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Abstract

This paper outlines a hierarchical computational strategy for solving large-scale tabular deposits using the displacement
discontinuity boundary element method. This scheme facilitates the detailed analysis of local regions of interest, where
current mining activity is in progress. The suggested approach requires an overall solution of the mine layout with a coarse
element mesh to be obtained, which is then used to generate the background stress field for fine-scale solutions in selected
regions of interest. The fine mesh solutions are established using the appropriate induced external coarse solution stress
influence calculated in the selected region of interest using high order elements. The fine-scale solutions may involve detailed
excavation extensions or time-dependent crushing of the fracture zone adjacent to the mined excavation edges. This analysis
may require periodic re-calculation of the coarse scale background influence. An additional influence matrix partitioning
scheme is also proposed as a strategy to incorporate automatically the effect of the induced background stress influence. A
case study simulating the time-dependent convergence of a mining panel in a large-scale shaft pillar geometry is used to
illustrate these hierarchical solution schemes.

Highlights

e This paper illustrates a hierarchical computational strategy for solving large-scale tabular layouts using the displacement
discontinuity boundary element method. Particular attention is given to addressing the accuracy of the scale transition
between coarse and fine mesh calculations using high order elements.

e The beneficial use of influence matrix partitioning in local regions of interest allows an efficient analysis of the time-
dependent evolution of the fracture zone for stability modelling and the assessment of adverse ground conditions, where
current mining activity is in progress.

e A simulation of the time-dependent convergence of a mining panel in a large-scale shaft pillar geometry is presented to
illustrate the application of the proposed procedure.

¢ Time-dependent convergence profiles similar to those recorded in underground panels can be simulated.

Keywords Tabular stope - Displacement discontinuity modelling - Multi-scale solution - Stope convergence
1 Introduction

The planning of late-life extraction sequences in deep-level
tabular mines presents a number of computational difficul-

04 D.F. Malan ties. These tabular geometries are commonly found in the
francois.malan @up.ac.za gold mines of South Africa (e.g., McGarr and Wiebols 1977;
! Department of Mining Engineering, University of Pretoria, Gay 1979; Napier and Malan. 2018; Jooste et al. 2023). In
Pretoria, South Africa many of the mature gold mines, remnants are extracted
2 Harmony Gold Mining Company Limited, Randfontein, (JOOStE? and Malan 2020).. Thf?re 1s. a need .to determlne. the
South Africa stress induced by extensive historically mined-out regions

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00603-025-04902-0&domain=pdf
http://orcid.org/0000-0002-9861-8735

2396

J.A. L. Napier et al.

on the current areas of mining activity. The panel roof to
floor convergence changes must also be estimated as min-
ing progresses to design rockburst-resistant support (Malan
and Napier 2018b). It is generally unclear whether time-
dependent settlement in these remote mined regions will
have returned the stress state to the original primitive stress
field values. If this is not the case, it is necessary to include
the previously mined-out regions in the calculation of
induced stress values in the crush zone ahead of currently
active mining panels in small-scale regions of interest.

The combination of a very large tabular mining area with
irregular layouts, the small face advance increments and the
possible generation of stress in the back areas of the old
stopes presents a formidable problem to solve using numeri-
cal modelling. The motivation for using the displacement
discontinuity technique is that a large mining area with a
complex geometrical outline which contains irregular rem-
nant areas can be relatively easily simulated. The remnant
shapes are often highly irregular owing to different historical
mining directions and panels are frequently abandoned for
various reasons. These large-scale tabular geometries are
exceedingly difficult to solve using three dimensional finite
difference or finite element grids. For example, when simu-
lating tabular coal mine problems, Adhikary et al. (2016)
noted that owing to the complexity of the geometries and
the long computational times, researchers generally resort
to two-dimensional section simulations. In contrast, it is
feasible to simulate the entire geometry shown in Fig. 1,
and even much larger, using displacement discontinuity
codes. A number of finite difference codes are available,
such as the suite of programs known as FLAC3D, developed
originally by Cundall (see, for example, Cundall 1987). An
early example of a displacement discontinuity code to solve
tabular excavation problems was developed at the South
African Chamber of Mines Research Organisation by Deist
et al (1972) and called MINSIM (Mining Simulator). Other
displacement discontinuity codes are presented in the book
of Crouch and Starfield (1983) and more recent develop-
ments of the tabular excavation analysis code (TEXAN) is
described by Napier and Malan (2007). A popular general
purpose boundary element program called MAP3D has been
developed by Wiles (2005). As a further motivation for the
use of the displacement discontinuity method in this paper,
it should be noted that finite element and finite difference
modelling of large-scale tabular excavations can become
extremely cumbersome if the solution mesh is required to
cover a very large region surrounding the extensive reef
plane excavations. As an example, Futawka et al. (2025)
presented large-scale 3D numerical simulations of a room
and pillar copper mine in Poland using the finite element
method (GTS NX software). The model was large with a
plan projection of 2000 m X 2000 m. The pillar and overall
layout geometries were restricted to rectangular shapes and

@ Springer

it is doubtful if irregular layout geometries can be easily
generated. In comparison, if the background region can be
considered to be a uniform elastic material the boundary
element technique provides an elegant approach in which the
solution mesh is confined to the description of the excavation
surfaces. In addition, the TEXAN code employs existing
techniques developed by the authors (see, e.g., Malan and
Napier 2018a, b; Napier and Malan 2018) for the resolution
of tabular mine excavation face crushing and time-dependent
failure analysis, which are not available in general commer-
cial codes such as Map3D.

An example of the problem described is presented in
Fig. 1. This is the plan view of part of a mine showing the
tabular stopes and a remnant that was left in the centre of
the excavation. The active mining panels are shown and four
of these panels are being mined in the remnant. The typical
mining height for these stopes is 1.6 m (Fig. 2). The average
face advance is approximately 1 m per blast, and the face
length of the active mining panels is approximately 30 m.

A further layout example is illustrated in Fig. 3. In the
deeper modern gold mines, scattered mining with dip pil-
lars has replaced the traditional longwall mining method
and has been found to minimise the levels of stress induced
seismic activity by restricting the overall volumetric stope
convergence. The simulation of total back area closure is
important in assessing the overall re-distribution of stress as
the mined area is increased. The modelling total closure state
does require special attention. This has been addressed by
attempts to replicate the effective bulking of the rock mass
in the back areas as described by Jooste et al (2023).

The modelling problem is again presented as a large area
that needs to be simulated, although specific areas of inter-
est may, for example, comprise a small localised region or a
single 30 m panel that has been instrumented to obtain con-
vergence data for improved support designs. Furthermore,
when studying the effect of mining rate (Napier and Malan
2018), small face advance increments of approximately 1 m
need to be simulated with some precision within a very large
regional model that extends over hundreds of metres along
both strike and dip directions.

The main computational challenge in the analysis of the
problems described here is to incorporate the effects of remote
mining while performing a fine scale analysis of the time-
dependent fracture zone evolution in a limited area of interest.
This paper proposes a formal protocol to achieve this using
coarse and fine mesh schemes in the appropriate regions. To
implement this scheme it is important to implement an accu-
rate transition mechanism at the interfaces between different
mesh sizes. It is shown that this can be addressed conveniently
using high order element representations at the coarse scale to
achieve a smooth solution transition at the interface. In addi-
tion to this attention is given to the efficient calculation of
multiple time-step calculations at the fine scale by employing
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Fig. 1 Complex mining geometry typically found in the mature deep tabular gold mines in South Africa. This illustrates a plan view of the tabu-
lar layout and the dimensions of the area shown are 300 m X 290 m. The white blocks are unmined portions of the reef

both high order element schemes and by introducing an influ-  enabling the evaluation of multiple time step increments in the
ence matrix partitioning scheme. It is demonstrated that this ~ defined local regions of interest.
can improve the fine scale numerical performance significantly
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Fig.2 Typical conditions in the face area of a deep tabular stope with the gold reef shown on the left. The centre gully of the stope is on the
right. The dip of the reef can be seen on the left and is approximately 25°

Fig.3 Plan view of a modern dip pillar layout in the deep tabular to the bottom of the figure. Note the older longwall mining method at
gold mine stopes. The size of the mining area shown in the diagram the top of the figure
is approximately 2.2 kmx 1.4 km. The reef dip is approximately 30°
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2 Summary of the Displacement
Discontinuity Solution of Tabular Mine
Excavations

The analysis of the stress and convergence distribution in
large-scale tabular mining layouts has been a problem of
significant international interest in the mining industry for
many decades. The application of the displacement dis-
continuity boundary element method to tabular mining
problems can be traced to pioneering developments in the
United Kingdom for the design of coal mines (see Berry
and Sales 1962), where the essential assumption is made
that the mining height can be neglected and each excava-
tion is approximated as a slit or crack surface in the rock
mass. The method was introduced subsequently by Salamon
(1963) in South Africa as the so-called “Face Element Prin-
ciple” for the analysis of tabular coal and gold mine layouts.
Some early examples of the initial digital computer codes
that were developed for the calculation of deep level tabular
mine layout elastic convergence and stress distributions are
described by Plewman et al. (1969), Deist et al. (1972) and
Crouch and Starfield (1983). The displacement discontinuity
method is useful as well to model slip on fault surfaces. An
early examples of attempts to carry this out using displace-
ment discontinuity methods are described by Ryder (1988).

The determination of ride and convergence movements
in tabular excavations using the displacement discontinuity
boundary element method requires the excavation to be tes-
sellated using a triangular or quadrilateral element mesh. The
unknown displacement discontinuity vector distribution within
each element is assumed to be defined at one or more desig-
nated collocation point positions. The relationship between the
traction vectors and the displacement discontinuity vectors for
all collocation points covering all elements can be assembled
compactly as a matrix equation of the form:

T=KD+E (1

The column vectors 7 and D in Eq. (1) represent all the
individual traction and displacement discontinuity compo-
nents at each collocation point in the defined solution space.
For a problem comprising N collocation points, vectors T
and D will, therefore, each have 3N entries representing the
individual vector components T(P), T, (P), T,(P) and D,(Q),
D(Q), D,(Q) at each “receiving” collocation point P and
“sending” collocation point Q. The vectors T and D are
expressed in local receiving and sending element coordinate
systems, respectively. The vector E with 3N entries repre-
sents the field stress and any additional “external” traction
vector components at all “receiving” points P.

The 3N X 3N influence matrix K cells must be evaluated
for each receiving and sending collocation point pair. The
matrix entries are determined by integrating assigned shape

function distributions for the displacement discontinuity
vector components at each collocation point within each ele-
ment (see, for example, Crouch and Starfield 1983; Napier
and Malan 2007). The local traction vector components at
all points P of an open excavation are zero but within the
excavation edge crush zones or in regions, where total roof
to floor closure occurs, there will generally be a non-linear
relationship between the value of the local traction vector
and the corresponding local displacement discontinuity
vector. The treatment of such behaviour can be carried out
readily when using an iterative solution of the equation sys-
tem. The solution to Eq. (1) can be determined by direct
inversion of the influence matrix K in small-scale problems
with explicit traction boundary conditions or, more gener-
ally, must be obtained using an iterative solution procedure
(Napier and Malan 2007). Symbolically, Eq. (1) can be writ-
ten as an implicit relationship of the form 7(D) =KD + E for
the unknown displacement discontinuity vector D at each
collocation point which can be refined in successive iterative
cycles to determine the value of D.

The main computational cost incurred in the solution of
large-scale layout problems is the efficient determination
of the influence function values and the implementation of
robust iterative techniques to resolve nonlinear boundary
relations that arise between specific traction components in
cases of friction sliding on faults or the treatment of inelas-
tic effects between the opposing roof and floor surfaces of
each discontinuity collocation point. These problems have
been recognised for many years and a number of innovative
numerical schemes have been employed to solve large-scale
problems. For example, Deist et al. (1972) introduced the
then novel concept of far field influence “lumping” to reduce
the time taken for the repeated calculation of remote influ-
ence values. The so-called lumping technique can be clas-
sified as a “tree method” in which a “quad-tree” structure
(see Pfalzner and Gibbon 1996) is introduced to reduce the
calculation time for evaluating long-range stress influences
at a given collocation point from O(Nz) to O(N) operations,
where N represents the number of discontinuity colloca-
tion points. In the case of a planar mine layout problem a
square lump mesh with a minimum grid size G,;, is super-
imposed over the problem region. An embedded sequence
of lump mesh sizes is then superimposed on the lowest lump
mesh grid with the mesh size at level L > 1 defined to be
G, = 271G, Influence values are calculated between
receiving and sending lump pairs starting at the coarsest
lump level L = L, and are then accumulated at succes-
sively finer lump levels as outlined by Napier and Malan
(2007). The main parameter controlling the accuracy and
efficiency of this procedure is the minimum lump size G ;.
For a problem comprising N elements covering an area A,
the average element grid size is g = 4/A/N and it is usually
suitable to set G_;. /g & 5 to 10. The main caveat to the

min
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success of the quad-tree scheme is that the average element
size should be relatively uniform.

3 Hierarchical Problem Solutions

An extension of the lumping approach outlined above is to
obtain the solution of a large-scale layout problem using
a hierarchy of solution grid scales which are solved inde-
pendently in a sequence of steps. In the simplest case the
problem is solved at two scales in which the overall lay-
out region is represented using a coarse grid mesh which
covers one or more fine scale sub-regions of interest. Each
fine scale region is analysed subsequently using appropriate
fine scale grid tessellations. This method is akin to the well-
known multigrid approach (see, for example, Iserles 1996)
but avoids constructing a fine scale solution at all positions
within the entire solution domain. In addition, it is evident
that the quad-tree “lumping” method can be applied inde-
pendently at each solution scale using an appropriate lump
grid size G, for each problem scale.

The following sequence of processing steps for a two-
scale analysis is then suggested:

Solution procedure—Part I:

(1) Construct a coarse scale mesh representation of the
overall layout surrounding one or more given regions
of interest. Each region of interest is assumed implicitly

Fig.4 Coarse grid mesh
covering a circular excavation.
Region 1 and Region 2 are
tessellated with 868 and 296
triangular elements, respec-
tively. The overall mesh area
is 31,365.5 m® and the average
mesh size is g= 5.191 m.
Note that the nominal mesh
area is slightly smaller than
the theoretical circular area of
31,4159 m?

-140 -120
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Circular excavation: coarse grid

to be much smaller than the overall coarse mesh region
and should have border edges that are compatible with
the neighbouring coarse-scale mesh edges. The coarse-
scale mesh must cover each region of interest. (Refer-
ence can be made, for example, to the mesh configura-
tion shown in Fig. 4 indicating the initial coarse mesh
in a circular excavation with the designated fine scale
region occupying the first quadrant in the diagram.)

(2) Solve the coarse-scale layout problem. This solution
may be obtained by specifying appropriate lump mesh
parameters in which the minimum lump size G, is
not less than five times the average coarse grid mesh
size, g. (The average mesh size is given nominally by
g = \/A/N, where A is the area covered by the grid ele-
ment tessellations and N is the total number of coarse
grid elements.)

(3) Load the fine scale element definitions for one or more
particular regions of interest.

(4) Calculate the background stress field within each fine-
grid region using the coarse-grid element solution val-
ues that exist outside each selected fine-grid region.
Save the background field stress values in a specified
storage file.

Solution procedure—Part II:

(1) Set appropriate lump parameters in a selected fine scale
region of interest and load the fine scale element mesh

120 -

—Region 1
——Region 2




Application of a Hierarchical Solution Scheme to the Analysis and Design of Large-Scale Tabular...

2401

definitions. The G,;, parameter in this case is deter-
mined by the average fine grid element mesh size.
(2) Load the background field stress values from the saved
storage file computed in Part I.
Solve the fine scale problem including mining steps
and, if required, a specified number of strength decay
time steps within each mining step.

3)

Additional solution refinement—Part III:

(1) If necessary, the solution sequence described above in
Part I and Part II can be repeated following suitable re-
meshing in a selected fine scale region, where a number
of mining steps have altered the initial layout edge posi-
tions significantly.

The main errors arising in performing the coarse to
fine solution transition occur in the fine-scale elements
neighbouring the coarse-scale region. These errors can be
bounded using high order shape functions for the coarse
mesh displacement discontinuity vectors. To illustrate this
effect consider an artificial circular excavation with a radius
of 100 m and covered with the coarse triangular element
mesh, as shown in Fig. 4. The total number of coarse ele-
ments is 1164 and the nominal average element grid size is
g =5.191 m. Region 2 is delineated as the fine grid “region
of interest” which is to be analysed subsequently using a fine
scale mesh comprising 1184 elements with an average trian-
gular element grid size of g = 2.573 m, as shown in Fig. 5.

Fig.5 Fine grid mesh in Region 110
2. The total number of elements
is 1184 and the nominal grid

sizeis g = 2.573 m
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The analytic solution for the normal component of elastic
convergence, D_, between the roof and floor of the excava-
tion for a circular excavation with a radius a centred at the
origin of the x—y plane is given as a function of the distance
r from the origin by

1
2] 2
—_no r
DZ_DZ[1—<;)] , @
where
867 (1 =12
D° = g 3)
< nE

m

is the normal component of elastic convergence at the exca-
vation centre, r = 0, 65 is the primitive compressive stress
field value normal to the excavation plane, E,, is the rock

mass Young’s modulus and v is Poisson’s ratio. The average
convergence in the circular excavation is given by

2D
_ z

D 4
D.=— “

Assuming that ¢ = 100 m, af = 67.5 MPa, E,=
70,000 MPa and v = 0.2 yields DS = 235.73 mm, and
therefore, BZ= 157.15 mm.

Figure 6 shows a comparison between the convergence
values for all elements calculated in the Part I solution phase
and the fine grid convergence values determined in the Part II
solution phase. These values are also compared to the analytic

Region 2 Fine grid edges

10 20 30

40

50 60 70 80 90 100 110 120 130 140
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Fig.6 Comparison of circular
excavation multi-scale solutions

DDz (mm)

Circular excavation

——Analytic solution
50

25 A

= Coarse grid solution (all elements)

+ Sector 2 fine grid values (multi-scale)

0 : :

0 10 20

solution given by Eq. (1). The numerical solution values follow
the analytic solution quite closely, although the coarse solution
values are consistently larger than the analytic solution. This
is an artefact of the numerical errors that are introduced when
using constant displacement discontinuity values in each ele-
ment. The average convergence value for the coarse element
solution was found to be 163.19 mm compared to the analytic
solution value of 157.15 mm representing an over-estimation
of about 3.8%.

The average convergence value for the fine solution grid
using the background stress influence generated by the
coarse element solution was calculated to be 161.12 mm giv-
ing a satisfactory approximation to the analytic solution with
an error of approximately 2.5%. The correction of the solu-
tion error introduced by the constant grid can be achieved
by the use of high order elements in the coarse grid region
or by adapting the local self-effect stiffness influence values
in elements that are adjacent to the edge of the excavation
(see, for example, Napier and Malan 2007). This adjustment
becomes more complicated if the excavation edge fracture
zone is modelled explicitly.

4 Shaft Pillar Extraction Example

A large-scale layout problem relating to the extraction of a
deep gold mine shaft pillar configuration (Jooste et al. 2023)
is shown in Fig. 7 (a simplification of the layout shown in
Sect. 7). A specific region of interest for detailed analysis
is highlighted in Fig. 7. The overall layout was assumed
initially to be horizontal and located at a depth of 2500 m.
The primitive field stress at the layout horizon was assigned
a value, af = 67.5 MPa, assuming a vertical stress gradi-
ent of 0.027 MPa/m. The mined layout region excluding

@ Springer
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internal remnants and pillars covers an area of approximately
240,310 m? and was tessellated using an unstructured trian-
gular element mesh comprising 7082 elements. The nominal
average element grid size is g & 5.83 m.

Figure 8 shows an expanded view of the element mesh
in the selected region of interest marked in Fig. 7. This dia-
gram shows the currently mined region triangular element
mesh edges together with a planned sequence of four min-
ing steps. Each mining step is envisaged to be advanced by
1.5 m over a nominal panel length mining front of 25 m. An
initial analysis was carried out with no mining taking place
in the mining step region. Three cases were considered.

Case A: The entire layout was analysed using high order
cubic element shape functions for the elastic convergence dis-
tribution component D, within each mined triangular mesh ele-
ment. The discontinuity component variation in each element
can be expressed as a cubic polynomial in a local coordinate
system with the origin at each element centre as

D, (x,y) =cy+cix+cy+ c3x2 + cyXy

o)
+ c5y2 + (:6x3 + c7x2y + chy2 + ng3

The coefficients ¢;, k = 0 to 9 are determined by the cal-
culated discontinuity values at ten assigned internal col-
location point positions in each element, as illustrated in
Fig. 8. The layout solution in this case comprises a total
of 70,820 collocation points, where the elastic convergence
discontinuity values are to be calculated. The solution was
determined iteratively using a lumped solution scheme with
the minimum lump size, G,,;, = 40 m. The explicit solution
time for this step was 11,367 s for the desk-top computer
that was employed. (The actual run time is quoted to pro-
vide an indication of the relative computational costs of the
calculation steps. These times will clearly vary depending
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on the actual hardware configuration that is employed but
are quoted to provide a rough indication of the relative com-
putational costs.)

Case B. The layout was analysed in two solution steps
using the proposed hierarchical procedure. The solution for
the first coarse level step was assumed to be the same as the
solution determined in Case A and was used to calculate the
effective background stress induced at the centre of each fine
scale element. The solution grid in the fine scale region of
interest (see Fig. 8) comprised an unstructured triangular
element mesh of 19,942 triangular elements. The average
grid size in this case was g ~ 0.298 m and the displacement
discontinuity D, values were assumed to be constant within
each element. The fine scale solution step was calculated
assuming a lump grid size parameter G;;, = 3.0 m. The total
run time for the fine scale solution step was 7338 s.

Case C. The background solution procedure outlined
for Case A was replaced using a coarse triangular element
mesh comprising 7082 constant displacement discontinu-
ity elements with a single collocation point at the centre
of each element. The run time for the coarse solution step
with the number of unknown values reduced from 70,820
to 7082 was 1187 s. The second solution step was repeated
as described in Case B using the background stress values
induced by the constant coarse mesh solution at the centres
of the 19,942 fine mesh elements also assuming a lump grid
size parameter G,,;, = 3.0 m. (The run time in this case was
7161 s and is nominally the same as for the Case B fine ele-
ment solution.)

The reduction in calculation time is significant, since it
is typically required to perform multiple scenario investiga-
tions when planning a proposed excavation sequence in a
given mining region. In the present case these can involve
the analysis of multiple mining steps with multiple time

Closure profiles in region of interest .
(Y-coordinate = 410; No mining steps)

steps in each excavation increment to represent time-depend-
ent face crushing effects. The cited time reductions for the
individual analyses can, therefore, be considered to be mul-
tiplied by factors of 10—100 for each excavation sequence
scenario that is planned for a mining extraction sequence
that may last for several months in real time.

Figure 9 shows a comparative plot of the reef-normal
elastic convergence values for the three selected cases. The
results are plotted in the x-coordinate direction across the
region of interest for the selected y-coordinate value of
410 m (see Fig. 8). The convergence value at each point is
interpolated from the local covering element shape func-
tion. For the higher order elements in Case A the shape
function is given by Eq. (5) but is constant in the fine
element mesh that is used in Case B and Case C. It is
clear that there is a very close agreement between the high
order cubic polynomial element solution values generated
in Case A and the two-stage solution obtained in Case B.
This result is extremely important and demonstrates the
effectiveness of the high order coarse element solution
in allowing accurate background stress values to be cal-
culated for the fine element solution. The solution values
obtained in Case C indicate that the background stress val-
ues determined by the constant coarse element background
solution are significantly over-estimated near the interface
between the coarse and fine mesh regions.

It is important to note that the motivation for using the
fine mesh in a given region of interest is dictated by both
the geometric complexity of the layout configuration in
specific cases and by the requirement to provide an accu-
rate solution resolution for the stress distribution in the
fracture zone ahead of the stope face (Napier and Malan
2018). This resolution is required as well to perform a
detailed analysis of the time-dependent evolution of the

——Full cubic element solution (Case A)

= Fine element region of interest; cubic element B/G (Case B)

» Fine element region of interest; constant element B/G (Case C)
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fracture zone stress distribution and peak stress values in
the rock mass in front of the excavation edges. This evalu-
ation can be expedited further by employing a partitioning
scheme in the influence matrix that is formulated for a fine
scale region of interest as described in the next section.

5 Partitioned Influence Matrix Formulation

In determining repetitive solutions in a given region of inter-
est it may be advantageous to partition the collocation points
in the region into a set A having N, collocation points and a
set B having Ny collocation points, where the total number
of points is N = N, + Np. In addition, the two partitions are
selected to include all points having non-linear boundary
conditions in region A and to ensure that all points in region
B have fixed traction boundary conditions (specifically zero
traction on the surface of an open excavation point) or fixed
total closure conditions. Symbolically, Eq. (1) can be rewrit-
ten in the partitioned matrix form as

RN
B BA BB B B
where T, and D, are, respectively, the traction vector and the
displacement discontinuity vector components in region A
and where, similarly, 7 and Dy are the traction vector and
the displacement discontinuity vector components in region
B. The subscripts R and S assigned to each sub-matrix Kz in
Eq. (6) represent the respective receiving and sending point
regions. The vectors E, and E represent existing field stress
values combined with any externally calculated background
stress values.

Assuming that T = 0 in region B, the second row of
Eq. (6) becomes

KpaDpy + KD + Eg =0 @)

Defining KI;; as the inverse of matrix Kpp, Eq. (7) can be
solved for Dy in the form:
Dy = =Ky, (KgaDy + Ep) ®)

Substituting Eq. (8) into the first row of Eq. (6) provides
the relationship:

Ty = KDy — KypEy + E, ©))
where

IA{AA =Ky — KABKf;éKBA (10)
and

Kus = KasKy, (11)

Equation (9) can be solved iteratively as a reduced system
having 3N, equations for the displacement discontinuity val-
ues D, provided the inverse matrix Kg; can be determined.
This represents a reduction in the unknown displacement
discontinuity values from 3(N, + Ny ) in Eq. (6). The num-
ber of equations in the set (9) is reduced further from 3N,
to N, in the special case, where only the excavation—normal
convergence is required. The reduced equation system (9)
effectively incorporates the presence of the open excavation
region B and the solution speed is consequently expedited
if all the matrix components in Eqgs. (10) and (11) are pre-
calculated and stored in memory. The displacement discon-
tinuity components Dy in region B can be recovered from
Eq. (8) following the solution of Eq. (9) for D,.

The main drawback of this scheme is the necessity to
calculate the inverse matrix Kl;é. The inverse matrix can be
evaluated; however, using a standard singular value decom-
position algorithm (see Press et al. 1992) provided the order
of the matrix, Kpp is less than approximately 4000-5000.
Alternative inverse matrix approximation techniques for
larger scale systems can be investigated if necessary. In
special cases such as two-dimensional plane problems, a
number of analytic solutions are also available. The parti-
tioning concept is related as well to the suggested boundary
integral equation solution strategy presented previously by
Martin and Rizzo (1995).

The partitioned influence scheme can be combined effec-
tively with the hierarchical solution approach in which the
external traction influence vectors E, and Ej include the
coarse background solution values. The overall procedure
requires the solution of the coarse grid layout representation
and the transfer of the coarse influence values to the fine-
scale regions of interest as discussed in the previous section.
In certain cases, it may be possible as well to represent parts
of the fine-scale solution region using high order displace-
ment discontinuity element shape functions. This approach
is illustrated in the following section.

6 lllustrative Application of the Partitioned
Influence Matrix Scheme

Figure 8 shows the detailed mesh configuration of the
selected region of interest together with four possible min-
ing step increments adjacent to the mined region which is
covered with high order triangular displacement disconti-
nuity elements. (The multiple collocation points shown in
Fig. 8 define a polynomial shape function in each mined
element given by Eq. (5).) The total number of coarse grid
elements in Fig. 8 is 46 with 460 internal collocation point
positions. The mining step region is tessellated with 420
fine grid constant elements in each potential incremental
step region 1-4. The total number of collocation points in
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the region of interest is, therefore, 4 X420 +460=2140. The
background stress was computed as described previously at
each of these collocation points using the results determined
in Case A above.

To demonstrate the partitioning scheme a solution is
obtained for the simplified case, where only the Step 1
region is mined and the fracture zone extent in the com-
bined area covering Step2, Step 3 and Step 4 is calculated
using the limit equilibrium model described by Napier and
Malan (2018).

The following element partition regions are defined for
this analysis.

Partition region A: This partition comprises the combined
region covering the three mining step regions 2, 3 and 4 that
are designated in Fig. 8 and includes 3 X420 =1260 colloca-
tion points. The selected elements are assumed to have the
following crush element constitutive properties which are
summarised in Table 1.

In the case of a plane strain stress state parallel to a
straight excavation edge, the simple crush zone limit model
implies that the distribution of the reef-normal vertical stress
at a distance x from the excavation edge in the reef plane
given by

(o}

2mtangyx
n Zmtangsy¢

0'_(,- =e ", (12)
where

3 (1 + sin¢1)
m = m (13)

Partition region B: This partition includes the Step 1
region of 420 mined elements which are immediately adja-
cent to the 46 high order elements shown in Fig. 8. The total

Table 1 Crush zone model parameters

Parameter Value

Crush zone interface friction angle and crushed rock inter- 30°
nal friction angle, ¢,

100 MPa
30m

Crush zone uniaxial strength, o,
Crush zone height, H

number of collocation points in partition region B is, there-
fore, 420 +460=_880. All elements in the partition region
B are fully mined with a zero stress boundary condition
applied at each collocation point.

The partitioned matrix region results were compared to
the equivalent analysis of the region 1 area of interest (see
Fig. 8 and Case B) analysed using a fine grid mesh with
19,942 + 1280=21,622 uniformly sized elements with a
single collocation point in each element. This problem was
solved using a lumping scheme with three lump levels and a
minimum lump size of 2.0 m. The solution time for the fine
grid was 3414 s in this case and the average convergence
in the mined region excluding the mining step regions was
120.41 mm. The corresponding partitioned element solution
time was 100 s and the average convergence in the mined
region was 116.41 mm. This clearly represents a very sig-
nificant reduction in the computational cost that would be
incurred in processing multiple time step increments in
which the rock strength is prescribed to decay at a specified
rate following a mining step increment. It is also of interest
to note that the solution time is only increased to 352 s if the
partitioning scheme is not used in this case, again emphasiz-
ing the utility of employing the high order element shapes in
the local region of interest shown in Fig. 8.

A comparison between the average convergence values
and the average reef-normal traction values for the fine grid
and partitioned matrix solutions within each of the four min-
ing step regions is summarised in Table 2. The results are
very similar, although the high order element scheme con-
vergence values are slightly lower than the corresponding
values for the full fine grid solution. A further comparison
between the closure values obtained for the fine grid analysis
and the values obtained from the partitioned influence matrix
solution is given in Fig. 10. This plot confirms that the par-
titioned matrix convergence values are slightly lower than
the corresponding fine mesh values in partition region B but
are in close agreement in the mining step zone within parti-
tion region A. Figure 11 illustrates a comparison between
the vertical stress component values in the crush zone ele-
ments falling in partition A for the partitioned matrix solu-
tion and the fine grid solution. The analytic crush zone reef-
normal stress profile for the plane strain stress state given by
Eq. (12) is also superimposed on this plot for comparison.

Table 2 Comparison between

i Mining step region
fine element solution and

Fine element solution

Partitioned matrix solution

partitioned matrix solution Convergence  Vertical stress (MPa) Convergence Vertical stress (MPa)
values in the mining step (mm) (mm)
element regions

Step 01 36.60 0.0 34.79 0.0

Step 02 13.78 —278.79 12.41 —279.39

Step 03 448 —241.22 3.68 —239.18

Step 04 2.57 - 171.03 2.14 - 167.15
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Fine grid solution

N

Partitioned matrix solution:
(Cubic elements with fine grid edge zone)

150 155 160 165 170 175 180 185

X-coordinate (m)

Face position

Stress profile forY =410

Intact region Crush zone

—e—Coarse grid + Partitioned influence matrix solution

—=—Fine grid solution

—a—Theoretical plane strain crush zone solution

Fig. 10 Comparison between 140 -
the convergence values for
the fine grid solution and the
.. . . 120 A
partitioned matrix collocation
points along a horizontal sec-
tion having Y-coordinate 410 100 4
(see Fig. 8) ’E‘
E
N 80 A
o
o
—
? 60
o
O
40 -
20 -
0
130
Fig. 11 Comparison between
the vertical stress values in the
- 450
crush zone region of the fine
grid solution and the partitioned 400 4
matrix collocation points along
a horizontal section having 350 1
Y-coordinate 410 (see Fig. 8)
& 3001
3
a 250
2
(7]
© 200 4
o
©
o 150 4
[S]
©
s
100
50 4
0
134.5

The peak stress and the stress values in the intact zone ahead
of the peak stress show close agreement, although the par-

135 135.5 136 136.5 137 137.5 138 138.5 139 139.5 140

X-coordinate (m)

7 Practical Application of the Multi-scale
Method to Simulate Stope Convergence

titioned matrix vertical stress magnitude results are slightly

smaller than the fine element solution values. (It should be
noted that the crush zone region is on the right hand side
of the peak stress in Fig. 11. The decreasing stress in the
unfractured region is to the left of the peak stress position

shown in Fig. 11.)

Jooste et al. (2023) described a combined bulking and limit
equilibrium model to simulate the stope convergence at a
particular location when mining a shaft pillar (the Bamba-
nani Shaft pillar shown in Fig. 12). Note that both the bulk-
ing and limit equilibrium model include a time dependent
component (see Jooste et al 2023 and Napier and Malan
2018). To allow for time-dependent bulking in the back
areas of the mined region, it is postulated that the bulking
parameter follows a time dependent evolution between a
specified initial value and maximum value. For the limit
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Fig. 12 Mining outlines in
the Bambabanani Shaft pillar. | | mm—— AR AR H e R et i e e e e e e R R
These were the final stope face |
positions when the mining was !
abandoned in the pillar. The !
position of the convergence log- Latest face L 1
1S 1 1 40 1
ger is indicated by the blue dot positions g i
(Color figure online) | LIS e Y = i
i i i 1
Position of == i I
convergence i - 4 !
i } 1
recording ; ~ 17 I
i N !
] i :
; ;
u 1
" :
Bambanani N 3 A
M 1
shaft pillar !
boundary 1 !
1 Areaselected [fﬂ’ 0 !
i forseismic (1 = !
1 . | . S
Old face ] analysis (| . X . st
positions 1 . 33 i
! 1 N 1
in back areas!- ¢ !
! |
w i i
1 1
\ : !
JARPISEET 4 1
ST 1 . 11111 s L SRR 11 011 s
Az.281°PL 72° 124m
Event Time il
25 May 2021 00:19:11 1A 195
04 Jun 2021 19:35:15
15 Jun 2021 14:51:20 | X
)
26 Jun 2021 10:07:25 |
| {
07 Jul 2021 05:23:30 i 190
18 Jul 2021 00:39:35 ¥ b ¥
28 Jul 2021 19:55:40 | | },":A :
i Local Magnitude

08 Aug 2021 15:11:45
19 Aug 2021 10:27:50
30 Aug 2021 05:43:55

10 Sep 2021 01:00:00

w A /
V4 — b r' —y |
G — B
{
} — 25
2 2 2 2 g e BT | @A G 2
{ §
Az 0° Pl 98} D o o o el =1 f '] ¥ o
o =) @ @© ~ ~ © { @

Fig. 13 Seismic events of local magnitude >0.0 recorded in close proximity to the panel, where the convergence was recorded for the period
from 25 May 2021 to 9 September 2021
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Fig. 14 Stope convergence at 800.00 Blactat 1814 63.00
the position indicated in Fig. 12 —Number of seismic events on 24 June 2021
and the number of seismic 700.00 4 | —Convergence (mm) o 4
events recorded in the area ' i:'i'g'c egir;t ';/”:11322 + 61.00
around this measurement posi- - 1 an 2352 1a ’
. . . £ 600.00 4 on 16 June 20
tion (polygon shown in Figs. 12 qC>_, . N
dl :
and 13) 3 Blast at 20:25 L 59.00
g 500.00 + on 9 June 2021 v .
D * Blast at 20:31 €
2 on 23 June 2021 =
S 400.00 - 57.00 g
3 Blast at 21:20 <
§ on 3 June 2021 v 20
< 300.00 A 4 Blast at 23:10 g
_f_i’ | Bmstat 1820 ©ON 14June 2021 F 55.00 §
©
= on 10 June 2021
2 20000 | ;
3 Blast at 20:21
on 8 June 2021 + 53.00
100.00 -
0~00 T T T T T T 51.00

2021/06,0, 2206/ 220671, 2%2W06/, 206715 202065, 2206/

equilibrium model, the strength of the intact rock is defined
by an unconfined strength value and by a slope parameter.
Once the material has failed, the strength is assumed to
decay to a residual strength envelope according to a simple
exponential decay function.

An example of the seismicity and recorded time-
dependent panel convergence in the region of interest is
shown in Figs. 13 and 14, respectively. The convergence
profile is similar to the results reported by Malan (1999)
and Malan et al. (2007). It is of interest to note the signifi-
cant time-dependent convergence and the jumps in con-
vergence that occur during successive blasting events, as
shown in Fig. 14. The constitutive model used by Jooste
et al. (2023) for the modelling employs a specified param-
eter (the so-called bulking factor) to inflate the magni-
tude of the simulated elastic convergence in the excavated
region. The model also specifies an assumed compac-
tion function to simulate the stress recovery rate follow-
ing contact between the roof and floor of the mined back
area regions. Specific details of the model are given in
Jooste et al. (2023). The original work was computation-
ally intensive, as only a fine mesh was used for the entire
model. Jooste et al. (2023) noted that, “Small element sizes
were required for the limit equilibrium model, and there-
fore, it was not feasible to simulate the entire shaft pillar
geometry”.

As described above, the simulation of time-dependent
stope convergence is carried out by postulating that the rock
strength ahead of the mining face is described by either a
Mohr-Coulomb failure criterion in which the strength
parameters decay exponentially once the intact strength
is exceeded. In this case it is necessary to calculate the

Date

time-dependent reef-parallel confining stress at all positions
ahead of the mining face to track the moving fracture zone
edge position. A special “fast marching” technique is used to
perform these calculations as part of the iterative solution. A
detailed explanation of this procedure is given by Napier and
Malan (2018). Additional simulation procedures to represent
the back area time-dependent convergence and stress recov-
ery have been described in Jooste et al (2023). This present
section extends this earlier work using the hierarchical solu-
tion method described in Sect. 3 of the current paper. The
coarse and fine mesh used is shown in Fig. 15. It was found
that the parameters shown in Table 3 gave reasonable results,
although further work on calibrating the model is required.

The simulated convergence profiles are shown in Fig. 16
as a function of time in the area of interest for three mining
increments. The convergence was calculated in the centre of
the panel (see Fig. 17) at different distances from the face.
The simulated results are qualitatively similar to the under-
ground observations and it is noted that the magnitude of
the convergence decreases as a function of distance to face
(Malan 1999). This is caused by the tabular nature of these
excavations. The jumps in convergence at blasting time also
become smaller as this distance increases. For the conver-
gence observation point that was initially 10 m from the
face, the total increase in convergence during this period was
63 mm. This is much larger than typically recorded in the
Bambanani Shaft pillar and additional simulations were car-
ried out to check this. It is evident that the overall increase
in the convergence can be reduced using a smaller bulking
factor. However, precisely accurate calibration using the
actual convergence data presented in Fig. 14 is difficult as
insufficient observations are available concerning the actual
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Fig. 15 Coarse and fine mesh in
the area of interest. The labels
A, B, and C are used to indicate
the position of the fine mesh
relative to the coarse mesh
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Table 3 Parameters used for the geometry, the bulking model and the
limit equilibrium model

Parameter Value
Depth 2500 m
Face advance increment 1.5m

Dip 0°

Young’s modulus, E 70 GPa
Poisson’s ratio, v 0.2
Number of elements in the coarse mesh 7088
Number of elements in the fine mesh 21,622
Average grid size—coarse mesh, g ~ 34 m?
Average grid size—fine mesh, g ~ 0.089 m?
Intact strength intercept, aé 150 MPa
Intact strength slope, m; 3

Initial residual strength intercept, o-f 150 MPa
Initial residual strength slope, m;, 3

Final residual strength intercept, o/ 15 MPa
Final residual strength slope, m;, 3

Effective mining height, H 1.5m
Intact seam stiffness modulus, k; 46 667 MPa/m
Fracture zone interface friction angle, ¢ 35°

Limit equilibrium half-life parameter, 1 0.5h
Initial bulking factor, B]‘f 2

Final bulking factor, Bj’f‘ 2.5
Bulking half-life parameter, A, 289h
Compaction stiffness, E, 10 000 MPa

The limit equilibrium parameters are defined in Napier and Malan
(2018) and the bulking parameters in Jooste et al (2023)

Fig. 16 Simulated conver- 280

face advance per blast, a lack of detailed knowledge of the
blasting sequence of neighbouring faces and no precise
records of the accompanying seismic activity. The qualita-
tive results depicted in Fig. 16 are nevertheless encouraging
and illustrate the effect of the distance from the convergence
meter to the mining face on the convergence profiles. The
convergence increments at blasting time decrease as mining
proceeds and the distance to the mining face increases.

The detailed abutment locations relative to the con-
vergence measuring points also affect the simulated and
observed convergence profiles. This is demonstrated by
considering the three measurement points shown in Fig. 17.
The convergence at Position 3, which is close to the lower
abutment, is substantially lower than the other convergence
profiles. The time-dependent convergence between blasts
is seen as well to be different for the three selected meas-
uring positions. This may possibly explain the variability
typically seen when recording panel convergence data and
further complicates the calibration process of the numerical
model. It is clear that accurate records of the positions of the
convergence loggers need to be kept when conducting under-
ground measurements and the precise layout configuration
of the panels needs to be accurately represented.

In summary, encouraging results were obtained with the
proposed new methodology to simulate the time-dependent
rock mass behaviour of a very deep tabular excavation. These
results are considered to be a first-order approximation to the
inelastic rock mass behaviour near excavation edges and to
provide a framework to guide the future development of con-
stitutive descriptions of the fractured rock mass in deep mines.

gence profiles for the region of
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Fig. 17 Simulated convergence 90
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The modelling methodology and constitutive codes are dif-
ficult to calibrate and represent a universal challenge for the
application of rock engineering numerical models. As more
complex numerical models are developed for the improved
simulation of observed rock mass behaviour, more onerous
requirements of model calibration and user expertise are
required. This not only applies to boundary element models,
but also to finite element and finite difference codes. Elmo
et al (2022) made the following important observation: “It
is evident generally that if older and simpler solutions have
a clear advantage in terms of durability and/or efficiency,
even if this advantage is restricted to a limited purpose, they
continue to exist and evolve.” It is envisaged that the model
described in this paper can be used as a specialised tool to
investigate the mechanisms of proposed stope support strate-
gies for different mining rates and to study the effect of mining
rate on back area stope closure and face stress stability.

8 Conclusions and Additional
Developments

Two approaches have been proposed to allow the simula-
tion of small regions of interest within large-scale exten-
sively mined tabular layouts. In the first method it is shown
that a simple two-step hierarchical solution procedure can
be readily constructed to allow the efficient calculation of
stope convergence values in local small-scale regions of
interest. The most significant finding in this case is that the
use of high order elements in the coarse solution step can
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provide a self-consistent representation of the fine region
background influence values. It is shown as well that the
fine region solution efficiency can be enhanced dramati-
cally by combining higher order elements with fine scale
elements in a partitioned influence matrix for the problem
solution. The cells in the sub-matrix which is inverted are
chosen to correspond to open excavation elements hav-
ing simple zero stress boundary conditions. This approach
enables the size of the core solution influence matrix to
be reduced substantially while retaining the appropriate
coupling to the zero stress partition region. The reduction
of the active influence matrix size enables the efficient
simulation of multiple small scale mining increments
which may include a sequence of mining steps and time-
step increments that are required to simulate rock mass
strength decay and creep effects. This increase in compu-
tational speed allows the feasible calculation of sequential
mining step advances to be combined with multiple time
step cycles in the analysis of the evolutionary stress dis-
tribution in the fracture zone ahead of each mining face.
A specific case study was analysed using the hierarchi-
cal two-step procedure applied to the extraction of a shaft
pillar within an extensively mined region. The results of
this study show that the fine scale convergence behaviour
can be modelled accurately and efficiently without having
to incorporate the entire excavation region in the fine scale
solution. The study emphasizes that the quantitative calibra-
tion of the model requires precise geometric data relating to
mine panel outlines and accurate records of exact blast time
sequences and the accompanying seismic activity levels.
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The hierarchical calculation scheme described in this
paper can be extended to address the analysis of pillar min-
ing problems, where the behaviour of a few selected pil-
lars is to be analysed within an extensive layout comprising
hundreds of pillars. The approach can be useful as well to
investigate the interactions between large underground exca-
vations such as haulages or pump chambers having traction-
free surfaces and the non-linear creep behaviour of intersect-
ing fault structures.
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