing, transformations, objective definition, and optimisation towards performance evaluation. On the left, various methods
of preparing and transforming signals are shown, while the centre section focuses on formulating the optimisation problem and
selecting suitable optimisation algorithms. Performance metrics and approaches for evaluating filter quality are presented on the
right. Below, a HyperParameter (HP) sensitivity verification strategy ensures robust and verified filter designs. Abbreviations:
AR: Auto-Regressive, CG: Congjugate Gradient, HT: Hilbert Transform, ICS2: Indicator of second-order CycloStationarity, QN:
Quasi-Newton, RMSE: Root-Mean-Squared Error, SES: Squared Envelope Spectrum, SN: Spectral Negentropy, SNR: Signal-to-
Noise Ratio, SQP: Sequential Quadratic Programming, STFT: Short-Time Fourier Transform, WT: Wavelet Transform.

This involves selecting the hyperparameter sensitivity set,
the sensitivity analysis approach, perturbation directions
and step sizes. The sensitivities are subsequently com-
puted and interpreted to determine how hyperparameter
changes affect the system’s overall performance. Verifica-
tion ensures that the sensitivity expectations align with
the observed results, providing insights into the reliability
of the filtering process.

The proposed hyperparameter sensitivity verification
framework is applied to the established Indicator of
second-order CycloStationarity (ICS2) objective (used in
Maximum second-order CYClostationarity Blind Decon-
volution (CYCBD) [16] and related methods [20,21]),
and the recently proposed Generalised Envelope-based
Signal-to-Noise ratio (GES2N) [15]. Rather than provid-
ing specific recommendations for parameter choices, which
are highly dataset- and algorithm-dependent, or conduct-
ing a full-scale sensitivity analysis as advocated by Saltelli
et al. [22], this work focuses on confirming expected trends
when conducting hyperparameter studies as a first verifi-
cation step of hyperparameter sensitivities. In summary,
the contributions of the work are as follows:

� A general sensitivity analysis strategy for hyper-
parameter sensitivity verification of optimal filter
design is proposed.

� A hyperparameter sensitivity verification study of
the ICS2 (an established filter coefficient estima-
tion objective) and the GES2N (a recently proposed
objective for filter coefficient estimation) is per-
formed for signals acquired under time-varying speed
conditions.

The work is structured as follows: Section 2 presents
an overview of the optimal filtering process and its

hyperparameters. Subsequently, the hyperparameter sen-
sitivity verification process for optimal filtering is pre-
sented in Section 3. The hyperparameter sensitivity
verification of the ICS2 and GES2N objectives are pre-
sented in Section 4 and the study outline in Section 5. The
results are presented in Section 6, whereafter the work is
concluded in Section 7.

2 Optimal filtering process and its
hyperparameters

2.1 Input signals

The optimal filtering design framework presented in
Figure 1 starts with the input signals. The raw time-
series data are measured using a sensor or multiple
sensors located in the system, with the data acquired
through a data acquisition system (e.g., with specified
sampling frequency and signal duration). The data could
be pre-filtered (e.g., a residual signal calculated using
an AutoRegressive (AR) filter [23]), downsampled and
truncated to reduce the signal’s size.

2.2 Pre-processing

Pre-processing prepares the input signals for subsequent
transformations. This could involve windowing, signal
scaling, mean centring, and filtering. For filtering, the fil-
ter class (Finite Impulse Response (FIR), Infinite Impulse
Response (IIR)) and filter’s response constraints and
specifications (e.g., filter length, bandpass filter with spec-
ifications for its passband, transition band and stopband)
need to be selected or is a design variable that needs to be
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determined. The FIR is simple to implement, stable, able
to achieve an exact linear phase response, and is frequently
used (e.g., [5,16,24]).

2.3 Transformations

Transformations are critical in the process, focusing on
converting signals into a more useful representation that
highlights important components and facilitates a deeper
understanding. Examples of transformations include sig-
nal exponentiation (e.g., squaring the signal [16]), thresh-
olding [25], Hilbert Transforms (HT) [26], Discrete Fourier
Transforms (DFT) [16], Short-Time Fourier Transforms
(STFT) [27], and Wavelet Transforms (WT) [28,29]. The
Squared Envelope Spectrum (SES) is useful for rotat-
ing machinery diagnostics. The SES can be estimated
using the squared signal [16,30] or the squared magni-
tude of the analytic signal [31], with the logarithm of
the envelope used to improve its suitability for impul-
sive noise [15,32]. Calculating the SES can be performed
using the DFT [16], the Bessel-Fourier transform [20],
or the Velocity-Synchronous DFT (VS-DFT) [16,33] for
example. The cyclic orders (i.e., range and resolution) are
hyperparameters of the VS-DFT.

2.4 Objective

Optimal filtering aims to find the filter’s parameters (i.e.,
the design variables) to achieve a specific goal, which may
be targeted [3,16] or blind [3,5]. The implemented optimal
filtering objective is a proxy for the overarching goal, e.g.,
different variations of signal-to-noise indicators could be
used. Depending on the application’s requirements and
the context, objectives can operate in the temporal (or
angular), spectral frequency, or cyclic frequency domain.
Examples of objectives include maximising the L2/L1

[5,30], Hoyer index [5,30], Spectral Negentropy (SN) [5,30],
Box-Cox indicators [24], novel sparsity indicators [34],
ICS2 [16], Signal-to-Noise Ratio (SNR) [15], minimising
the error between the actual filter and an idealised filter
[35,36], and minimising the error between the signal of
interest and the filtered signal [10].

In blind SES-based objectives, such as the SN, the
objective is calculated over all cyclic order components,
but the cyclic order range could be informed by prior
knowledge to improve its performance in the presence of
extraneous components [30]. In targeted SES-based objec-
tives, errors in the targeted cyclic orders could impede the
filter’s performance. Instead, bands around the targeted
cyclic orders are expected to reduce the filter’s error sen-
sitivity [3,15]. Still, it could also decrease the objective’s
sensitivity to damage or increase its sensitivity to extrane-
ous components. The targeted bands’ information could
be converted to a scalar using the maximum [15], aver-
age [37], or another appropriate metric of the targeted
bands’ amplitudes. Usually, the targeted cyclic order and
the number of harmonics must be specified a priori to
estimate a targeted signal indicator.

The noise indicator for the SNR metrics is another
hyperparameter; it could be estimated using an ampli-
tude set’s average [15], median [38], or percentile [39]. The

choice’s impact depends on the SES’ properties and is cou-
pled with the selected cyclic orders. Using too narrow or
broad cyclic order ranges could result in poor estimates.
By excluding the targeted bands from the noise estima-
tion, the average of the cyclic orders is expected to provide
a representative noise estimate [15,40].

2.5 Optimisation problem

The filter optimisation problem is framed by defining
design variables, objective functions, and constraints. The
design variables can for example be the centre frequency
and bandwidth of a parametrised bandpass filter [3,38] or
all the filter coefficients [1,16], with the latter referred to
as a filter coefficient estimation problem in this work.
For the filter coefficient estimation problem, the filter
length is an important hyperparameter. Objectives are
also rewritten as generalised Rayleigh quotients (e.g.,
[5,16,24]) to leverage generalised eigenvalue solvers. The
objective function could also be the objective [16], or
the transformed objective [15]. For example, transforma-
tions such as the natural logarithm could improve the
objective’s suitability for optimisation. Constraints could
enable feasible solutions (e.g., only positive centre fre-
quencies [4]) or constrain the filter coefficient vector’s
magnitude.

2.6 Optimisation formulation

The optimisation formulation is then selected, which
presents the problem as minimising the objective function
while adhering to the defined constraints [15,31,41]. Alter-
natively, candidate solutions can be specified as satisfying
a first-order optimality criterion [1] or non-negative gra-
dient projection points [42] to identify the best solution
[41].

2.7 Optimiser

The optimiser is the algorithm responsible for solving the
optimisation problem. It must consider starting points
(i.e., the initial guesses), convergence conditions, toler-
ances, and strategies for performing line searches and
defining sub-problems. Common optimisation methods
include Sequential Quadratic Programming (SQP), Con-
jugate Gradient (CG), Quasi-Newton (QN), and Nelder-
Mead (NM) algorithms [41]. Different starting points, such
as linear predictive coefficients, a differentiation filter,
the unit sample function, have been used in the litera-
ture [1,15,17]. The numerical stability of the algorithms
with respect to the filter length, filter initialisation, and
frequency range has been investigated in Ref. [17].

2.8 Performance evaluation

Performance evaluation is the final stage of the filtering
process. It involves assessing the filter’s success in meet-
ing the defined objectives using specific metrics and metric
parameters. Metrics could relate to the filter (e.g., attenu-
ation in the stopband, Root Mean Squared Error (RMSE)
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between the desired filter and the actual filter), the fil-
tered signal (e.g., SNR [15] or ICS2 [16,20] of the damaged
components), or the filtered signal’s performance in per-
forming the intended task (e.g., time of detection [20],
monotonicity of objective [24]).

3 Hyperparameter sensitivity verification
process

The hyperparameter sensitivity verification process
described from top-to-bottom in Figure 1 is performed for
a specific optimal filter problem (e.g., filter coefficient esti-
mation problem) and associated hyperparameters (e.g.,
filter length). The hyperparameter sensitivity set needs
to be defined beforehand. It can be either the full hyper-
parameter set for a full verification or a subset can be
selected for a partial verification. The sensitivity analy-
sis approach can be local (e.g., One At-a-Time (OAT))
or global (e.g., Sobol’s method) [22,43]. Subsequently, the
perturbations need to be selected. For the OAT method,
the perturbation direction (e.g., increase or decrease) and
magnitude (i.e., step size) must be specified. The sensitiv-
ities need to be quantified, analysed and compared against
the expected changes. A critical comparison between the
observed and expected changes is performed to verify the
sensitivity of the objective, i.e., if the observations align
with the expectations, the sensitivity is verified.

When performing the hyperparameter sensitivity verifi-
cation, it is important to be cognisant that the sensitivity
analysis approach affects the verification that can be per-
formed. For example, if a standard OAT approach is
used, the coupling between the hyperparameters cannot
be observed, and the results can only be interpreted at
the baseline. This means that the results obtained by
the OAT perturbations cannot be used to inform the
best combination of hyperparameters. However, for a pre-
liminary sensitivity verification, the OAT approach is
adequate. Furthermore, the verification can be performed
using the trend of the function for specific perturbations
and the function’s magnitude. The expected changes for
the former can be determined based on the analysts’
understanding of the problem, which is enabled by using
datasets where all the signals’ characteristics are under-
stood (i.e., a simulated dataset). The latter requires a
rigorous mathematical analysis before the verification can
be performed.

4 Detailed hyperparameter sensitivity
verification

The hyperparameter sensitivity verification process sum-
marised at the bottom of Figure 1, is presented for the
ICS2 and GES2N objectives. The filter coefficient prob-
lem is addressed in this work, i.e., the filter coefficients
h are the design variables. The objectives and their
hyperparameters are described in Section 4.1, whereafter
hyperparameters are selected and the expected sensi-
tivity of the objectives are summarised in Section 4.2.
Section 4.2’s discussion forms the basis of the verification
study.

4.1 Objectives

The GES2N objective is defined as follows [15]:

ψges2n (h;x,ws,Cs,wn,Cn) =
wT

sCsb

wT
nCnb

, (1)

where ψges2n denotes the GES2N objective, x ∈ RL×1

denotes the input signal with length L and X ∈
R(L−D+1)×D its Toeplitz matrix [15,16]. The filter coef-
ficients are denoted h ∈ RD×1, with the filter’s length
denoted D. The signal and noise cyclic band weight-
ing vectors, denoted ws ∈ RNb,s×1 and wn ∈ RNb,n×1

respectively, where Nb,s and Nb,n denote the number of
bands for the signal and noise respectively [15]. The cyclic
band weighting vectors can be used to weight some cyclic
order bands more than others. The cyclic order weight-
ing matrices of the signal and noise indicators, denoted
Cs ∈ RNb,s×Nα and Cn ∈ RNb,n×Nα respectively, assign a
weight to each cyclic order (e.g., whether a cyclic order
contributes to the objective or not), with Nα denoting the
number of cyclic orders [15]. The cyclic order weighting
matrices can be used to define different variants of the
GES2N [15].

A uniform grid of cyclic orders α =

[0, α[1], α[2], . . . , α[Nα − 1]]
T , with the cyclic order

resolution ∆α = α[m + 1] − α[m], m ∈ N is used to
construct the SES. The cyclic order resolution ∆α can be
related to a baseline cyclic order resolution ∆αbase with
a Cyclic Order Resolution Factor (CORF) as follows:
∆α = CORF ·∆αbase. The SES b ∈ RNα×1 of the filtered
signal y = Xh, with y ∈ R(L−D+1)×1, is calculated as
follows using the cyclic order vector α ∈ RNα×1 [15]:

b = (V (y ⊙ y))∗ ⊙ (V (y ⊙ y)), (2)

where V ∈ CNα×(L−D+1) denotes the VS-DFT matrix
[15,16,33], ⊙ denotes Hadamard product and ∗ denotes
the array conjugate operator. Since the VS-DFT is used,
the order-domain SES is presented and used in this
work. Different variants of the GES2N can be derived
[15]; with only one variant used in this study. The fol-
lowing signal indicator’s cyclic order weighting matrix
is used for each element m ∈ {0, 1, . . . , Nb,s − 1} and
l ∈ {0, 1, . . . , Nα − 1}:

Cs[m, l] =
Cmax

s [m, l]∑Nb,s−1
m=0

∑Nα−1
l=0 Cmax

s [m, l]
, (3)

where a unit weight is assigned to the maximum amplitude
of each band as follows [15]:

Cmax
s [m, l] =

{
1 if Cbase

s [m, l]b[l] = max
q

{
Cbase

s [m, q]b[q]
}

0 otherwise
,

(4)
and the base cyclic order weighting matrix of the signal
indicator Cbase

s is given by [15]:

Cbase
s [m, l] =


1 if (m+ 1) · αt − 1

2∆αb

≤ α[l] ≤ (m+ 1) · αt +
1
2∆αb

0 otherwise
, (5)
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Fig. 2. Foundational SES examples are presented with the actual cyclic order αact, the targeted cyclic order αt, and the extraneous
cyclic order αext superimposed. (a) compares a baseline SES (SES (B)) against an SES where the CORF is increased (SES (P)).
(b) shows the baseline SES with the amplitudes contributing to the signal (SES (B): S) and noise (SES (B): N) indicators. (c)
shows the same plot as (b), but the targeted band’s width is decreased. (d) shows the same plot as (b), but an error is introduced
in the targeted cyclic order as follows: αt = αc · (1− error), where the error = 0.2.

where αt is the targeted cyclic order and ∆αb denotes the
targeted bandwidth. The cyclic order weighting matrix of
the noise indicator Cn is calculated with [15]:

Cn[a, l] =
Cbase

n [a, l]∑Nb,n−1
a=0

∑Nα−1
l=0 Cbase

n [a, l]
, (6)

with the base cyclic order weighting matrix defined here
[15]:

Cbase
n [0, l] =


1 if 0.5 · αt ≤ α[l] ≤ Nh · αt + 1

and
∑Nb,s−1

m=0 Cs[m, l] = 0

0 otherwise
. (7)

Only a single noise band is used, i.e., Nb,n = 1 and Nb,s

is equal to the the number of targeted harmonics Nh, i.e.,
Nb,s = Nh. The ICS2 objective ψics2 used in this work is
defined as follows:

ψics2(h;x,Cs) =
1TCsb(

hTXTXh
)2 . (8)

The ICS2’s numerator is similar to GES2N and also
referred to as the signal indicator. The denominator is
the squared energy of the time domain signal instead
of the angle domain signal. In contrast to the CYCBD,
where the exact cyclic orders are targeted, the max-
imum cyclic orders in each band are used. A second
variant of the ICS2 can also be derived using the GES2N,
where the denominator of equation (8) is b[0] instead of(
hTXTXh

)2

. The GES2N-based variant uses the energy

of the angle domain signal instead of the time domain sig-
nal. Even though the angle domain signal’s energy is more
consistent under time-varying speed conditions with b[0]

than
(
hTXTXh

)2

, we found a similar performance in
enhancing the fault signatures if the optimisers converged.
Therefore, equation (8) is used in subsequent sections.

4.2 Selected hyperparameters

In Table 1, the hyperparameters selected for the veri-
fication study are presented for the ICS2 and GES2N
objectives, summarising the expected impact of hyper-
parameter changes. The design variables’ starting points
and the optimisation approach (i.e., optimisation formu-
lation, optimisation problem and the algorithm) are also
hyperparameters in optimal filtering but excluded from
the table. The ultimate conclusions should not be affected
by the starting points and optimisation approach, and
therefore, a two-phased approach is recommended. In the
first phase, multiple starting points and different optimi-
sation approaches are tested, whereafter the methods are
pruned for a more detailed verification study in the second
phase.

In many cases, the sensitivity of the optimal filtering
method to the hyperparameters is dataset dependent,
e.g., the components in the data, the length of the sig-
nal. Figure 2 provides foundational examples to support
the explanations in Table 1 and is also used to rein-
force the dataset dependency. In Figure 2a, a baseline
SES, denoted SES (B), and a SES with a hyperparameter
perturbed, denoted SES (P), are shown with the actual
cyclic order αact, the targeted cyclic order αt and the
cyclic orders of an extraneous component αext superim-
posed. The actual cyclic order is the underlying unknown
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component, whereas αt can be a theoretical or estimated
component from the data. Figures 2b–2d also show the
amplitudes that contribute to the GES2N’s signal and
the noise indicators, denoted SES (B): S and SES (B): N,
respectively. An example of the impact of the data can also
be inferred; the hyperparameter sensitivity conclusions
depend on the targeted and the extraneous components’
characteristics.

The impact of the changes in the hyperparameters on
the objective (for a fixed h), the final objective (after
the optimal design variable vector h was determined)
and the overarching goal (i.e., fault enhancement) could
be different. For example, if ∆αb is increased, spurious
components could contribute to the objective when apply-
ing equation (4), which could result in the maximisation
of spurious components (which could increase the final
objective). Furthermore, increasing the TEP could result
in extraneous components to be included in the signal
indicator (e.g., Figure 2d), which could be maximised.
This could increase the overall objective but impede the
enhancement of the fault signature. Table 1 focuses on the
final objective unless stated otherwise.

5 Study outline

The datasets considered in this work are discussed in
Section 5.1 and the specific selections for the hyperpa-
rameter sensitivity verification analysis are presented in
Section 5.2.

5.1 Datasets

The following datasets are used in this study:

� Simulated dataset: A simulated dataset enables com-
plete control over the model’s form and components.
This control is essential when performing hyper-
parameter sensitivity verification. The simulated
dataset consists of three measurements with differ-
ent impulse magnification factors (or signal-to-noise
ratios). Both ICS2 and GES2N objectives are used
on this dataset. Hence, the primary verification is
performed using the simulated dataset.

� Experimental gearbox dataset: Five measurements,
acquired over the life of the damaged gear’s tooth,
are considered. These measurements are also used
in Ref. [15]. This dataset is more challenging than
the simulated dataset and is used to evaluate the
parameter sensitivities on experimental data. Only
the GES2N objective is used on this dataset for
brevity.

5.2 Hyperparameter sensitivity verification analysis

The hyperparameter sensitivity verification analysis is
performed in two phases. The first phase is an initial
phase, where different optimisation problem formulations
and algorithms are used for each objective to confirm
their suitability (with the selected settings) and find the
optimal filters for each dataset. Thereafter, the hyper-
parameter sensitivity verification analysis is performed

using one suitable optimisation problem formulation and
algorithm combination for each parameter perturbation.
The initial pruning phase is important to ensure that
the optimisation-related hyperparameters are properly
selected to obtain reliable results in the verification study.
However, the initial pruning phase’s results are not essen-
tial for the verification study. Therefore, only the main
conclusions from the initial pruning phase are summarised
in the main document, while more detailed results are
presented in Appendix A.

5.2.1 Optimisation problem formulations and algorithms

Table 2 provides the three optimisation problems, with
only one algorithm used for each problem. The labels,
which use the algorithm’s name for simplicity’s sake,
refer to the combination of the optimisation problem and
algorithm used.

The first optimisation problem, labelled CG, consists of
an unconstrained problem where the filter coefficients are
L2-normalised and are solved using the Conjugate Gradi-
ent (CG) algorithm. Problem 2 and 3, respectively labelled
SLSQP and IED, are constrained problems solved using
the SLSQP and IED algorithms respectively. Problem 3’s
objective is written as a non-linear Generalised Rayleigh
Quotient (GRQ).

For optimisation problems 1 and 2 in Table 2, the objec-
tive function ξ is either the objective ξ(h) = ψ(h) or
the natural logarithm of the objective ξ(h) = lnψ(h).
The following optimiser settings are used: The maxi-
mum number of iterations is 1500, and the convergence
tolerance is 10−12 with the settings selected to reduce
the impact of the optimiser on the interpretation of the
results. Optimisation problem 1 and 2 are solved using
analytical gradients. The SES used in subsequent analyses
is calculated with equation (2), where the filtered signal
y = X h

||h||2 is calculated with the L2-normalised optimal
filter coefficients h/||h||2. The filter coefficients are nor-
malised to ensure that the SES’ magnitude is invariant to
the magnitude of h.

A link to the code repository is supplied in Appendix B,
with further information regarding the analytical gradi-
ents and the IED optimiser used to solve optimisation
problem 3 supplied in Appendix C.

5.2.2 Hyperparameter set

A hyperparameter set is considered for the sensitivity
verification for both phases and is presented in Table 3.
The following parameters are considered: The filter length
D, the number of targeted harmonics Nh, the targeted
bandwidth ∆αb, and the CORF. The CORF is used as
follows: ∆α = CORF ·∆αbase, where ∆αbase = π/(θ[L−
1]− θ[0]). The cyclic order TEP relates the actual/correct
cyclic order αact with the targeted cyclic order αt as
follows: αt =

(
1− TEP

100

)
αact, with αt used during the opti-

misation. Lastly, the cyclic order weighting vector of the
signal indicator in equation (1) is denoted ws with the
four variants and their labels provided in the perturbation
column.
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Table 2. The three optimisation problems and selected algorithms are considered in this work. The objective function
ξ is either the objective ξ(h) = ψ(h) or the natural logarithm of the objective ξ(h) = lnψ(h).

# Label Optimisation problem Selected algorithm
1 CG Unconstrained:

min
h

−ξ
(

h

||h||2
;x

) Conjugate Gradient (CG) [44]

2 SLSQP Constrained - Variant 1:

min
h

−ξ (h;x) , s.t. hTh = 1

Sequential Least Squares Program-
ming (SLSQP) [44]

3 IED Constrained - Variant 2:

max
h

hTA(h)h, s.t. hTB(h)h = 1

where

ψ(h;x) =
hTA(h)h

hTB(h)h

Iterative Eigenvalue Decomposition
(IED). Refer to the discussion in
Appendix C.

Table 3. The hyperparameter (HP) set considered for the sensitivity verification.

HP Baseline Perturbations Used in
ICS2

Used in
GES2N

1 D 64 16, 256 Yes Yes
2 CORF 1.0 0.25, 4.0 Yes Yes
3 ∆αb 0.1 0.02, 0.5 Yes Yes
4 TEP 0 1, 10 Yes Yes
5 Nh 10 1, 20 Yes Yes
6 ws 1 ∈ RNh×1 H1:5: [1, 1, 1, 1, 1, 0, 0, 0, 0, 0]T No Yes

H1: [1, 0, 0, 0, 0, 0, 0, 0, 0, 0]T

H+: [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]T

H−: [10, 9, 8, 7, 6, 5, 4, 3, 2, 1]T

5.2.3 Strategy

For the initial pruning phase, the baseline parameters pre-
sented in Table 3 are used except for the filter lengths.
Three filter lengths D ∈ {16, 64, 256} and three different
starting points (or initial guesses) are considered for each
optimisation problem formulation and algorithm combi-
nation. The first starting point, labelled I0, only consists
of one non-zero element at index 0, i.e., h[0] = 1. The
second starting point, labelled I1, is equal to the signal’s
linear predictive coefficients, and the third starting point,
labelled I2, is sampled from an isotropic, zero-mean D-
dimensional Gaussian. The objective corresponding to the
final design is used to assess and compare the performance
of the algorithms, with larger objectives indicating better
solutions. The purpose of the comparison is to determine
the suitability of the algorithms to find optimal solutions
for the different combinations of starting points and filter
lengths. The results are pruned, and a suitable combina-
tion of problem formulation and algorithm is selected for
more in-depth sensitivity verification.

In the second phase, the hyperparameter sensitivity
verification study uses the hyperparameter baseline and
perturbation set in Table 3. The sensitivity analysis ver-
ification is performed by perturbing the hyperparameters
OAT around a baseline and quantifying the changes using
a metric. OAT results can only be interpreted around
the baseline and do not quantify the interdependencies
between the parameters or enable selecting the combina-
tion of optimal parameters. However, the OAT approach is
sufficient to perform the sensitivity verification. To reduce
the impact of the optimiser for each specific perturbation,
the starting points (I0, I1, I2) that result in the largest
final objective are used with the optimisation problem and
algorithm selected from the initial phases’ results.

5.2.4 Performance metrics

For the initial phase, the objectives’ logarithm is used as
the basis for comparison. For the second phase, two met-
rics are used. The first metric considered is the logarithm
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of the ICS2’s objective and is given by:

Mics2 = lnψics2(h). (9)

The second metric is the GES2N metric, which is con-
structed to be invariant to the magnitude of wi and is
defined as follows:

Mges2n = ln

(
||wn||2
||ws||2

wT
sCsb

wT
nCnb

)
, (10)

which can be written as Mges2n = ln
(

||wn||2
||ws||2 · ψges2n(h)

)
.

Since the cyclic band weighting vectors wi are constant
during optimisation, the optima of the Mges2n and the
GES2N’s objective are the same. In addition to the met-
rics, the filtered signal’s SES logarithm is visualised for
each case, with the SES computed with the cyclic order
resolution used during the optimisation. The SES pro-
vides further insights into the components enhanced by
the filters. The SES for the different perturbations are
normalised between 0 and 1 to allow uniformity in colour
presentation. For a specific dataset, the metrics are nor-
malised between 0 and 1 using the data from both GES2N
and ICS2 objectives, with the normalised metrics denoted
M̃ics2 and M̃ges2n respectively. This normalisation makes
it easier to compare the methods on the same dataset.

6 Results

The sensitivity verification results of the ICS2 and the
GES2N objectives on the simulated dataset are presented
in Section 6.1 and the GES2N objectives’ results on the
experimental dataset are presented in Section 6.2.

6.1 Simulated dataset

Three simulated signals are generated with

x(t) = M(t) · (xtoi(t) + xrnd(t) + ϵt(t)) , (11)

where the train of impulses convolved with the impulse
response function h(t) is given by xtoi(t) = κ · h(t) ⊗(∑Ntoi−1

n=0 ai · δ (t− Tk)
)
, with the unit sample function

denoted δ (x), i.e., δ (x) = 1 if x = 0 and is 0 other-
wise. The time-of-arrival of the kth impulse is denoted
Tk and is determined using the instantaneous shaft speed
and a characteristic order of 2.0 events/rev. The impulse
response function has the form: h = e−500·t · sin(2 · πt ·
0.25 · fs), where the sampling frequency is denoted fs.
The ith impulse’s amplitude is given by ai = 1 + 0.1 · ϵG,
where ϵG is a standarised Gaussian random variable. The
second signal component is given by xrnd(t) = 5 · sin(ϕ(t) ·
7.5) · 0.25 · ϵG(t), where ϕ(t) is the instantaneous phase of
the signal. The signal’s amplitude’s dependence on speed

is modelled by: M(t) =
(

ω(t)
20π

)2

, where ω(t) is the instan-
taneous speed of the signal in rad/s and is related to
the instantaneous phase as follows ω(t) = d

dtϕ(t). Lastly,
ϵt,ν(t) denotes a standardised t-distributed variable with

ν degrees-of-freedom. Gaussian-like noise is simulated
using the Student-t distribution with ν = 1000 degrees
of freedom.

The same speed profile ω(t) = 2π(2.5 · t + 7.5) rad/s
was used for all measurements. The three simulated mea-
surements are shown in Figures 3a – 3c respectively. The
signals’ duration is 2 seconds and fs = 10000 Hz. Mea-
surements 1-3’s impulse magnification factors κ are 1.5,
3.0, and 10.0 respectively. The ICS2 results are presented
in the next section.

6.1.1 ICS2 results

The initial pruning results highlighted that, in general,
all methods could result in the same function values if
the number of allowable iterations is sufficient. Of the
options in Table 2, optimisation problem 3 (the gener-
alised Rayleigh quotient constrained formulation solved
using the IED algorithm) was less sensitive to the starting
points and therefore used to obtain the sensitivity verifi-
cation results. The initial pruning results are included in
Appendix A.1 for brevity’s sake.

The SES of each filtered signal is shown in Figure 4
with the damage cyclic orders and its harmonics super-
imposed. The ordinate shows the measurement number
and the hyperparameter combination (i.e., whether the
baseline or a perturbation is presented). The baseline
and perturbations are summarised in Table 3 with all
comparisons made relative to the baseline unless stated
otherwise.

The damage components’ prominence in the SES and
the metric M̃ics2 increase with measurement number as
presented in Figure 4. This makes sense as the impulse
magnification factor in the model increased with the
measurement number. Furthermore, the damage is not
detected for most cases in Measurement 1’s SES, which
makes the results (and sensitivity analysis verification)
potentially sensitive to spurious noise components, which
could impede the conclusions. This result highlights that
care should be taken when selecting the measurement for
verification.

A summary of the sensitivity verification results of the
ICS2 objective is included in Table 4 using M̃ics2 as the
basis for comparison. The hyperparameter symbols are
defined in Table 1. The check marks indicate that the
observed results for the measurements are aligned with the
expectations in Table 1. Therefore, the ICS2’s sensitivity
is verified on this dataset.

For this dataset, the M̃ges2n metric is generally cor-
related with the M̃ics2 metric in Figure 4. There are a
few instances where the opposite trends are seen (e.g., for
∆αb = 0.02, M̃ges2n decreases, whereas M̃ics2 was unaf-
fected by the perturbations). The metrics are normalised
using the ICS2 and GES2N’s data, with the GES2N
results presented in the next section, i.e., M̃ics2 = 1.0
means it is the largest metric for both objectives. The case
with M̃ics2 = 1.0 is expected since this objective is max-
imised. Since the GES2N is not maximised, M̃ges2 < 1.0
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Fig. 3. The three simulated measurements using ω(t) = 2π(2.5 · t + 7.5) rad/s, with the following impulse magnification factors
used: 3a: κ = 1.5, 3b: κ = 3.0, and 3c: κ = 10.0.

5 10 15 20 25
Cyclic order [events/rev.]

Meas. 1: Baseline

Meas. 1: D 16

Meas. 1: D 256

Meas. 1: CORF 0.25

Meas. 1: CORF 4

Meas. 1: ∆αb 0.02

Meas. 1: ∆αb 0.5

Meas. 1: TEP 1

Meas. 1: TEP 10

Meas. 1: Nh 1

Meas. 1: Nh 20

Meas. 2: Baseline

Meas. 2: D 16

Meas. 2: D 256

Meas. 2: CORF 0.25

Meas. 2: CORF 4

Meas. 2: ∆αb 0.02

Meas. 2: ∆αb 0.5

Meas. 2: TEP 1

Meas. 2: TEP 10

Meas. 2: Nh 1

Meas. 2: Nh 20

Meas. 3: Baseline

Meas. 3: D 16

Meas. 3: D 256

Meas. 3: CORF 0.25

Meas. 3: CORF 4

Meas. 3: ∆αb 0.02

Meas. 3: ∆αb 0.5

Meas. 3: TEP 1

Meas. 3: TEP 10

Meas. 3: Nh 1

Meas. 3: Nh 20
α =2.00 (Damage)

M̃ics2 M̃ges2n

Metrics

0.41 0.22

0.31 0.16

0.42 0.11

0.42 0.22

0.41 0.22

0.41 0.20

0.41 0.22

0.36 0.15

0.37 0.00

0.20 0.05

0.42 0.26

0.69 0.58

0.60 0.51

0.70 0.59

0.69 0.59

0.69 0.60

0.69 0.49

0.69 0.59

0.62 0.42

0.35 0.08

0.48 0.37

0.69 0.63

0.96 0.76

0.94 0.76

0.96 0.76

0.97 0.76

0.96 0.77

0.96 0.56

0.96 0.94

0.85 0.44

0.62 0.09

0.72 0.56

1.00 0.81

0.0

0.2

0.4

0.6

0.8
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Fig. 4. The logarithm of the SES of the filtered signal and the corresponding normalised metrics are presented for three simulated
measurements. The filters were obtained by maximising the ICS2 objective. The measurement number and the baseline or pertur-
bation from the baseline are shown on the ordinate. The logarithm of the SES data are normalised between 0 and 1 and the metrics
are normalised between 0 and 1 using the ICS2 and GES2N’s data to enable uniformity in colour presentation.

for all the cases. This result emphasises that the perfor-
mance metrics must be carefully selected to ensure a fair
comparison is made.

6.1.2 GES2N results

The initial pruning analysis indicated that optimisation
problem 3 performed poorly for the GES2N objec-
tive (compared to the other methods). This could be
attributed to incomplete tangents being used when apply-
ing the IED algorithm as demonstrated in Appendix C.
This emphasises that the optimisation approach needs to
be well-suited for the problem to ensure a critical compari-
son can be performed. Optimisation problem 2 (i.e., using
the SLSQP algorithm) with the objective’s logarithm is
used to find the optimal filters for all hyperparameter per-
turbations in this section, since it performed well during
the initial pruning phase. The initial pruning results for

the GES2N are presented in Appendix A.2 for brevity’s
sake.

The logarithm of the filtered signals’ SES and corre-
sponding metrics are presented in Figure 5 for the three
simulated measurements considered in the previous sec-
tion. The fault components in the SES and metric M̃ges2n

show a general increase with measurement number, con-
sistent with the increased impulse magnification factor.
There are larger fluctuations in the SES’ amplitudes for
the perturbations compared to the ICS2. This highlights
the GES2N is more sensitive to perturbations in the
hyperparameters. The fault signatures are generally weak
for Measurement 1 with only a few instances seen (e.g.,
ws : H1 has one prominent harmonic, whereas D = 256
shows multiple harmonics and a larger M̃ges2n metric).
The behaviour of the two metrics is inconsistent in sev-
eral instances, e.g., for measurement 2, the filter length
D perturbations result in different trends. This is because
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Table 4. The hyperparameter sensitivity verification analysis for the ICS2 is presented. Table 1 is used as the basis,
with a check mark (✓) indicating alignment between the results in Figure 4 and Table 1.

# HP Measurements Comment
1 2 3

1 D ✓ ✓ ✓ M̃ics2 increases with D; similar results obtained for both
D = 64 and D = 256. The fault components are generally
weaker in the SES when D = 16.

2 CORF ✓ ✓ ✓ The results are mostly unaffected by the CORF. M̃ics2 is
expected to decrease or stay the same with larger CORF
and vice versa. The results highlight that baseline ∆α is
already a good choice for the dataset.

3 ∆αb ✓ ✓ ✓ M̃ics2 is unaffected by perturbations in ∆αb, since the only
maxima in the bands are the component-of-interest. Only
the damaged components are prominent in the SES.

4 TEP ✓ ✓ ✓ Except for TEP = 1 in measurement 1, M̃ics2 decreased
with an increase in TEP. Meas. 1 does not have fault infor-
mation in the corresponding SES, so it does not reflect
enhanced fault signatures.

5 Nh ✓ ✓ ✓ M̃ics2 decreased when Nh is decreased and M̃ics2 increased
or remained the same with an increase in Nh, which is
expected.

5 10 15 20 25
Cyclic order [events/rev.]

Meas. 1: Baseline
Meas. 1: D 16

Meas. 1: D 256
Meas. 1: CORF 0.25

Meas. 1: CORF 4
Meas. 1: ∆αb 0.02
Meas. 1: ∆αb 0.5
Meas. 1: TEP 1

Meas. 1: TEP 10
Meas. 1: Nh 1

Meas. 1: Nh 20
Meas. 1: ws H+

Meas. 1: ws H−
Meas. 1: ws H1

Meas. 1: ws H1:5

Meas. 2: Baseline
Meas. 2: D 16

Meas. 2: D 256
Meas. 2: CORF 0.25

Meas. 2: CORF 4
Meas. 2: ∆αb 0.02
Meas. 2: ∆αb 0.5
Meas. 2: TEP 1

Meas. 2: TEP 10
Meas. 2: Nh 1

Meas. 2: Nh 20
Meas. 2: ws H+

Meas. 2: ws H−
Meas. 2: ws H1

Meas. 2: ws H1:5

Meas. 3: Baseline
Meas. 3: D 16

Meas. 3: D 256
Meas. 3: CORF 0.25

Meas. 3: CORF 4
Meas. 3: ∆αb 0.02
Meas. 3: ∆αb 0.5
Meas. 3: TEP 1

Meas. 3: TEP 10
Meas. 3: Nh 1

Meas. 3: Nh 20
Meas. 3: ws H+

Meas. 3: ws H−
Meas. 3: ws H1

Meas. 3: ws H1:5

α =2.00 (Damage)

M̃ics2 M̃ges2n

Metrics

0.16 0.33
0.29 0.16
0.18 0.58
0.19 0.34
0.13 0.32
0.15 0.29
0.17 0.37
0.15 0.32
0.12 0.27
0.00 0.31
0.22 0.33
0.14 0.32
0.13 0.32
0.09 0.38
0.15 0.38
0.51 0.61
0.56 0.52
0.36 0.73
0.53 0.61
0.50 0.64
0.51 0.51
0.50 0.63
0.40 0.48
0.12 0.29
0.22 0.50
0.59 0.65
0.50 0.54
0.52 0.65
0.43 0.61
0.52 0.64
0.75 0.78
0.91 0.76
0.45 0.87
0.75 0.78
0.70 0.81
0.72 0.58
0.78 1.00
0.62 0.64
0.25 0.29
0.39 0.62
0.84 0.83
0.76 0.73
0.71 0.83
0.68 0.82
0.71 0.83

0.0

0.2

0.4

0.6

0.8

1.0

Fig. 5. The logarithm of the SES of the filtered signal and the corresponding metrics are presented for three simulated measure-
ments. The filters were obtained by maximising the GES2N objective.

the ICS2 is another proxy for the presence of faults and
is not maximised by the GES2N, which re-emphasises the
importance of carefully selecting and interpreting metrics
for performance evaluation.

The hyperparameter sensitivity verification results are
summarised in Table 5 for the considered hyperparam-
eters, with M̃ges2n (not M̃ics2) used in the analysis. In

some instances, the SES was manually inspected to con-
firm that the behaviour aligned with the expectation, and
only the results are summarised here. The noise indica-
tor is also sensitive to the hyperparameter perturbations,
affecting the overall sensitivity in several instances (e.g., if
∆αb is too small, the damage component is also partially
penalised).
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Table 5. The hyperparameter sensitivity verification analysis for the GES2N is presented. Table 1 is used as the basis,
with a check mark (✓) indicating alignment between the results in Figure 5 and Table 1.

# HP Measurements Comment
1 2 3

1 D ✓ ✓ ✓ M̃ges2n is proportional to D, which makes sense. Meas. 3’s SES,
obtained using D = 16, contains prominent fault components
(e.g., when compared to D = 256), but also an increased noise
floor. The increased noise floor results in a lower M̃ges2n.

2 CORF ✓ ✓ ✓ The signal and noise components’ amplitudes decreased when
the CORF increased. Still, the noise components decreased more
(i.e., higher sensitivity), resulting in an overall increase in M̃ges2n

when CORF 4. Decreasing the CORF did not affect the results,
highlighting that the baseline ∆α is already in the saturation
region.

3 ∆αb ✓ ✓ ✓ M̃ges2n is proportional to ∆αb. No extraneous components are
enhanced when increasing ∆αb. If ∆αb is too small, some fault
components manifest in the noise indicator. This is penalised by
the optimiser, which results in a smaller M̃ges2n.

4 TEP ✓ ✓ ✓ Increasing the TEP results in a lower M̃ges2n and a worse SES
(for Meas. 2 and 3).

5 Nh ✓ ✓ ✓ The M̃ges2n is generally proportional to Nh and only unaffected
by the perturbations in a few cases.

6 ws – ✓ ✓ Meas. 1 has insufficient information to conclude. Meas. 2 and 3:
H+ results in more prominent higher harmonics. The lower har-
monics are more prominent, and the higher harmonics are absent
for H−. For H1 only the first few harmonics are prominent (fewer
than H−). The first few harmonics are prominent for H1:5, with
the sixth and higher harmonics attenuated.

The SES results are consistent with the expectations
for the ws perturbations H+, H−, H1, and H1:5 (refer
to Table 1 for their definition). The behaviour of the
corresponding M̃ges2n is described in more detail here.
Generally, the fault harmonics of damaged components
show a decreasing trend. IfH+ is used, the higher harmon-
ics are enhanced at the expense of the lower harmonics
being less enhanced, and the overall metric generally
decreases. The H− is more consistent with the typi-
cal behaviour of the fault signatures’ SES and therefore
M̃ges2n increases compared to the baseline. H1’s metric
generally increases since only one harmonic is used in
the objective and the corresponding metric, with the har-
monic being prominent despite the higher harmonics being
compromised. A similar conclusion is drawn for the H1:5.
Hence, the GES2N is verified on the experimental dataset.

6.2 Experimental dataset

Five measurements from an experimental gearbox test
bench are considered in this section. The experimental
test bench, located in the C-AIM laboratory of the Uni-
versity of Pretoria, is shown in Figure 6. The test bench
has an electrical motor, alternator, three helical gearboxes,
and four shafts (S1 - S4). Gearbox 2 is instrumented
with a tri-axial accelerometer, and its input shaft (Shaft
S2) is instrumented with a zebra tape shaft encoder and
an optical probe for rotational speed measurements. The
axial channel of the tri-axial accelerometer is used in this
study.

One of gearbox 2’s teeth was seeded with a slot
using electrical discharge machining, with the damaged
tooth shown in Figure 7a. The experimental tests were
performed without disassembling the system between
measurements, i.e., the exact gear condition was unknown
for the measurements. The gear after the experiment was
completed is shown in Figure 7b, with the damaged tooth
missing.

The rotational speed of the five measurements is shown
in Figure 8 with an example vibration signal. The vibra-
tion signal is sampled at 25.6 kHz. Dominant impulsive
components in the time domain signal, which manifest at
approximately 5.72 shaft orders, impede the fault detec-
tion and make it more challenging for damage detection
(e.g., refer to [15] for a detailed comparison using these
five measurements).

The sensitivity verification in this section only focus on
the GES2N’s results. The initial pruning analysis’ results
are consistent with the simulated dataset. The optimi-
sation approaches converged to the same final objective
except for the optimisation problem 3. This is highlighted
not for competition’s sake but to emphasise the impor-
tance of ensuring that the selected optimisation approach
is appropriate for the objective, hyperparameters and
dataset when performing comparisons. The initial pruning
results are presented in Appendix A.3 for brevity’s sake.

The parameter sensitivity verification analysis results
are presented in Figure 9 for the filtered signals of the
five measurements. Similar to the previous section, opti-
misation problem 2 was used to obtain all the results
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Fig. 6. The experimental test bench. (a) The components of the test bench are annotated. (b) The back of the monitored gearbox
is visible with the optical probe, zebra tape shaft encoder, and tri-axial accelerometer.

(a) (b)

Fig. 7. The gear before and after the experiment was completed are shown in Figures 7a and 7b respectively.
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Fig. 8. 8a shows the rotational speed corresponding to each measurement, 8b shows measurement 5’s vibration signal as an
example.

using the objective’s logarithm and the SLSQP algorithm.
The SES’ logarithm and the metrics are shown for the
different cases. The ICS2 metric (M̃ics) is low, which is
consistent with the simulated dataset. This reinforces the
importance of careful performance metric selection. For
this dataset, the SES’ logarithm and the GES2N met-
rics have a bathtub-like behaviour where the damage is
less prominent for Measurements 2 and 3, which has
also been observed in other analyses (e.g., [45]). How-
ever, the hyperparameter sensitivity verification compares
the perturbations’ results to the baseline’s for a specific
measurement and method.

The sensitivity verification results are presented in
Table 6 using the results in Figure 9 and the discussion
in Table 1 as a basis. Excluding the ws parameters, all
parameter perturbations could be verified. For the H1

perturbations, we found that the first harmonic was made
more prominent (which is aligned with our expectations),

however, the H1:5, H+ and H− perturbations gave sim-
ilar results. Since we do not have complete control over
the dataset (like the simulated case), and this could be
a result of several factors (e.g., the harmonic structure of
the fault, the magnitude of the fault components), these
perturbations could not be verified. This result empha-
sises the importance of using simulated datasets when
performing hyperparameter sensitivity verification.

7 Conclusions

This study establishes the fundamental importance of
hyperparameter sensitivity verification in optimal filter
design for fault signature enhancement in condition mon-
itoring applications. A key contribution of this work
is developing a structured verification framework that
can be applied for different optimal filtering problems
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2 4 6 8 10 12 14
Cyclic order [events/rev.]

Meas. 1: Baseline
Meas. 1: D 16

Meas. 1: D 256
Meas. 1: CORF 0.25

Meas. 1: CORF 4
Meas. 1: ∆αb 0.02
Meas. 1: ∆αb 0.5
Meas. 1: TEP 1

Meas. 1: TEP 10
Meas. 1: Nh 1

Meas. 1: Nh 20
Meas. 1: ws H+

Meas. 1: ws H−
Meas. 1: ws H1

Meas. 1: ws H1:5

Meas. 2: Baseline
Meas. 2: D 16

Meas. 2: D 256
Meas. 2: CORF 0.25

Meas. 2: CORF 4
Meas. 2: ∆αb 0.02
Meas. 2: ∆αb 0.5
Meas. 2: TEP 1

Meas. 2: TEP 10
Meas. 2: Nh 1

Meas. 2: Nh 20
Meas. 2: ws H+

Meas. 2: ws H−
Meas. 2: ws H1

Meas. 2: ws H1:5

Meas. 3: Baseline
Meas. 3: D 16

Meas. 3: D 256
Meas. 3: CORF 0.25

Meas. 3: CORF 4
Meas. 3: ∆αb 0.02
Meas. 3: ∆αb 0.5
Meas. 3: TEP 1

Meas. 3: TEP 10
Meas. 3: Nh 1

Meas. 3: Nh 20
Meas. 3: ws H+

Meas. 3: ws H−
Meas. 3: ws H1

Meas. 3: ws H1:5

Meas. 4: Baseline
Meas. 4: D 16

Meas. 4: D 256
Meas. 4: CORF 0.25

Meas. 4: CORF 4
Meas. 4: ∆αb 0.02
Meas. 4: ∆αb 0.5
Meas. 4: TEP 1

Meas. 4: TEP 10
Meas. 4: Nh 1

Meas. 4: Nh 20
Meas. 4: ws H+

Meas. 4: ws H−
Meas. 4: ws H1

Meas. 4: ws H1:5

Meas. 5: Baseline
Meas. 5: D 16

Meas. 5: D 256
Meas. 5: CORF 0.25

Meas. 5: CORF 4
Meas. 5: ∆αb 0.02
Meas. 5: ∆αb 0.5
Meas. 5: TEP 1

Meas. 5: TEP 10
Meas. 5: Nh 1

Meas. 5: Nh 20
Meas. 5: ws H+

Meas. 5: ws H−
Meas. 5: ws H1

Meas. 5: ws H1:5

α =1.00 (Damage)

M̃ics2 M̃ges2n

Metrics

0.32 0.78
0.25 0.63
0.45 0.94
0.33 0.80
0.25 0.73
0.20 0.62
0.34 0.84
0.25 0.62
0.06 0.43
0.00 0.43
0.41 0.84
0.33 0.74
0.30 0.77
0.17 0.66
0.30 0.73
0.30 0.74
0.24 0.59
0.43 0.90
0.32 0.75
0.14 0.57
0.35 0.69
0.20 0.54
0.30 0.62
0.15 0.44
0.11 0.55
0.39 0.78
0.30 0.72
0.31 0.71
0.27 0.52
0.32 0.65
0.30 0.70
0.17 0.46
0.40 0.85
0.31 0.71
0.24 0.67
0.29 0.71
0.27 0.69
0.24 0.55
0.10 0.48
0.11 0.42
0.37 0.75
0.32 0.66
0.29 0.69
0.18 0.57
0.29 0.67
0.42 0.79
0.25 0.60
0.43 0.87
0.42 0.80
0.39 0.83
0.37 0.73
0.41 0.89
0.33 0.66
0.18 0.46
0.09 0.44
0.48 0.84
0.42 0.76
0.42 0.77
0.36 0.58
0.41 0.72
0.48 0.88
0.39 0.71
0.54 0.96
0.48 0.89
0.39 0.88
0.45 0.76
0.48 1.00
0.45 0.75
0.12 0.44
0.19 0.60
0.52 0.91
0.48 0.83
0.48 0.87
0.44 0.72
0.48 0.82
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Fig. 9. The sensitivity verification results for the GES2N applied on the experimental data. The same format is used as Figure 5
in the simulated dataset.

(e.g., filter coefficient problem, using machine learning)
across different datasets and conditions. The framework’s
effectiveness is demonstrated by systematically verifying
hyperparameter sensitivities in simulated data with con-
trolled fault signatures and applying the framework to
real-world gearbox measurements with evolving damage
conditions. The analysis verifies the ICS2 and GES2N
objectives, with the GES2N showing particular sensitiv-
ity to subtle variations in fault signatures under diverse
operating conditions. The research also emphasises the
hyperparameter sensitivity verification’s dependency on
the dataset; it is important to perform the primary eval-
uation on datasets where all the characteristics can be
controlled.

The research provides valuable insights into the
behaviour of different hyperparameters, including filter
length, cyclic order resolution factors, and targeted band-
width settings. The study also reveals that the GES2N
exhibits greater sensitivity to hyperparameter perturba-
tions than the ICS2, highlighting the critical importance
of careful hyperparameter selection and validation when
implementing the GES2N. While this increased sensi-
tivity may allow GES2N to be tuned to be a more
discriminating tool for fault detection, it also under-
scores that practitioners must pay particular attention to
hyperparameter verification to ensure reliable fault detec-
tion can be performed and critical comparisons can be
made.



S. Schmidt et al.: Mechanics & Industry 26, 22 (2025) 15

Table 6. The hyperparameter sensitivity verification analysis for the GES2N is presented. A check mark (✓) indicates
alignment between the results in Figure 9 and Table 1.

# HP Measurements Comment
1 2 3 4 5

1 D ✓ ✓ ✓ ✓ ✓ The result is consistent with Table 1.
2 CORF ✓ ✓ ✓ ✓ ✓ Decreasing the CORF increases the amplitudes of

the components. For this dataset, the cyclic order
width of the harmonics are broader due to the
length of the signal and by decreasing the CORF
while keeping ∆αb at its baseline resulted in some
parts of the targeted harmonics to manifest in the
noise indicator and impeded its performance.

3 ∆αb ✓ ✓ ✓ ✓ ✓ The result is consistent with Table 1. No prominent
extraneous impulses are in the signal indicator’s
bands when ∆αb = 0.5 and therefore the GES2N’s
performance is not impeded for measurements
where the damage components were prominent
(e.g., Meas. 1 and 5). The general decrease in
M̃ges2n for smaller ∆αb is caused by including the
fault information in the noise indicator (i.e., ∆αb is
too small). For Meas. 2 and 3, the fault signatures
are weaker in the signal, which results in spurious
components being enhanced when ∆αb = 0.5.

4 TEP ✓ ✓ ✓ ✓ ✓ The decrease of M̃ges2n with TEP is expected. The
fault information is not visible when TEP = 10.

5 Nh ✓ ✓ ✓ ✓ ✓ The result is consistent with Table 1.
6 ws – – – – – A more in-depth analysis showed H1’s first har-

monic was prominent (which is expected), but
the other methods H1:5, H− and H+ performed
similarly and therefore their results could not be
verified.

Future work should expand the verification framework
to additional simulated and experimental datasets and
refine optimisation algorithms to address convergence
challenges, particularly for methods like the Iterative
Eigenvalue Decomposition approach with the GES2N
objective. The findings suggest that the continued devel-
opment of robust verification methodologies will be crucial
for advancing the reliability of condition monitoring and
predictive maintenance systems in complex engineering
applications.
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Appendix A: Initial pruning results

The initial pruning results are presented here for the differ-
ent datasets and objectives. The ICS2 and GES2N results on
the simulated datasets are presented in Sections A.1 and A.2,
whereas the GES2N’s results on the experimental datasets are
presented in Section A.3.

A.1 Dataset 1 - ICS2’s results

The initial phase’s results using the ICS2 objective are pre-
sented in Figure A.1 for three stages of the optimisation process,
namely, after completing 10 iterations, 50 iterations, and the
final results (i.e., after the optimiser terminated). The nor-
malised log10 of the objective is presented with the colour bar,
with the values normalised to make the comparisons easier. The
measurement number and algorithms, coupled with the optimi-
sation problem formulation in Table 2, are listed on the ordinate.
The abscissa shows the filter length and the filter starting points
combinations.

The final function evaluation results show that most com-
binations of optimisation problem formulations and algorithms
converged to the same solution when using the same filter length
and filter starting point. Shorter filter lengths (e.g., D = 16)
have lower function values than the longer filter lengths (e.g.,
D = 64), with the difference between D = 64 and D = 256
being more subtle. This objective’s increase with filter length
aligns with our expectations. Similar results were obtained after
50 function evaluations. Some cases have not converged after
10 function evaluations, emphasising that sufficient iterations
are needed to ensure that the conclusions are independent of

the optimiser. The results highlight that more prominent dam-
age might result in faster convergence than weaker damage. The
IED (i.e., using the generalised Rayleigh quotient constrained
formulation and IED algorithm) is the only optimisation prob-
lem formulation and algorithm combination that converged for
all starting points and will, therefore, be used for the parameter
sensitivity verification.

A.2 Dataset 1 - GES2N’s results

The initial phase’s results for the GES2N objective are presented
in Figure A.2. Excluding the IED’s results (i.e., optimisation for-
mulation 3), the final objectives are independent of the starting
points, with the objective increasing with filter length and mea-
surement number. The objective is expected to increase with
filter length and measurement number because a longer filter
has more flexibility to enhance the signal-to-noise ratio, and the
impulse magnification factor (and signal-to-noise ratio) increases
with measurement number.

After 50 function evaluations, the optimiser only converged
for shorter filter lengths (i.e., D = 16), with significant variation
still seen for longer filter lengths. Similar trends are observed
after 10 function evaluations. The results make sense since longer
filters have more unknowns and is expected to require more
iterations and function evaluations to converge.

In contrast to the ICS2, the IED algorithm could not converge
for the GES2N objective when using longer filter lengths, despite
the ICS2 and the GES2N having the same numerators. Finding
a better solver for the GES2N’s optimisation problem 3 is left
for future work. The constrained problem formulation using the
logarithm of the objective and the SLSQP solver performed well
and is used in the parameter verification study.

https://doi.org/10.1051/meca/2025014
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Fig. A.1. The normalised logarithm of the final ICS2 objective for the three simulated measurements is shown for different
hyperparameters. Different combinations of optimisation problem formulations and algorithms are shown on the ordinate, and the
filter length D and filter starting points I0, I1 and I2 are shown on the abscissa. Three stages are presented: The objective after 10
function evaluations (left), the objective after 50 function evaluations (middle) and the final objective’s value (right). For example,
if the optimiser terminated before 50 function evaluations, the converged solution is presented in the middle plot.
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Fig. A.2. The normalised logarithm of the final GES2N objective for the three simulated measurements is shown for different
hyperparameters.

A.3 Dataset 2 - GES2N’s results

The initial phase’s results of optimising the GES2N on the exper-
imental data are presented in Figure A.3. The same procedure
was followed as Section A.2. The final results (the right plot)
are consistent with the simulated data; except for the IED
algorithm, all optimisers could converge to the same function
values. This highlights that the optimisation settings are suffi-
cient to reduce the impact of the optimiser. This is corroborated
by the significant variation in the objectives after 10 and 50
function evaluations, which show some optimisers have not con-
verged. The same solver was used as for Dataset 1’s GES2N
objective.

Appendix B: Code repository

The following code repository is made available to enhance the
reproducibility of the results:
https://gitlab.com/vspa/hparmsv4of.

Appendix C: Additional optimisation information

C.1 Analytical gradients

Analytical gradients are used to solve optimisation problems 1
and 2. The analytical gradient of an objective with the form
ψ(h) = η(h)

β(h)
is given by

dψ

dh
=

1

β

dη

dh
− η

β2

dβ

dh
, (C.1)

whereas the gradient of the objectives’ logarithm is given by

d logψ

dh
=

1

η

dη

dh
− 1

β

dβ

dh
. (C.2)

C.2 Optimisation problem 3’s solution

Optimisation problem 3 considers objectives written as non-
linear generalised Rayleigh quotients

ψ(h;x) =
hTA(h)h

hTB(h)h
, (C.3)

https://gitlab.com/vspa/hparmsv4of


S. Schmidt et al.: Mechanics & Industry 26, 22 (2025) 19

D
16

I 0
D

16
I 1

D
16

I 2
D

64
I 0

D
64

I 1
D

64
I 2

D
25

6
I 0

D
25

6
I 1

D
25

6
I 2

Meas. 1: SLSQP (Log.)
Meas. 1: CG (Log.)

Meas. 1: SLSQP
Meas. 1: CG

Meas. 1: IED
Meas. 2: SLSQP (Log.)

Meas. 2: CG (Log.)
Meas. 2: SLSQP

Meas. 2: CG
Meas. 2: IED

Meas. 3: SLSQP (Log.)
Meas. 3: CG (Log.)

Meas. 3: SLSQP
Meas. 3: CG

Meas. 3: IED
Meas. 4: SLSQP (Log.)

Meas. 4: CG (Log.)
Meas. 4: SLSQP

Meas. 4: CG
Meas. 4: IED

Meas. 5: SLSQP (Log.)
Meas. 5: CG (Log.)

Meas. 5: SLSQP
Meas. 5: CG

Meas. 5: IED

func. eval #: 10

D
16

I 0
D

16
I 1

D
16

I 2
D

64
I 0

D
64

I 1
D

64
I 2

D
25

6
I 0

D
25

6
I 1

D
25

6
I 2

Filter length (D) and Initialisation case (I)

func. eval #: 50

D
16

I 0
D

16
I 1

D
16

I 2
D

64
I 0

D
64

I 1
D

64
I 2

D
25

6
I 0

D
25

6
I 1

D
25

6
I 2

func. eval #: final

0.0

0.2

0.4

0.6

0.8

1.0

N
or

m
.

lo
g

1
0

of
ob

j.

Fig. A.3. The normalised logarithm of the final GES2N objective for the five experimental measurements (Case 1) is shown for
different optimisation problem formulation and algorithm combinations, filter lengths and starting points.

where A(h) : RD×1 7→ RD×D and B(h) : RD×1 7→ RD×D. The
Lagrangian is defined as follows for the equivalent minimisation
problem:

L(h, λ) = −hTA(h)h+ λ ·
(
hTB(h)h− 1

)
, (C.4)

where λ denotes the Lagrangian multiplier. The optimality crite-
ria of the optimisation problem can be used to find the solution
of λ and h [41]:

∂L(h, λ)
∂h

= − ∂

∂h

(
hTA(h)h

)
+ λ · ∂

∂h

(
hTB(h)h

)
= 0,

(C.5)
∂L(h, λ)
∂λ

= hTB(h)h− 1 = 0. (C.6)

This reduces equation (C.5) to the following equation if A(h)
and B(h) are symmetric:

(
2 ·A(h) + hT

(
∂A(h)

∂h

))
h = λ ·

(
2 ·B(h) + hT

(
∂B(h)

∂h

))
h,

(C.7)
with hTB(h)h = 1. Equation (C.7) can be written as follows:

Ã(h)h = λ · B̃(h)h, (C.8)

with Ã(h) = 2 · A(h) + hT
(

∂A(h)
∂h

)
and B̃(h) = 2 · B(h) +

hT
(

∂B(h)
∂h

)
. Hence, it is a non-linear eigenvalue problem

with an eigenvalue λ and the corresponding eigenvector h.

If hT ∂A(h)
∂h

h ≈ λhT ∂B(h)
∂h

h, equation (C.8) can be further
simplified as the following generalised eigenvalue problem:

A(h)h = λ̄ ·B(h)h, (C.9)

where λ̄ is the eigenvalue of the simplified problem. By pre-
multiplying equation (C.9) with hT , we can show λ̄ = ψ(h;x),
and therefore the eigenvector that corresponds to the largest
eigenvalue is used as the solution.

The Iterative generalised Eigenvalue Decomposition (IED)
algorithm solves equation (C.9) as follows:

1. For k = 0, supply a starting point h0, and proceed with
the next step by setting k = 1.

2. For iteration k, find hk by solving the following generalised
eigenvalue problem:

A(hk−1)hk = λ̄ ·B(hk−1)hk,

where hk−1 is the solution at the previous iteration k− 1,
i.e., the matrices A(hk−1) and B(hk−1) are not updated
when solving the eigenvalue problem.

3. Increase k by 1 and repeat step 2 until the termination
criteria are satisfied.

This is an equivalent algorithm used in Refs. [5,16,24] according
to our knowledge. Note, when this IED algorithm is used, some
terms in equation (C.7) are missing, i.e., the tangents are incom-
plete. This can potentially affect the convergence of the method,
with a more in-depth analysis left for future work.


	Verifying hyperparameter sensitivities of optimal filter designmethods for fault signature enhancement
	1 Introduction
	2 Optimal filtering process and its hyperparameters
	2.1 Input signals
	2.2 Pre-processing
	2.3 Transformations
	2.4 Objective
	2.5 Optimisation problem
	2.6 Optimisation formulation
	2.7 Optimiser
	2.8 Performance evaluation

	3 Hyperparameter sensitivity verification process
	4 Detailed hyperparameter sensitivity verification
	4.1 Objectives
	4.2 Selected hyperparameters

	5 Study outline
	5.1 Datasets
	5.2 Hyperparameter sensitivity verification analysis
	5.2.1 Optimisation problem formulations and algorithms
	5.2.2 Hyperparameter set
	5.2.3 Strategy
	5.2.4 Performance metrics


	6 Results
	6.1 Simulated dataset
	6.1.1 ICS2 results
	6.1.2 GES2N results

	6.2 Experimental dataset

	7 Conclusions

	Funding
	Conflict of interest
	Data availability statement
	Author contribution statement
	References
	+++++Appendix A Initial pruning results
	A.1 Dataset 1 - ICS2's results
	A.2 Dataset 1 - GES2N's results
	A.3 Dataset 2 - GES2N's results

	Appendix B Code repository
	Appendix C Additional optimisation information
	C.1 Analytical gradients
	C.2 Optimisation problem 3's solution



