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ABSTRACT. Homogenization is a cost reducting mathematical method used to model com-
posite materials. It replaces rapidly varying coefficients with constant ones, resulting in an
idealized homogeneous material that exhibits similar macroscopic behavior, both qualita-
tively and quantitatively, to the actual material. The current paper focuses on the deter-
ministic homogenization of the heat equation with hysteresis, which involves the Prandtl-
Ishlinskii operator of play type. This equation serves as a model for heat conduction with
phase transitions, accounting for undercooling and superheating effects. We consider a
sequence of problems with spatially varying coefficients and utilize the concept of sigma-
convergence to demonstrate the convergence of the corresponding solutions to the solution
of the homogenized problem.

1. Setting of the Problem

Our work furthers the work of [16], which was concerned with the well-posedness
of hysteresis phenomena driven by diffusion problems. We dealt there with a Cauchy
problem for a nonlinear parabolic equation containing a continuous hysteresis opera-
tor and a nonlinear monotone operator in the diffusion term. The existence, unique-
ness, and long-time behavior of solutions to the following parabolic partial differential
equation (P.D.E.) were studied in a smooth bounded spatial domain Q C R? and a
time interval T' > 0, with the intention of letting T tend to co.

o )
5 (c(z)u + w) — diva(z, Vu) = f(z,t).

The operator V = V. denotes the usual gradient, i.e., V = (ag

) , and div
1<i<d

the divergence with respect to the variable x. The mapping div a is assumed to be
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the gradient of a convex potential with growth bounded below and above with |Vu/|”,
p > 2. The term w under the time derivative is considered in the form

w = Plu(z,-); z](t),

where P stands for a hysteresis operator. The P.D.E is complemented with a
standard initial condition and homogeneous Dirichlet boundary conditions:

u=0on 9N x (0,T) and u(z,0) = u°(x) in Q.

The problem was studied in [16] using semigroup theory, which helped justify its
well-posedness. Diffusion processes with hysteresis effects play a key role in science
and engineering. They help explain materials and systems with memory effects.
In [16], we proved the well-posedness of a nonlinear parabolic equation involving a
continuous hysteresis operator and a nonlinear monotone operator in the diffusion
term. However, many real materials have properties that change across space, a
factor not fully explored in previous studies. Our goal is to analyze the homogeniza-
tion of diffusion processes with hysteresis effects to better understand materials with
memory-dependent properties. This approach also simplifies numerical computations
since the homogenized model has stable coefficients.

The present work investigates the asymptotic behavior of a sequence of problems
modeling diffusion with spatially inhomogeneous Prandtl-Ishlinskii hysteresis. Here,
the diffusion or heat conduction equation replaces the usual linear relation with a
spatially dependent Prandtl-Ishlinskii hysteresis operator. The equation is as follows:

(1.1) % (P ue + Plue(z, -); 2](t)) — diva® (-, Vu,) = g in Q@ = Q x (0,T),

where € > 0 approaching zero is a small parameter representing the scale of the
inhomogeneities which are small compared to the global size of the material €, a
bounded open set in R? (integer d > 1). The function a®(-, Vu,) is defined on Q by
a®(-,Vue)(z,t) = a(z/e, Vue(x,t)). We suppose that the coefficients in (1.1) satisfy
the following hypotheses:
(A1) a = (a;)1<i<q is a function defined by a;(y, A) = g—)‘\]i(y, A) where the function
J:R? x R? — [0, +00) verifies the conditions below:
(i) J(-,A) is measurable VA € R?,
(ii) J(y,-) is strictly convex for a.a y € RY,
(iii) There exist three constants p > 2, «; > 0 and o > 0 verifying
(1.2) ar AP < J(y,A) < aa(1+[A])
for all A € R? and for a.a y € R%.
(A2) (z) = c(2) is a function, with 0 < o < ¢ € L= (R?), where « is a constant
not dependent on y € R<.
(A3) g € L*(Q) and u® € W,P(Q).
(A4) For any z € Q, the Prandtl-Ishlinskii operator P|-; z] is continuous on C ([0, T'])
and piecewise increasing. Furthermore P is affine bounded and there exist a
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function ko € L?(2) and a constant  which is positive and such that, for
all £ € N, the parameterized final value mapping

(s,x) = Pr(s;x), s = (vo,...,u) €S
is measurable and verifies
(1.3) [Pr(s;2)] < ko(x) + 0 I8l -

Here, Py denotes the generating functional of the Prandtl-Ishlinskii operator
P and S stands for the set of all finite strings of real numbers, a string
being as usual a vector having either finitely or countably infinitely many
real components. In the sequel we will set

we(z,t) = Plue(z, -); z](t) in Q.
Some information concerning the operator P, useful for our work, is given in Section
below. Apart from piecewise monotonicity and continuity, we need further hypotheses
on the Prandtl-Ishlinskii operator P[-; z], which will guarantee the uniqueness of the
solution of (1.1) (see [16, Theorem 5.1 and Corollary 5.1]):
(A5) For every z € Q, the Prandtl-Ishlinskii operator P[-; 2] maps W11(0,T) into
itself, and there exist y; > 0 and k1 € L?(Q) such that the condition

|(Plv;2)) ()] < k1(z) +m [V ()] Vo € Q, for a.e. t € (0,T)
holds for every v € WH1(0,T).

In (A5), v’ stands for the time derivative (in the classical sense of distributions)
of a function v € WH1(0,T).

The homogenization of operators with hysteresis has already been studied in the
literature. Some key works include [5, 4, 6, 8, 9, 14]. In [5], the author examined a
Prandtl-Ishlinskii hysteresis operator of play type, defined by a distribution function,
with a linear diffusion term. The homogenized equation was derived using the two-
scale convergence method. In [0], researchers focused on spatially inhomogeneous
Prandtl-Ishlinskii operators. These operators were homogenized by analyzing a se-
quence of equations with spatially periodic data. The study in [9] explored Preisach
operators and applied two-scale convergence to obtain the effective operator. For
parabolic equations involving monotone operators but without hysteresis effects, see
10, 12, 13].

The current work extends previous results by considering a nonlinear monotone
operator in the diffusion term, derived from a convex energy functional. Instead
of restricting the analysis to a periodic setting, a more general deterministic frame-
work is used. This includes periodic, almost periodic, and other cases. The presence
of a spatially inhomogeneous Prandtl-Ishlinskii hysteresis operator adds complexity.
Traditional methods like I'-convergence may not fully capture the system’s behavior
as € — 0. Although useful for variational problems, I'-convergence struggles with
correctors in nonlinear monotone problems, which are essential for computing ho-
mogenized coefficients. In contrast, the X-convergence method is better suited for
this type of problem. A major advantage of this approach is the ability to compute
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effective parameters numerically. The corrector equation is studied in the classical
sense of distributions in RY, following [23].

The paper is divided up as follows. Section 2 is devoted to a survey of relevant
results for general Prandtl-Ishlinskii hysteresis operators. In Section 3, we state a
well-posedness result for (1.1) (for each freely fixed € > 0). Details of the existence
and uniqueness result can be found in [16] and thus are omitted here. We also es-
tablish some useful uniform estimates. Fundamental of the Y-convergence concept
are gathered in Section 4 while Section 5 is concerned with the deterministic homog-
enization process, and we prove therein the main homogenization result for (1.1).

2. General Prandtl-Ishlinskii Hysteresis Operators

Hysteresis operators can be seen as nonlinear causal functional operators ([2, 19]).
One of the main characteristics of these operators is the fact that they have memory
character, i.e. the value at some time ¢ does not only depend on the value of ¢ at this
precise moment, but it also depends on the previous evolutions and on inputs up to
the time t.

The role of corner stones in the construction of Prandtl-Ishlinskii hysteresis op-
erator is played by the notion of rate independent functionals. Let us denote by
My [0, T] the set of all piecewise monotone functions and by C,,, [0, T] the subspace
of M,,,[0,T] for functions which are continuous. The so-called rate independence
can be seen as the classical property of Prandtl-Ishlinskii hysteresis operator. It is
fundamental for our approach and can be expressed in the form

(2.1) Plooy]="Pv]eoyp,

for all admissible time transformations ¢.

Equality (2.1) reflects the fact that the amount of information that the input
function needs is rather discrete than continuous. As a consequence, we are able
to analyze the memory effect of the Prandtl-Ishlinskii hysteresis operators without
taking into account their properties of regularity and continuity. We first present the
notion of the rate independent functionals define on the space Cp,, [0, T of continuous
and piecewise monotone functions. This notion will play the role of corner stones in
our construction.

Definition 2.1. A functional H : Cp,,,[0,T] — R is said to be rate independent if the
following equality holds:

H[voy]=H][v,
for all v € Cp,,[0,T] and all continuous increasing functions ¢ : [0,T] — [0,T] ver-
ifying ¢(0) = 0 and ¢(T) = T. Such a function ¢ is called an admissible time
transformation.

As a consequence of the previous definition, one can notice that only the local
extremal values of the input function v should have a real influence on H [v]. To
explain it, the finite string (v(t), ..., v(t¢)) should be used to determine H [v], where
0=ty <t1 <--- <ty =T denote the local extrema of v in [0,7]. This observation
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allows to obtain a normal form of rate independent functionals. We have to introduce
some usual notations, both for functions and for strings.

Definition 2.2. Let us consider a set X. We denote by Map(X) the set of all
real-valued functions defined on X. Let I C R be a non empty interval. A function
v € Map(I) is said to be

increasing on I, if v(7) < v(t) whenever 7,t € I and 7 < t,

strictly increasing on I, if v(7) < v(t) whenever 7,t € I and 7 < ¢,
monotone on I, if either v or —wv is increasing on I,

strictly monotone on I, if either v or —w is strictly increasing on I.

Moreover, let us say that A = {t;};.,c,, 0 =tg < t1 < --- <ty =T s a
monotonicity partition for v : [0,T] — R, if v is monotone on all subintervals
[tistit1]. For all v € M,,,[0,T], the usual monotonicity partition of v can be defined
by setting to = 0 and

tiy1 = max{t € [t;, T] such that v is monotone on [t;,t]}, if 0 <t; <T.
The number of monotonicity intervals in the usual monotonicity partition of v is
denoted by £0n(v). As soon as v € Map(I) is not piecewise monotone, £, (v) =
~+o00. We also use the standard pointwise ordering for functions vi,ve € Map(I): we
note v; < vo whenever v (t) < vy(t) for any ¢t € I.
Definition 2.3. Let S be the set of all finite strings of real numbers,

S ={(vo,v1,...,v¢) with ¢ € N* v, e R;1 < i</},

and let S4 be the subset of alternating strings

Sa = {(vo,v1,...,v¢) with £ € N* (v;41 —v;)(v; —vi—1) <0, 0<i <L}

For all s = (vg,...,vs), we define the number £,,,,(s) and the usual monotonicity
partition 0 = 39 < ... < 7y = { of the index set obviously. The length of s is
£+ 1.

mon ('U)

Let us define the restriction operator pa : Mp,[0,T] — Sa, by

(2.2) pa(v) = (v(to), .., v(te)),
where {t;}, -, is the standard monotonicity partition of v. (2.2) will help us to pass
from input functions to input strings or vice versa.

Conversely speaking, if we link with every s = (vg, ..., v¢) € S the linear interpolate
v:[0,T] — N for the values v(%T) = v;, we get the prolongation operator w4 : S —
Cpm[0,T].

Moreover, let us consider on Cp,,[0,T] the equivalence relation induced by the
property of rate independence, defined as

v~ U 3, p withvop =700,

where ¢ and @ are admissible time transformations. Precisely, H [v] = H [7] if v ~ T.
The following result holds.
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Lemma 2.1. Let v,9 € Cp,, [0,T]. Then pafv] = pal?] if and only if v ~ 0.

Proof. On the one hand, suppose that v ~ ¥, so for any admissible time transfor-
mation ¢, we have pa[v o @] = palv] and then pafv] = pa[v]. Conversely, suppose
on the other hand that pa[v] = pa[0] and suppose without loss of generality that v
and v have the same usual monotonicity partition {t;},,.,. If v is piecewise strictly
monotone on I; = [t;,t;+1], then we define o

_ . —1 _
¥ |1i: id |Ii7 ¥ ‘Iq,: (U |11) ov ‘Ii .

If neither v nor v are strictly monotone on I;, then we can choose an increasing
surjective function f; : I; — J; = [v(t;),v(tiy1)] such that, for any = € J; , f;*(X)
is a singleton only if both v=!(z) and v~!(x) are singletons. Then we are able to

construct ¢ |7, and @ |;, such that vop |;,= fi=v0¢ |y,. (]

Owing to Lemma 2.1, we are able to interpret any rate independent functional H
as a real-valued mapping H acting on S, and vice versa. In fact, it is clear that
palv] = pal(ma o pa)v]] for any v € Cp,[0,T], and thus H = H oma 0 pa. Whence
the following result holds.

Proposition 2.1. Let us consider the decomposition below:
(2.3) H="Hopa, withH=Horx.

The relation (2.3) defines a bijective correspondence between the elements of Map(Sa)
and the rate independent functionals H on Cp,[0,T1].

Proof. This result is an immediate consequence of the above considerations. ([l
Remark 2.1 (Canonical Extension to S and M,,,[0,T]). Using the formula

H(v) = Hl(ma 0 pa)lell, H(s)=H((paoma)(s)),

we can respectively extend any rate independent functional H from C,,,[0,7] to
Cpm[0,T] and any real-valued mapping H from S4 to S.

Example 2.1 (Maximum Norm and Total Variation). The maximum norm and the
total variation are given by:

-1
v = max |v(t)|, wvar|v|=su v(t; — ()|,
ol = g (O] vorlo] = sup 3 lo(t) = o(ts)
where the supremum is taken with respect to any finite partitions A = {¢;}, <t<t
of [0, T]. Obviously, both define a rate independent functional. Consequently, their
string versions can be written as

HSHoo = trer[l(?:)]("] ‘Ull ’ ’UGT[S] = Z |vi+1 - Ui|) s = (U07 "'7“[)'
0<i<e
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Since

Lonon—1
var(s) = Z ’viﬁl - vij’
j=0

for the usual monotonicity partition, we have for any two strings s1, s2 € S of equal
length

lvar(si) —var(s2)| < 2||s1 — s2|, €(s1,52)
where

0(s1, 82) = max {Lmon(51), mon(s2)} + 1.

Considering two functions vy, vy : [0,T] — R, the above inequality becomes

lvar(vy) —var(ve)| < 2 ||vy — va| o £(v1,v2).

Now is the time to give the definition of the so-called Prandtl-Ishlinskii hysteresis
operator. With this mind, let H : Mp,,[0,T] — R be a rate independent functional.
We are able to define an operator

P : Mp,[0,T] — Map([0,T])
by
(2.4) Plul(t) = Hlv], t€0,T] v e My,l0,T7,
where v; stands for the truncation of v at t, defined by

w(r) = v(t) for0<7<t
AT\ w(t) fort<r<T.

Moreover, the rate independent functional # induces an operator P : S — S by

(2.5) Ps) = (Hlwo), H(vo,v1), o Hs) )
where H : S — R is the uniquely determined mapping that satisfy (2.3). According
to Proposition 2.1, the operators P and P must be closely connected. Indeed, they

provide equivalent descriptions of the same hysteretic behaviour. In order to intro-
duce our notion of Prandtl-Ishlinskii hysteresis operators, let us now use the formulas

(2.4) and (2.5).

Definition 2.4. An operator P : Mp,[0,T] — Map([0,T]), is called a Prandtl-
Ishlinskii hysteresis operator on My, [0,T] if and only if (2.4) holds for some rate
independent functional # on M,,,[0,T]. Also, an operator P .S = Sis called
Prandtl-Ishlinskii hysteresis operator on S if and only if (2.5) holds with H = Hopa
for some rate independent functional H on M,p,,[0,T].

At first sight, this definition seems very abstract and seems to have little to do
with what is usually understood by hysteresis. It will soon turn out that this is not
the case and that our approach is actually quite natural. To support this, we derive
some consequences from the definition.

Firstly, in the defining equation (2.4), we replace ¢t by T to observe that

(2.6) Pvl(t) = Hlvr] = Hv], Yv € Mp,[0,T).
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Therefore, to any Prandtl-Ishlinskii hysteresis operator P on M, [0, T] corresponds
one and only one rate independent functional H satisfying equation (2.4). This rate
independent functional is called the generating functional of P, denoted by P;. In the
same way, for any Prandtl-Ishlinskii hysteresis operator P on S the mapping ’P~f =H
satisfying (2.5) is unique. In view of Proposition 2.1, it is easy to see that relation
(2.3) induces a correspondence between the Prandtl-Ishlinskii hysteresis operators
P on My,[0,T] and the Prandtl-Ishlinskii hysteresis operators P on S. So we are
able to identify P with P and, also, 75f with Ps. In the following, we will no longer
distinguish between these operators and functionals, respectively, and we will denote
them both by P and 75f, respectively. In this sense, they will be applied to both
input functions and input strings as arguments. Depending on the circumstances the
real meaning will always be clear, so that no confusion can occur. Let us draw other
consequences from the definition. It is simple to see that

e Plv] remains constant over any subinterval of [0, 7] where v is kept constant,

e P is entirely determined by the output values at the end of the evolution,

and
e P verifies the Volterra property, that is, whenever v,o € Mp,[0,7] and
t € (0,71, then v; = ¥y implies that (P[v]), = (P[v]),.
Also,
e any Prandtl-Ishlinskii hysteresis operator is rate independent.
Indeed, we have for all admissible time transformation ¢,

Ploo@](t) = Prl(vop)] = Prl(vew o #)] = Prlvgw] = Plv] o p(t);
whence Plv o ] = P[v] o .

The considerations we have just enumerated indicate that our notion of Prandtl-
Ishlinskii hysteresis operator has exactly the properties of assumptions (A4)-(A5).
The most convincing fact, however, is given by the following result which indicates
that our class of Prandtl-Ishlinskii hysteresis operators coincides with the class of
operators having both properties of Volterra and rate independence properties.

Proposition 2.2 (Characterization of a Prandtl-Ishlinskii Hysteresis Operator). Let
P : Cpm[0,T] — Map([0,T]) have both the Volterra property and the rate indepen-
dence property. Then P is a Prandtl-Ishlinskii hysteresis operator.

Proof. Let H = Py defined by (2.6). It is clearly checked that # is a rate independent
functional. Equation (2.1) follows from

Plol(t) = Plod](t) = Plog|(T) = Hve],

where the second equality holds true since Plvi](7) = Plve](p(7)) for all 7 € [¢,T]
and for all admissible time transformations p = id on [0, 7. O

Remark 2.2. Assume that H is a rate independent functional, and let P denote
a Prandtl-Ishlinskii hysteresis operator that maps Cp,,[0,T] into Mp,,,[0,T]. Then,
since

(HoP)wog] =H[Pv] oy =H[P],
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the composition H o P is also a rate independent functional. In particular, the
mappings

v — ||Pv]|l., and v — var[P[v]],

oo

are rate independent functionals.

Example 2.2 (Superposition Operator). Let g : R — R a function. Then g induces
a superposition operator by

w(t) = P](t) = g(v(t)), t€[0,T].
P is a Prandtl-Ishlinskii hysteresis operator with the generating functional

Pf(’l)o, ...,’Ug) = g('Ué)-

3. Preliminaries

3.1. Existence and uniqueness result

Let € > 0 be fixed. Owing to assumption (A1), we can observe that the function
(3.1) a®:(x,\) = a®(z,\) :=a(x/e, \)

from Q x R? to R verifies the following well-known hypotheses:
(H); For each A\ € R%, the function x + a®(z, \) is measurable from Q into R?.
(H)2 There exists a positive constant ag such that a(z,\) - A > oy |[AF — as.
(H)3 There is a constant Cy > 0, such that, a.e. in z € ©, for A, Ay € RY,

(aa(x,)\l) — aa((E,)\g)) . ()\1 — )\2) Z 0,

la®(z, A1) — a®(z, A2)| < Co(1+ [Ar] + [A2])P 72 [A1 — Aal,

where the dot stands for the usual Euclidean inner product in R?, and |-| the
associated norm.

Thanks to [12, Proposition 2.1], the diffusion term of the differential operator in
(1.1) is well defined. More precisely, let v € LP(0,T; W1P(Q)); then a®(-,Vu) €
LPI(Q)d, as pointed out above. But we may as well see a®(-, Vu) as a function in
LY (0,T; L (Q)%) (where p' = p%). Hence, diva®(-, Vu) turns out to rigorously
represent the function ¢ — diva(-, Vu(-,t)) of (0,T) into W~1#'(Q), which lies in
LP' (0, T; W=17'(2)).

We are now able to define the notion of weak solution we will deal with in the
sequel.

Definition 3.1. Let us assume that Assumptions (A1)-(A4) hold. Then, a function
ue : Q — R is said to be a weak solution of (1.1) if

u. € L0, T; WyP(Q)) with ul € L2(0,T; L*(R2)),

we € L2(Q) N L2(;C([0,T))) with w! € L¥' (0, T; W~12'(Q))
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and u. verifies Eq. (3.2) below
Jo cul (@, (@, t)dadt + [ (wl (1), (1)) dt

(3.2) + fQ a®(z, Vue(z,t)) - Vo(x, t)dzdt = fQ g(z, t)o(x, t)dxdt
for all ¢ € LP(0,T; W, P(Q)).

The next result will be of interest in the work.

Lemma 3.1. Consider the function a defined by (A1), i.e. a(y,\) = VaJ(y,\)
where V) stands for the gradient with respect to A of the function J defined in
(A1) and verifying (i)-(iil) therein. For a freely fited € > 0, let a® be defined
by (3.1) and verifying (H),-(H)s above. Suppose that u. € L>(0,T; Wy (Q)),
ul € L2(0,T; H () and diva®(-, Vu.) € LP (0, T; W=7 (Q)). Then the function
(3.3) t s o(ua(t)) ::/J(-,Vua(t))dx

Q
is absolutely continuous on (0,T) and

d
(3.4) aa(us(t)) = — (diva®(-, Vuc(t)),ul(t)) for a.e. t €10,T]
where ue(t) = uc(-,t) and (-, -) denotes the duality pairings between L (0,T; W =17 (Q))
and LP(0,T; W, P (2)).
The detailed proof of Lemma 3.1 can be found in [15, 16].
Remark 3.1. It is worth noticing that Lemma remains true if the assumptions
u. € L*(0,T; HY(Q)) and diva®(-, Vu.) € LP (0,T; W17 ()
are replaced by the following ones therein:
(3.5) ul € L*(0,T; L*(Q)) and diva®(-, Vu.) € L*(0,T; L*(Q)),

the other ones remaining unchanged. In that case, the duality pairings (-,-) can be
replaced by the inner product in L?(0,T; L*(€2)) and we may proceed by approxima-
tion like in [1, Proposition 2.11] to get (3.4) for the approximating sequence and then
conclude like in [1, Lemma 3.3] for the passage to limit.

Theorem 3.1. Let the assumptions (A1)-(A4) be in force. Then for eache > 0 there
exists at least one solution u. in the sense of Definition 3.1. Moreover if assumption
(A5) holds, then u. is unique and the following estimate is satified:

(3.6) a/ /|u 2, )P dedt + 20 (u. (t2)) — 20(u (1)) < / /|gz D2 dadt

for all0 <t; <ty <T. Here a > 0 is the same as in assumption (A2) and o(-) is
given by (3.3).
This theorem has been established in [10] in which an existence and uniqueness

result is stated and proved by using an implicit time discretization scheme together
with a fundamental inequality due to M. Hilpert [7].
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Remark 3.2. Specifically, u. lies in

VP = (o e L0 T WP @) = O € 120, (@),

Endowed with the norm

[ollye = 10l oo, mwroy)y T 10 22072200 »

VP is a Banach space. For further needs it is worth remarking that, since p > 2,
the space VVO1 P(€) is densely and continuously embedded in L?(£2). Consequently,
identifying L?(Q2) with his dual, it readily follows

WiP(Q) c L*(Q) ¢ W' (Q)

with continuous embeddings. This has two important consequences:

(1) We will use the same symbol, denoting both the inner product in L?() and
the duality pairing between the space W=7 (Q) and W, (Q).

(2) The space V? is continuously embedded in C([0,T]; L?(Q2)) (this is a well-
known result). Hence, we can define v(t) for v € V? and 0 < ¢t < T, and
further the mapping v — v(t) sends continuously V? into L?(Q2). Thus, we
can consider the space VJ = {v e VP v(0) = uo}, a closed convex hull,
which turns out to contain the solution u. of (

3.2. A priori estimates

Lemma 3.2. Let assumptions (A1)-(A4) be in force. Then the solution u. of the
problem (1.1) verifies the following estimates:

(37)
T
112 p e(. p
[ izasa s sup (1900 + 0% TUD i) <

(3.8) ||U8HLP(0,T;WOW(Q)) <C, Hae(-,VuE)HLPI(Q) <C, Hwa||L2(Q) <C,
and

<c,

0
H(“)t (CFue + we) <
L' (0,T;W =17 (Q))

where the constant C' depends on the domain Q, the norm of g in L¥’ (0,7, Ww—Le (),
u® € Wy (Q) and the constant c.

Proof. Let us test (1.1) by u. = % and integrate over Q to get, for ¢ > 0,

(3.9)
€ / 2 ’ awa . € 1 _ ’
/Qc e (1) da:+/ﬂu5 (1) () — (diva (~,Vu€(t)),u8(t)>—/ﬂu5 (1)g(t)dx,

where we have considered the abbreviation u.(t) = uc(+,t). From Assumption (A4),

P[; x] is piecewise monotone for every = € Q and thus u’ 6(7;’25 > 0, so that the second
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term of the left-hand side of (3.9) becomes non-negative, i.e. [, uc'(t)% 0“’5 (t)dt > 0.
Since (see (3.4))

~ (diva®(, V() ol (1)) = Toue(n),
where
(3.10) o(u(t)) = /Q Tz, Ve (. 8))da,

we integrate (3.9) with respect to ¢ and apply suitable Young’s inequality to its
right-hand side to get

t 1 t
o / il (7)? ddr -+ (ue (£)) - () < - / g dedr+2 / / jul(r)* davdr,
0 Q 0

— 2«

where we have also considered the inequality ¢® > « from assumption (A2). We
utilize the left-hand side of inequality (1.2), we infer

t T
2
//\u;(fn d:chT+||Vug(t)||’£,,(Q)§C/ /|g|2dxdt+CHVu0Hip(Q)7
0 Q 0 Q

where C' depends only on «, o1 and p. Hence we find the a priori estimate

(3.11)
T
//|u | dxdT 4+ sup ||Vu5()||’£p(9)§0/0 /Q\g|2dxdt—|—CHVuO”ip(Q)

0<t<T
where the constant C' in (3.11) depends only on «, a3 and p. We infer from (3.11)
that

(3.12) /Q ) ot + sup ([ Vue(6) 0 < C

where the positive constant C' in ( ) depends only on «a, ai, p, v and g. Now,
from the second inequality in (H)3 we get

|a® (2, X)] < Co(1 + |A)P"2 Al + sup |a(y,0)]
yeRd

Ca+AN,

where C' = max(Ca, sup,cga |a(y,0)|), and where we recall that sup, cga |a(y,0)| < oo
since J satisfies (1.2). Hence

la®(z, \)[” < C(1+ AP < C(1+ |A]P),

the constant in the last inequality above being depending on Cs, a, and p. It follows
readily from (3.12) that

(3.13) @ VU g

where C' is a positive constant depending on the measure of 2, Cs, a, p and T.

<C(+ ||vu5||LP(Q ) < C,
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Also

(3.14) ”uf||LP(O,T;W01'p(Q))mH1(O,T;L2(Q)) <C.
The properties of the monotone operator a® together with ( ) yield

la®(, Vue)l[ Lo ) < C-

Finally we find from (3.2) and (3.7) that for any ¢ € LP(0,T; W, *(Q)),
ow,
(3.15) ‘/Q o <Pd$dt‘ < Cllell poo,rwpr @) -
so that
dwe
(3.16) H v <C.
ot Lr' (0,T;W =17 ()

According to assumption (A4), P is affine bounded, i.e. there exist L > 0 and
v € L%(Q) such that for every measurable function u : Q — C([0,7]) we have

B17) 1P @ Meqory < L e, Yeqoy + vl) ac. in 2,
and using (3.14) and (3.17), we get
||w€||L2(Q) < \/Tllw€||L2(Q;C([O,T])) <VTL HUEHL2(Q;C([O,T})) + \/THUHLz(Q) <C.
So we obtain
[wellL2(q) < C-
The same reasoning as in (3.15) yields
H 0 <c.

— (Fue + we) <
L?' (0,T3W 17" ()

ot

The last point is to check that the sequence (ue)eso is bounded in V?. To this end,
observe that
4 e, ! ow,
(el (0 o) de + [ (5E ), 0(0) ) dar+
0 Q t

(3.18) /Qaa(x,Vug(x7t)) - Vo(z, t)dzdt :/0 (g(t),v(t))dt

for all v € VP, where € > 0 is arbitrarily fixed. Taking in particular v = u. and using
the series of inequalities

1 T T
(319) 02 alulae =a [ @/ @) < [ o), m)
0 0
and the properties of a, we obtain by mere routine

(3.20) 21;18 ||Us||Lp(o,T,W(}’P(Q)) < 0.
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Using the hypothesis (H);-(H)s, it follows

(3.21) sup [|a” (-, Vue) || o (gya < 00,
e>0

hence SUP.~( ||a,"5(-7 VUE)HLP’(O,T,W*LP’(Q)) < 00. We deduce by ( ) that

Oug

(3.22) SUp ||~

e>0

< 00,
L2(0,T5L2(2))

which combines with (3.20) to show that the sequence (u.)c.cp is bounded in VP. O

4. Sigma-Convergence

We recall in this section the main properties and some basic facts about the concept
of sigma-convergence. We refer the reader to [18, 21, 22] for the details regarding
most of the results of this section.

4.1. Algebra with mean value

Let A be an algebra with mean value on R?, that is, a closed subalgebra of the
Banach algebra BUC(R?) (of bounded uniformly continuous real-valued functions on
R9) that contains the constants, is translation invariant (7,u = u(- +a) € A for any
u € A and a € RY) and is such that any of its elements possesses a mean value in the
following sense: for every u € A,

(4.1) M(u) = lim u(y)dy

R—o Br

where Bp stands for the open ball in R? of radius R centered at the origin and

1
JCBR = 1Br] IBR'

Let v € BUC(R?) and assume that M (u) exists. Then defining the sequence
(u)z>0 C BUC(RY) by uf(z) = u(2) for z € R%, we have

uf — M(u) in L (R?)-weak % as ¢ — 0.

This is an easy consequence of the fact that the set of finite linear combinations of
the characteristic functions of open balls in R? is dense in L!(R9).
Let A be an algebra with mean value. Define the space A% by

A® ={ue A: Dju e Afor every a = (av,...,aq) € N4}

Then endowed with the family of norms [||-||,,, defined by |[|ulll,,, = sup|q|<m sup,cga |Dgul
o alel 0o - ,
where Dy = ErETmIE A is a Fréchet space.

In order to define the generalized Besicovitch space, we first need to define the
Marcinkiewicz space 9MP(R?) (1 < p < oo), which is the space of functions u €
Ly, (R?) satisfying limsupp_, o f5, [u(y)[” dy < co. Endowed with the seminorm

1
Jull, = limsup (]l u<y>|’”dy) ,
R—oo Br
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MP(RY) is a complete seminormed space. Next we define the generalized Besicovitch
space BL(R?) (1 < p < o) associated to the algebra with mean value A as the
closure in MP(R?) of A with respect to [, It is easy to see that for f € A and
0<p<oo,|f|” €A, so that

12 i1, = (Jim If(y)l”)é = (M(fP)? .

The equality (1.2) extends by continuity to any f € Bf(RY). Equipped with the
seminorm (1.2), B4 (R?) is a complete seminormed space. We refer the reader to
[11, 21, 22] for further details about these spaces. Namely, the following holds true:

(1) The space BY (R?) = B4 (R?) /N, (where N = {u € BY(R?) : [jul|,, = 0}) is a
Banach space under the norm [u + |, = [|u]|, for u € BY(R?).

(2) The mean value M : A — R extends by continuity to a continuous linear
mapping (still denoted by M) on B (R?). Furthermore, considered as defined
on B (R?), M extends in a natural way to BY (R?) as follows: for u = v+N €
BE (RY), we set M(u) := M(v); this is well defined since M (v) = 0 for any
veN.

To the space BY(R?) we attach the corrector space defined as follows:

BLARY) = {ue WLP(RY) : Vu e (BL(RY)" and M(Vu) = 0}.

oc

In B;i (RY) we identify two elements by their gradients: u = v in B;’Z (RY) if and
only if V(u—v) =0, ie. [[V(u—0)|[, =0. We may therefore equip B;’i(Rd) with
the gradient norm [[ul, , = [[Vul[,, which makes it a Banach space [3, Theorem
3.12].

In the current work, we will deal with the concept of ergodic algebras with mean
value. A function u € B (R?) is said to be invariant if for any y € R, |Ju(- +y) — ul|, =
0. This being so, an algebra with mean value A is ergodic if every invariant function
u is constant in BY (RY), i.e. if |u(- +y) — ul|, = 0 for any y € R?, then ||u — ||, =0
where c is a constant. We assume that all the algebras with mean value used in the
sequel are ergodic.

4.2. Sigma-convergence

We begin with one underlying notion. By a fundamental sequence is meant any
ordinary sequence of real numbers 0 < ¢, < 1 such that £, — 0 as n — oco. From
now on, the letter £ will stand for any subset of positive real numbers admitting 0
as accumulation point. We will always write € — 0 instead of €,, — 0 as n — oco. Let
Q be an open bounded set in R%, 1 < p < oo and p’ defined by % + i = 1. We set

Q = Q x (0,T), where T > 0 is fixed. Let A be an algebra with mean value on R
In what follows, we keep using the same notations as in the preceding subsection.

Definition 4.1. A sequence (u:)ecp C LP(Q) (1 < p < o) is said to weakly 2-
converge in LP(Q) to some ug € LP(Q; B4 (RY)) if as E 3 & — 0, we have
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(4.3) /Qus(az,t)v (z,t, g) dxdt — /QM (up(z,t, )v(x,t,-)) dedt

for any v € L¥' (Q; A), for ae. (z,t) € Q.
We express this by writing "u. — ug in LP(Q)-weak X.”

Remark 4.1. The convergence (4.3) still holds true for v € C(Q; Bﬁ/’oo(}Rd)), where
BZI’W(Rd) = BZ/ (R%) N L>(R%); see [10] for the justification.

Moreover the uniqueness of the limit ug is ensured, and it is also a fact that the
weak X-convergence in LP implies the weak convergence in LP; see e.g. [10, 12, 21].

Definition 4.2. A sequence (uz)eep C LP(Q) (1 < p < o0) is said to strongly -
converge in LP(Q) to ug € L? (Q; B (R?)) if Definition holds true and further
||UsHLp(Q) - ||u0||Lp(Q;BZ(]Rd)) as £ >e—0.

We denote it by "u. — ug in LP(Q)-strong X”.

The following are the main properties of the concept of ¥-convergence; they are of
utmost importance in the forthcoming homogenization process. We refer the reader
to [21, 22] for their proofs.

Theorem 4.1. Let (uc)ecep (where E is a fundamental sequence) be a bounded se-
quence in LP(Q), (1 < p < 00). Then there exists a subsequence E' from E and a
function v € LP (Q, BZ(Rd)) such that the sequence (ue)ccr weakly X-converges in
LP (Q) to u.

Theorem 4.2. Let (u:)ccr (E a fundamental sequence) be a bounded ordinary se-
quence in VP = {v € LP(0,T; W, *(Q)) : v/ = g—g € L*(0,T;L*(Q)}. Then there
exist a subsequence E' of E and a couple (ug,u1) € VP x LP(Q, B;’i(Rd)) such that
as B' 3 =0,

e u. — ug in VP-weak

o u. — ug in L*(Q)-strong

o Git = i+ gt in LP(Q)-weak X (1 < j < d).

Theorem 4.3. Let 1 < p,q,r < oo with % + % = % If ue — up in LP(Q)-weak X
and ve — vg in LY(Q)-strong X, then u.ve — ugvg in L™ (Q)-weak 2.

5. Homogenization Result

In what follows we suppose that A is an ergodic algebra with mean value on R?. We
also assume that the distribution of the microstructures can be distributed anyhow
in the medium in the following way:

(A6) a(-,\) € (BY (RY))? for all A € R
This means that the microstructures in the medium can be displayed anyhow in the

deterministic fashion, provided that they are located in the way that there exists a
mean value for their distribution function.
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5.1. Passage to the limit

Let us set the space Y = L>(0, T; W, P(Q)) N H* (0,73 L*(2)). Endowed with the
norm [[ully = ||ull g1 (0.7, 12(0)) + Hu||Loo(07T;W(},p(Q)), Y is a Banach Space. Owing to
Lemma 3.2, the sequence (ug)e>o is bounded in Y, so that the following preliminary
result holds.

Proposition 5.1. Let us consider (u:)cer (where E is a fundamental sequence)
be a bounded sequence in'Y. Then there exist a subsequence E' of E and a couple
(ug,u1) €Y x L%Q,B;Z(Rd)) such that as E' 3 ¢ — 0,

ue — ug in L=(0,T; Wy P(2))-weak *
ul — ufy in L*(Q)-weak

ue — ug in L*(Q)-strong

Vue = Vug + Vyuy in LP(Q)*-weak .

Proof. The proof is straightforward and is an easy consequence of both Theorem

and Lemma 3.2. O
Coming from the estimates in Lemma 3.2, and given the subsequence E’ of Proposi-

tion 5.1, there exist a subsequence of E’ not relabeled and functions v € L? (Q; B, (R?)

and w € L*(Q) such that

(5.1) a®(-,Vue) - vin LPI(Q)d—Weak b

and

(5.2) we — w in L*(Q)-weak.

We infer from Proposition that u = (ug,u1) belongs to F5 where Ffj = V7 x

LP(Q; B#Z (R%)), which is a Banach space with an obvious norm. It is an easy task
showing that the space F§° = C5°(Q) x (C5°(Q) @ A>) is dense in F5. Here, the
symbol ® represents the algebraic tensor product and the space C§°(Q) ® A> stands
for the space of smooth functions with compact support on () that take values in the
algebra A>.

For v = (v, v1) € Ff), we set D;v = g%+% and Dv = (D;v), ;4 = Voo +Vyo1.
For ® = (v0,%1) € F§°, we define D® accordingly.

Proposition 5.2. The couple u = (ug,u1) € Fh and the function w determined above
solve the following variational problem

(5.3) { - fQ(M(C)UO + w)%dxdt + fQ M (a(-,Du) - D®)dzdt

= Jo gtbodadt for all ® = (vo,41) € F§.
Furthermore the function w has the representation w = P(ug;-) a.e. in Q.

Proof. To view this, we shall pass to the limit in the variational formulation of (1.1)
provided that the assumptions (A1)-(A6) are fulfilled. For the sake of simplicity, we
may omit throughout this section to precise that £/ 3 ¢ — 0 when dealing with a

~—
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convergence result, although this will be kept in mind once for good. Bearing this in
mind, we proceed as follows. Let @, = 19 + €9)] be defined by

O (2,t) = Yoz, t) + £ty (x,t, g) ((z,t) € Q)
where ¢y € C§°(Q) and 11 € C§°(Q) ® A®. Then @, € C5°(Q) and
(54) @, — 1hy in LP(0,T; Wy (Q))-weak

0P, _ % % e % . ) o
ot Ot +€< 315) - ot in LP(0,T; WP (Q2))-weak

Vo, = Viho + e(Vh1)* + (Vy1h1)° — Vbo + Vb1 in LP(Q)%-strong .

Considering ®. as a test function in the weak formulation of (1.1), we get

0P
(5.5) —/ (cFue + we) dedt—k/ ae(-,VuE)-V‘Pdedtz/ 9P dxdt.
Q ot Q Q
Therefore utilizing Proposition 5.1, convergence results (5.1), (5.2), (5.4) and the

monotonicity of a, the passage to the limit in (5.5) is an easy exercise; see e.g.,
[12, 20]. We are led to (5.3) at once.

In order to conclude the proof of the proposition, we have to characterize the
function w in terms of ug.

We already noticed that the a priori estimates we found yield

(5.6) ue — ug in LP(0,T; Wy P(Q)) N HY(0,T; L?(Q))-weak.
On the other hand, we can deduce that, it is possible to extract another subsequence
from E’,
ue — ug uniformly in [0, 7] and a.e. in .
Making use of the strong continuity of the operator P, we obtain that
P(ue;+) = P(ug;-) uniformly in [0,7] and a.e. in Q.

Now, we define the functions

Ze(xat) = P[us(xa '); :C](t) and ZO(wvt) = ,P[UO(wv )7x}(t)
It is an easy matter to see that u. — ug in L?*(Q;C ([0, T]))-strong; in particular,
ue(x,-) = wug(x,-) in C([0,T]), for a.e x € Q. The fact that w = P(up;-) can be
showed arguing as in [19, Section IV.1], in particular we have to utilize some inter-
polation results and use the continuity of the Prandtl-Ishlinskii hysteresis operator
P uniformly in time, a.e. in space, which can be deduced from the local Lipschitz
continuity property of P. Hence, using the continuity of P supposed in (A4), we
obtain z.(z,-) = z(z,-) in C ([0,T)), for a.e. x € Q. In the following, in view of (1.3),
we get

sup |ze(z,t)] < ko(z) + 740 sup |ue(z,t)| for ae. x € Q,
0<t<T 0<t<T
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where the right-hand side converges strongly in L?(2). Thus 2. — z in L2(;C ([0, T1))-
strong. Knowing that w. is the linear interpolate of z., an analogous argument shows
that w. — z. — 0 in L?(Q;C ([0, T]))-strong.

In summary, as w.(z,-) is the time interpolate, we get w. — P(up;-) uniformly
in [0,7] and a.e. in Q. Therefore, we obtain w = P(ug;-) a.e. in Q. The sequence
(llwe (-, )lle(o,77))e 18 uniformly integrable in €2 as the same holds for u.. Hence we

have shown that w. — w = z in L*(Q;C ([0, T]))-strong. O

5.2. Homogenized problem

In order to obtain the homogenized result, we have to deal with an equivalent
expression of problem (5.3). As we can see, this problem is equivalent to the system
(5.7)-(5.8) stated below

fQ (M (c)ug + w)%dxdt + fQ M (a (-, Vug + Vyuy) - Vyipo)dzdt
(5.7) = fQ godxdt for all 1y € C§°(Q)
w = P(up;-) a.e. in Q

and

Let us first deal with (5.8). We choose 91 (x,t,y) = o(x,t)¢p(y) with ¢ € A> and
v € C§°(Q), (5.8) becomes

(5.9) M (a(-,Du) - V,¢) =0 for all p € A,

which is precisely the weak form in the duality arising from the mean value, of the
following equation ( in the usual sense of distributions in R%)

(5.10) —divy a(-, Vug + Vyu;) = 0 in RY.

Then we fix 7 € R? and we hold the following corrector problem

(5.11) Find x, € B4 (R?) such that — divy a(-,r + V,x,) = 0 in R%.

Then thanks to [17, 23], we derive the existence of a function x, € B;’Z (R9) solution
of ( ) such that its gradient Vx; is uniquely defined. Now if we take r = Vug in
(5.11) and compare the resulting equation with (5.10) and next using the uniqueness
of the gradient of the corresponding solution, we end up with u; = xvy, a.e. in @,

ie. up (iL’, t, y) = XVuo(z,t) (y)
That said, let

(5.12) a*(r) = M(a(-,r + V,x,)) for r € R%.

The function a* is well defined and is the so-called homogenized coefficient. We can
verify that a* satisfies properties similar to those of a.

The next result provides us with the upscaled model of (1.1), which is homogenized
problem, for which ug is the solution.
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Proposition 5.3. The function ug is the solution of the boundary value problem

% (cup +w) —diva*(Vug) =g in Q

(5.13) w(z,t) = Plug(w,-); z](t) in Q

ug =0 on 9 x (0,T) and ug(x,0) = u®(x) in .

Proof. We just need to replace uy by xvu, in (5.7) and choose there ¢y (z,t) = ¢(x,t),
with ¢ € C3°(Q). Then we readily get (5.13). d

The uniqueness of ug in ( ) is ensured by the following result.

Proposition 5.4. Consider ug and ug be two solutions of (5.13) with the same initial
condition u°, then uy = ug.

Proof. Set vg = ug — ufy. Then appealing to [16, Theorem 5.1 and Corollary 5.1], it
emerges that vg = 0. (]

We are now able to state the main result of the work.

Theorem 5.1. Let us suppose that assumptions (A1)-(A6) hold. For each e > 0
let ue be the unique solution of (1.1). Then the sequence (us)esq strongly converges
in L?(Q) and weakly star in L>(0,T; ng(ﬂ)) to the unique solution of the problem

(5-13).

Proof. Since the solution of (5.13) is unique, the conclusion of Theorem follows
from Propositions and 5.3. (I
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