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 A B S T R A C T

Latent variable models (LVMs) are commonly used to capture the underlying dependencies, patterns, and 
hidden structures in observed data. Source duplication is a by-product of the data Hankelisation pre-processing 
step common to single-channel LVM applications, which hinders practical LVM utilisation. In this article, a 
Python package titled spectrally-regularised-LVMs is presented. The proposed package addresses the 
source duplication issue by adding a novel spectral regularisation term. This package provides a framework for 
spectral regularisation in single-channel LVM applications, thereby making it easier to investigate and utilise 
LVMs with spectral regularisation. This is achieved via symbolic or explicit representations of potential LVM 
objective functions, which are incorporated into a framework that uses spectral regularisation during the LVM 
parameter estimation process. This package aims to provide a consistent linear LVM optimisation framework 
incorporating spectral regularisation and caters to single-channel time-series applications.
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. Introduction

Latent variable models (LVMs) represent a statistical methodology 
hich aims to extract hidden sources of information, referred to as 
he latent variables 𝐳 ∼ 𝑝(𝐳), 𝐳 ∈ R𝑑 , from an observed set of ran-
om variables 𝐱 ∼ 𝑝(𝐱), 𝐱 ∈ R𝐷. The overarching goal of the LVM 
ramework, as shown in Fig.  1, is to (i) construct a generative model to 
enerate observed samples and (ii) infer the latent variables, commonly 
eferred to as the latent sources, from the observed data [1,2]. In the 
inear LVM formulation, a linear encoding and decoding step is used to 
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obtain samples from the posterior distribution 𝑝(𝐳|𝐱) and the generative 
distribution 𝑝(𝐱|𝐳).

In common LVM frameworks, e.g., principal component analysis 
(PCA) [3–6], a Gaussian assumption is made for the prior 𝑝(𝐳), the 
generative distribution 𝑝(𝐱|𝐳) and posterior distribution 𝑝(𝐳|𝐱), and the 
latent sources are driven to capture components that best describe the 
dominant sources in the observed data via minimum mean-square error 
compression or variance maximisation [5]. In this way, these method-
ologies are sample generation-focused and the latent sources capture 
the dominant variance in the observed data. The PCA framework deals 
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Fig. 1. An overview of a LVM framework applied to single-channel time-series data. Note that the dimensionality of the latent space is presented in R3, and no data pre-processing 
steps are considered between the data space and the latent space. Data pre-processing steps are discussed in Section 2.1.

with second-order statistics and results in uncorrelated latent sources, 
i.e., the covariance for two sources 𝑧𝑖 and 𝑧𝑗 , represented by cov

[

𝑧𝑖, 𝑧𝑗
]

, 
for 𝑖 ≠ 𝑗 is zero and non-zero otherwise. The independent component 
analysis (ICA) formulation manifests as an LVM with the latent sources 
assumed to be non-Gaussian and mutually independent [7–10]. In ICA 
frameworks, statistical independence and non-Gaussianity assumptions 
are more rigorous and enforce that the latent sources should be max-
imally informative in a non-Gaussian setting [11,12]. The statistical 
independence assumption implies that the latent distribution factorises, 
i.e., 𝑝(𝐳) = ∏𝑑

𝑖=1 𝑝𝑖(𝑧𝑖), where 𝐳 ∈ R𝑑 . In the assumed Gaussian setting, 
it is possible to show that the PCA linear transformation can produce a 
statistically independent latent distribution [5].

In applications when a single-channel time-series signal is of interest 
and available, certain processing steps, e.g., data Hankelisation, must 
be taken to enable the LVM framework fully [13]. The single-channel 
time-series signal of interest is represented as 𝑥[𝑛] indexed by 𝑛 ∈
{0, 1,… , 𝑁 − 1}. The signal 𝑥[𝑛] is discretely sampled over a duration 
of 𝑇  at a sampling frequency of 𝐹𝑠, yielding 𝑁 = 𝑇 ⋅ 𝐹𝑠 samples. In 
this setting, as noted in Hyvärinen [12], the linear LVM framework is 
strongly related to the blind-deconvolution problem [14]. The blind 
deconvolution problem aims to simultaneously recover the underly-
ing latent sources and identify a single unknown inverse filter that 
recovers the underlying source signal [15]. Separating the underlying 
latent sources is complex and inherently results in an underdetermined 
system, as the observed data does not uniquely specify the sources.

When using LVM frameworks, the input data needs to be multi-
dimensional. For single-channel applications, the vibration signal 𝑥[𝑛]
is Hankelised to construct the required matrix, with the matrix’s rows 
constructed from overlapping segments of the input signal. However, 
this process introduces redundancy: the columns of the Hankel matrix 
represent time-delayed versions of the observed time-series signal [13]. 
This representation indicates that the features of the observed data 
𝐱 characterise similar dynamical behaviour. Given the relationship to 
blind deconvolution for single-channel applications, the LVM parame-
ter estimation process may inadvertently extract multiple latent sources 
with overlapping spectral content when estimating the linear encodings 
to obtain the latent variables 𝐳 [12]. This process leads to source 
duplication [16]. Thus, while the linear LVM framework seeks a set 
of informative latent components, in single-channel applications the 
effective source signals may partially or completely overlap in their 
spectral support when using data Hankelisation [17].

Davies and James [17] demonstrated that the sources in the ob-
served data must have disjoint spectral support to fully recover the 
latent sources. Additionally, if no modifications are made to the stan-
dard LVM objective functions, clustering algorithms must combine 
extracted sources that contain duplicate information [17]. Source dupli-
cation is an existing limitation that hinders the practicality of certain 
LVM objective functions in single-channel time-series applications as 
the full-rank solution, i.e., 𝑑 = 𝐷, is required to avoid missing any 
interesting sources. Additionally, the model estimation step may be 
computationally extensive if 𝑑 ≪ 𝐷 as much computation is wasted 
on duplicate information. Hence, we seek to bypass this limitation 
to improve the practicality of linear LVMs. This work proposes a 

framework that offers ease of objective function implementation, and 
a spectral regularisation term is proposed and implemented to enforce 
the disjoint requirement.

The proposed framework caters to spectral regularisation for lin-
ear LVM formulations, and the spectrally-regularised-LVMs
package makes spectral regularisation readily accessible for first-order 
and second-order optimisers. The package provides simplicity, ease of 
use, and efficiency to the single-channel LVM framework, whereby 
the burden of repetitive pre-processing and optimisation framework 
implementation tasks is no longer placed on the user. The proposed 
framework operates in a deflation-based optimisation setting, i.e., each 
latent source is solved for individually. Additionally, the methodology 
is objective function agnostic, which allows users to implement their 
cost functions and use the proposed framework. Users can implement 
their objective functions directly using the symbolic Python package 
SymPy [18] to obtain the gradient and Hessian of the model objective 
function automatically or using standard linear algebra operations en-
abled though the NumPy library [19]. Additionally, a finite-difference 
scheme is provided should users wish to obtain approximations of the 
gradient and Hessian of the model objective function. This provides 
generality to the spectrally-regularised-LVMs package and 
creates flexibility for future development and package utilisation.

1.1. Related work

In the literature, spectral regularisation typically refers to a reg-
ularisation technique for learning-based problems which utilises the 
spectra of an operator or matrix to control the properties of some 
model [20], e.g., Tikhonov regularisation [21]. For matrices, the spec-
tra refer to their eigenvalue set [22]. Gerfon et al. [23] provide a 
succinct overview of spectral regularisation techniques for supervised 
learning tasks. Miyato et al. [24] use the spectral properties of deep 
generative models to improve model performance. Specifically, Miyato 
et al. [24] use the spectral norm of weight matrices to control the Lip-
schitz continuity of the discriminator network function for generative 
adversarial networks to improve model trainability. Xie et al. [25] use 
a spectral loss based on cosine similarity to encourage reconstruction 
consistency for anomaly detection using adversarial auto-encoders. In 
this work, spectral regularisation refers to the regularisation of the 
spectra of the LVM component vectors, where the spectra are obtained 
with the Fourier transform to ensure that it does not capture the same 
signal information as other component vectors. In this way, spectral 
orthogonality within the LVM components is encouraged, and the 
signal information captured by the LVM is driven to consist of unique 
components.

2. Model formulation

In this section, the pre-processing steps for single-channel time-
series are detailed, the preliminary formulation of linear LVMs is 
presented, and the proposed spectral regularisation term is defined.
2 
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2.1. Time-series pre-processing

For single-channel time-series data, we obtain a signal 𝑥[𝑛] that must 
be pre-processed to fit into the standard LVM framework. This can be 
achieved through data Hankelisation to obtain a matrix 𝐗 ∈ R𝐿𝐻×𝐿𝑤

𝐗 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑥[1] 𝑥[2] ⋯ 𝑥[𝐿𝑤]
𝑥[𝐿𝑠𝑓𝑡] 𝑥[𝐿𝑠𝑓𝑡 + 1] ⋯ 𝑥[𝐿𝑠𝑓𝑡 + 𝐿𝑤]

𝑥[2 ⋅ 𝐿𝑠𝑓𝑡] 𝑥[2 ⋅ 𝐿𝑠𝑓𝑡 + 1] ⋯ 𝑥[2 ⋅ 𝐿𝑠𝑓𝑡 + 𝐿𝑤]
⋮ ⋮ ⋱ ⋮

𝑥[𝐿𝑠𝑓𝑡 ⋅ (𝐿𝐻 − 1)] ⋯ ⋯ 𝑥[𝐿𝑠𝑓𝑡 ⋅ (𝐿𝐻 − 1) + 𝐿𝑤]

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

(1)

where 𝐿𝑤 is the window length, 𝐿𝑠𝑓𝑡 is the shift parameter and 𝐿𝐻 =
⌊

𝐿−𝐿𝑤
𝐿𝑠𝑓𝑡

⌋ + 1 represents the number of rows in 𝐗. Note that the shift 
parameter is typically set to 𝐿𝑠𝑓𝑡 = 1 to ensure that the LVM component 
vectors act as a set of finite impulse response (FIR) filters [17].

2.2. Linear latent variable models

The basic linear LVM generative model may be expressed for some 
observed data 𝐱 ∈ R𝐷 as 

𝐱 =
𝑑
∑

𝑖=1
𝐚𝑖𝑧𝑖, (2)

where 𝑑 ≤ 𝐷, 𝑧𝑖 represents the 𝑖𝑡ℎ latent source, and 𝐚𝑖 ∈ R𝐷 represents 
the 𝑖𝑡ℎ decoding transition vector. The matrix–vector notation of the 
generative model is 
𝐱 = 𝐀𝐳, (3)

where 𝐀 ∈ R𝐷×𝑑 =
[

𝐚1,… , 𝐚𝑑
]

. In the latent encoding step, a matrix 
𝐖 ∈ R𝑑×𝐷 = [𝐰1,… ,𝐰𝑑 ]𝑇  can be used to infer the latent vector 𝐳 by 
𝐳 = 𝐖𝐱, (4)

where the rows in 𝐖 represent the encoding transition vectors. In 
the LVM model, samples 𝐱 ∼ 𝑝(𝐱) are observed from some unknown 
distribution 𝑝(𝐱). The goal is to estimate 𝐀 or 𝐖. Common method-
ologies prefer to utilise characteristics of the latent sources to estimate 
the model parameters, e.g., maximum latent variance [4] or maximum 
non-Gaussianity through measures such as kurtosis or negentropy [11]. 
The objective function of interest is henceforward generally denoted by 
𝑚𝑜𝑑𝑒𝑙.

2.3. Spectral regularisation

In this work, we propose using a spectral regularisation term for 
linear LVM objective functions to combat source duplication and use a 
general optimisation framework to estimate the model parameters. The 
assumed form of the general LVM objective function may be written as
min
𝐰𝑖

𝑚𝑜𝑑𝑒𝑙(𝐰𝑖) + 𝑠𝑟(𝐰𝑖)

such that 𝐰𝑇
𝑖 𝐰𝑖 = 1, (5)

where 𝑚𝑜𝑑𝑒𝑙(𝐰𝑖) represents the objective function to be minimised, 
𝑠𝑟(𝐰𝑖) represents the spectral regulariser that acts as an explicit regu-
larisation term on 𝑚𝑜𝑑𝑒𝑙(𝐰𝑖), and the optimisation constraint 𝐰𝑇

𝑖 𝐰𝑖 = 1
is used to ensure that the parameter estimation process focuses on 
the direction of 𝐰𝑖 and not its magnitude. The spectral regularisation 
term encourages the 𝐰𝑖 solution to be spectrally unique with respect 
to the previous solution vectors 𝐰𝑗 , where 𝑗 < 𝑖. The general objective 
function can be reformulated into a Lagrangian expression 
(𝐰𝑖, 𝜆𝑒𝑞) = 𝑚𝑜𝑑𝑒𝑙(𝐰𝑖) + 𝑠𝑟(𝐰𝑖)

+ 𝜆𝑒𝑞
(

𝐰𝑇
𝑖 𝐰𝑖 − 1

)

, (6)

where 𝜆𝑒𝑞 represents the Lagrange multiplier. The regularisation term 
proposed in this work enforces spectral orthogonality. It uses the 

Fig. 2. A summary of the important mathematical aspects providing context to the 
software implementation and architecture, the associated package sub-modules, and 
any relevant material in this document.

squared modulus of the Fourier domain representation of a vector 𝐰𝑖, 
denoted as 𝐛(𝐰𝑖), to minimise the dot product between 𝐛(𝐰𝑖) and the 
squared Fourier representation for the previously solved 𝐰𝑗 vectors, 
𝑗 = 1,… , 𝑖 − 1. This is given as 

𝑠𝑟(𝐰𝑖) = 𝛼
𝑖−1
∑

𝑗=1
𝐛(𝐰𝑖)𝑇 𝐛(𝐰𝑗 ), 𝑖 > 1 (7)

where 𝛼 represents a penalty enforcement parameter that controls the 
importance of the regularisation term. Note that the spectral regulari-
sation term is only applied after estimating the first projection vector 
𝐰1. To remove ambiguity behind the choice of 𝛼, the sequential un-
constrained minimisation technique (SUMT) is used within the model 
optimisation step to iteratively increase the prominence of the regu-
larisation term during each optimisation iteration [26]. The important 
terms related to the implemented optimisation algorithm to incorporate 
the regularisation term in Eq.  (7) into the overall LVM objective 
are detailed in the documentation. For brevity, the full derivation is 
not included here. Using the spectral regularisation term in Eq.  (7) 
allows the basic LVM model to apply to single-channel time-series data 
effectively. There is no reliance on carefully selected pre-processing 
strategies, e.g., the spectrogram, and source duplication is discouraged 
during the parameter estimation process.

3. Software description

This section provides a basic description of the software used in the
spectrally-regularised-LVMs Python package. Fig.  2 provides 
context for how the relevant mathematical components of the package 
can be sequentially organised.

3.1. Introduction to spectrally-regularised-LVMs

The spectrally-regularised-LVMs package provides a frame
work for linear LVMs with the proposed spectral regularisation term 
using the Python API. In this framework, the objective function for 
the LVM can be implemented symbolically or explicitly as a Python 
function that uses NumPy objects. Alternatively, the objective function 
for two common LVMs, PCA and ICA, can be called through the sub-
modules present in the package. The choice of a symbolic objective 
function implementation ensures that users do not need to spend effort 
on deriving the gradient and Hessian of their objective function, as this 
can be done symbolically. For the explicit implementation, users can 
provide the necessary first and second-order information or use a finite-
difference approximation scheme to estimate the gradient and Hessian. 
As detailed in Fig.  2, five steps are required to formalise the proposed 
LVM framework in single-channel applications. These five steps are 
3 
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Fig. 3. The code listings detailing how the PCA objective function given in Eq.  (8) can be implemented symbolically or explicitly using functions that use NumPy objects [19].

combined within the package to create a framework from which users 
can utilise LVMs with spectral regularisation under a general model 
objective function 𝑚𝑜𝑑𝑒𝑙. This makes it easier to implement LVMs with 
spectral regularisation and apply them to single-channel time-series 
applications. Given some time-series signal 𝑥[𝑛], the framework handles 
the signal pre-processing, spectral regularisation, and model estimation 
steps, thereby automating the involved aspects of the LVM task.

3.2. Software architecture

The spectrally-regularised-LVMs module comprises five 
sub-modules, which were designed to facilitate the steps detailed in 
Fig.  2. To facilitate step one from Fig.  2, the cost_functions sub-
module was implemented. This provides four cost function classes to 
the user, of which two are dedicated to two simple LVM formula-
tions, one which allows users to explicitly encode their cost function 
and its associated derivatives, and one which allows users to define 
their cost function symbolically using the SymPy package [18] and 
internally determines the associated gradient and Hessian of the ob-
jective function. Additionally, a finite-difference approximation scheme 
can approximate the gradient and Hessian. The negen_approx sub-
module supports step one by providing estimator classes, which provide 
access to a set of approximation functions for negentropy [27]. The
spectral_regulariser sub-module supports step two from Fig. 
2 by implementing a spectral regulariser class that can be used to 
determine the regularisation term given in Eq.  (7) alongside its gradient 
and Hessian. The helper_methods sub-module enables step three 
from Fig.  2, by providing a set of classes which assist with data pre-
processing, data batch sampling, quasi-Newton update strategies [26], 
Gram–Schmidt orthogonalisation [28], and time-series signal Hanke-
lisation [29]. The spectrally_regularised_model sub-module 
captures steps three and four from Fig.  2, respectively, and provides 
the linear LVM model which allows users to define their training 
parameters and estimate the model parameters using a .fit(⋅) method 
call to an instance of the LinearModel class [30]. Finally, to ap-
ply the LVM as detailed in step five from Fig.  2, methods from the
LinearModel class facilitate the transition to and from the latent 
space, as detailed in Fig.  1. A .transform(⋅) method call computes 
the transformation from the data space to the latent space, and an
.inverse_transform(⋅) method call performs the transformation 
from the latent space back to the data space. These method calls are 
available to instances of the LinearModel class. This provides a 
complete framework that automatically performs the necessary steps 
to estimate the parameters of linear LVMs with the proposed spectral 
regularisation term and apply the LVM encoding and decoding steps.

3.3. Software functionalities

The primary functionality of the spectrally-regularised-
LVMs package is to provide a complete framework that estimates the 

linear LVM model parameters that are regularised via the spectral 
orthogonality term. This is achieved through a cost function initiali-
sation stage and a parameter estimation stage. Each stage is discussed 
in turn and code listings are given. The cost function initialisation is 
generalised by offering a symbolic or explicit representation to cater 
to a wide variety of objective functions. For this example, the PCA 
objective function is used 
𝑚𝑜𝑑𝑒𝑙(𝐰𝑖) = −E𝐱∼𝑝(𝐱){

(

𝐰𝑇
𝑖 𝐱

)2}

= − 1
𝑁

𝑁
∑

𝑗=1
𝑧2𝑗 , (8)

where {𝐱1,… , 𝐱𝑁} i.i.d.∼ 𝑝(𝐱) are independent and identically distributed 
(i.i.d) samples from the distribution 𝑝(𝐱), E𝐱∼𝑝(𝐱){𝐱} = 0, i.e., the data 
has zero mean, and 𝑧𝑗 = 𝐰𝑇

𝑖 𝐱𝑗 denotes the projection of sample 𝐱𝑗 onto 
the direction specified by unit vector 𝐰𝑖. In a symbolic representation, 
the PCA objective function can be implemented following the example 
in Fig.  3(a). In an explicit representation, the PCA objective function 
can be implemented using functions that use NumPy objects as detailed 
in Fig.  3(b).

The parameter estimation stage provides the user alternative func-
tionalities and advanced options regarding the underlying pre-processing
and model estimation steps. The main component is to create an 
instance of the LinearModel class and use the .fit(⋅) method to 
estimate the model parameters. Further information related to the argu-
ments for the parameter estimation stage is given in the documentation. 
A code listing example of this stage is shown in Fig.  4.

3.4. Software dependencies

The spectrally-regularised-LVMs package is free software 
distributed under the MIT license, and it is open to contributions on 
GitHub. The package is hosted on PyPi [31] to enable ease of instal-
lation, broader accessibility to the scientific community, and to avoid 
dependency issues when using the package in a user’s local Python 
environment. The package is dependent on the following Python pack-
ages: NumPy [19], Matplotlib [32], scikit-learn [33], tqdm [34] and 
SymPy [18].

4. Illustrative example

To demonstrate the capabilities and detail the main functionalities 
of the spectrally-regularised-LVMs package, an illustrative 
example is used. In this example, steps one through five from Fig.  2 
are applied to the negentropy-based LVM objective function [12]. This 
objective function is given as 
𝑚𝑜𝑑𝑒𝑙(𝐰𝑖) = −

(

E𝐱∼𝑝(𝐱){𝐺(𝐰𝑇
𝑖 𝐱)} − E𝜈∼𝑝(𝜈){𝐺(𝜈)}

)2 , (9)

where 𝐺(⋅) is a non-quadratic function and 𝜈 represents a Gaussian vari-
able that is zero mean and unit variance [27]. The objective function 
4 
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Fig. 4. The code listing detailing how to perform parameter estimation in the spectrally 
regularised framework.

Fig. 5. The signal spectrum of record 700 from the second IMS dataset.

choice of non-Gaussianity is supported by its established effective-
ness to extract useful diagnostic information in vibration signals from 
rotating machinery [35].

A time-series signal from the Intelligent Maintenance Systems (IMS) 
bearing dataset is used in this example [36]. The intention is to provide 
evidence of the applicability of the spectrally regularised framework 
on real-world data. Record 700 from the second IMS dataset is used 
from the first bearing channel as it is expected to contain a vibration 
signature with a faulty component [37]. The ‘Examples’ directory in 
the Github repository contains a notebook detailing this step-by-step 
use of the proposed package for this example and contains all code 
for result reproducibility. In Fig.  5, the spectra of the record 700 are 
shown. The sources from the estimated linear LVM were analysed, and 
their respective spectra with and without spectral regularisation are 
presented in Fig.  6. Evidently, without spectral regularisation, there is 
clear source duplication (left plot), and this issue is addressed with the 
addition of the proposed spectral regularisation term (right plot).

5. Impact

The spectrally-regularised-LVMs package provides a frame
work for linear LVMs, which utilises spectral regularisation for single-
channel time-series data applications. This was done to streamline 
the application process by readily adapting the parameter estimation 
framework to depend on a generic objective function class instance, 
where the user can use different model objective functions depending 
on their required application. Furthermore, explicit control over the 
model parameter estimation process is provided to ensure that different 
pre-processing and parameter estimation approaches can be used. This 
allows for efficient iteration for a given application through differ-
ent optimisation strategies, e.g., steepest gradient descent, stochastic 
gradient descent, or constrained Newton/quasi-Newton methods [26].

The Python package aims to provide researchers with a framework 
that provides a general parameter estimation methodology for linear 
LVMs and also removes latent redundancy via the proposed spectral 
regularisation term. The proposed regularisation term is objective func-
tion agnostic in its formulation, and providing access to a Python 
package for LVM parameter estimation under this term is expected 
to benefit the broader community. This allows the utilisation of the 
proposed methodology for various linear LVM objective formulations 
without re-implementing all aspects of linear LVMs from scratch.

Finally, while many popular linear LVM applications are available in 
Python, e.g., PCA and ICA in scikit-learn [33], these implementations 
cater to a general class of LVM applications and are not focused on 
applying the methodologies to single-channel time-series data. The
spectrally-regularised-LVMs package provides direct access 
to the linear LVM framework and caters to the referenced methodol-
ogy application, which is expected to offer fruitful avenues for future 
research.

6. Conclusion

The paper proposes and implements a modular linear LVM frame-
work in Python. This framework offers customisable objective func-
tions, facilitates the estimation of the model parameters, and uses a 
novel spectral regularisation term to combat source duplication. By 
making the spectrally-regularised-LVM framework accessible 
to the broader community, it makes the application and development 
of new methods easier, and we firmly believe it will benefit future 
research into LVMs for single-channel time-series data. Finally, the
spectrally-regularised-LVMs package is envisaged to stimu-
late and benefit future research into single-channel time-series data 
applications.
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Fig. 6. The spectra of the latent source signals of record 700 from the second IMS dataset without (left) and with (right) the addition of the proposed spectral regularisation 
term. Several latent components display nearly identical spectral signatures without regularisation, indicating source duplication. Source duplication is discussed in Section 1. In 
contrast, coupling the negentropy-based LVM objective with spectral regularisation effectively prevents duplication, resulting in distinct latent components on the right. Note that 
the latent sources are sorted by kurtosis, a measure of non-Gaussianity related to the objective in Eq.  (9), to highlight the components that deviate most from Gaussianity.
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