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Abstract

In this thesis, we conduct a study on the (p,r)-compactness and mid (p,r)-compactness of
subsets in Banach spaces for 1 < p < oo, and 1 < r < p*, where p* is the conjugate index of p.
We begin by introducing and studying a compactness property which a Banach space may
or may not have. This compactness property will be denoted by C) and it is the class of all
Banach spaces X such that X belongs to C} if for every bounded subset A of X, A is rela-
tively (p,r)-compact if, and only if, U} belongs to the injective hull of the (p,r*, 1)-integral
operators where U} is the adjoint of the operator Uy : ¢1(A) — X. Our main interest is
to investigate the relationship between the (p,r)-compactness of sets and the C, Property of
Banach spaces. Moreover, we will also prove a characterization that a Banach space Y has the
C, Property precisely when the (p, r)-compact operators from X into Y equals the surjective
hull of the dual of the (p,r*, 1)-integral operators from X into Y for every Banach space X
(that is, ICp ) (X,Y) = (I(d};fi‘fr*))sw(X, Y’)). Other results with regard to the C; Property of
Banach spaces will also be proved.

We also introduce and study mid (p, r)-compact sets and operators. We begin by introducing
and defining the mid (p, r)-compact subsets of a Banach space X and the mid (p, r)-compact op-
erators between Banach spaces X and Y. The set of mid (p, r)-compact operators between Ba-
nach spaces X and Y is denoted by K (X, Y’). We prove that the ideal (K0 (X, Y), k(30 ()
is a quasi-Banach operator ideal.

Finally, we introduce and study the (p,r)-limited subsets in Banach spaces. We prove that
every mid (p,r)-compact subset of X is (p,r)-limited and that the set IC?;?) (X,Y) consists
of (p,r)-limited sets. Other results with regard to this ideal (M4 (XY, x4 (.)) and the

(pyr) (p,7)

(p,r)-limited sets will also be proved.

v
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Chapter 1

Introduction

In this chapter, we give an overview of the thesis and introduce the concepts and the notations
that will be used throughout this thesis. We begin by giving a background and summary of

the thesis and then introduce the concepts and notations to be used in this thesis.

1.1 Overview

In his paper [24], Grothendieck in 1955 discussed the theory of relatively compact subsets of
Banach spaces. He characterized the relatively compact subsets as subsets that sit inside the
closed convex hull of norm null sequences. This result by Grothendieck aroused a lot of interest
in studying relatively compact subsets of Banach spaces. Several authors studied the subsets

of Banach spaces that sit in the closed convex hull of other classes of null sequences.

In the early 1980s, O. Reinov and J. Bourgain described a stronger form of compactness: A
property enjoyed by those subsets of a Banach space that sit in the closed convex hulls of norm
p-summable sequences for 1 < p < co. Sinha and Karn in the year 2002 investigated this class
of sets for Banach spaces. In the manner of Sinha and Karn in [43], a subset of a Banach
space is relatively p-compact if the subset sits inside the p-convex hull of a norm p-summable

sequence for 1 < p < oco.

It is well known that a linear operator from a Banach space into another Banach space is

© University of Pretoria
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CHAPTER 1. INTRODUCTION 2

compact if it maps bounded sets to relatively compact sets. For 1 < p < oo, a p-compact

operator is defined as a linear operator which maps bounded sets to relatively p-compact ones.

The p-compact operators and their properties described in the manner of Sinha and Karn in
[43] and [44] aroused great interest in the study of p-compact operators. Some of the important
properties of these p-compact operators in the sense of Sinha and Karn were studied in the
following papers [4], [7], [8], [10], [11], [12], [13], [19], [21], [25], [26], [27], [28], [30], [31], [34],
[38], and [39]. One such notable property is a result that was proved in [13] by Delgado, Pineiro,
and Serrano where they proved that an operator is p-compact if, and only if, its adjoint is quasi
p-nuclear. Unfortunately, the p-compact operators in Reinov and Bourgain in [6] and [41] where

not adequately given attention to.

In 2012, Ain, Lillemets, and Oja in their paper [2] bridged the gap and eliminated the short-
coming in the study of p-compact operators in the sense of Sinha and Karn and Reinov and
Bourgain when they extended the notion of relatively p-compact sets and p-compact operators
to relatively (p,r)-compact sets and (p,r)-compact operators, respectively for 1 < p < oo,
and 1 < r < p*, where p* is the conjugate index of p. They described the relatively (p,7)-
compact subsets of a Banach space as those subsets which sit inside the (p,r)-convex hulls
of norm p-summable sequences (or norm null sequences for p = oo). They further defined
a (p,r)-compact operator as a linear operator which maps bounded sets to relatively (p,r)-
compact sets. They showed that p-compactness in the sense of Reinov and Bourgain corre-
sponds to (p, 1)-compactness. They further proved that the (p, p*)-compactness coincide with

the p-compactness in the sense of Sinha and Karn.

One of our interests in our investigation is to look at the p-compact operators studied in 2010
by Delgado, Pineiro, and Serrano in their paper [13]. Of particular interest in [13] is the
result where they proved that a bounded subset A of an arbitrary Banach space X is relatively

p-compact if, and only if, the corresponding evaluation map

Ub: X' — (oo(A)

*

vt = ((27,0))aea

is p-summing where U} is the adjoint of the operator Uy : 1(A) — X and the operator Uy is

© University of Pretoria
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of the form

UA : gl(A) — X
(Sa)aeA = Z §al

acA

where we write Ux instead of Up, .

In 2014, Delgado, while working with Pineiro strengthened this result and introduced a new
class of Banach spaces X in [11] satisfying the condition that X belongs to this class of Banach
spaces if for every bounded subset A of X, A is relatively p-compact if, and only if, U} is
p-summing. They denoted this class by C,. Our interest is to extend the notion of this class C,
introduced by Delgado and Pifeiro in [11] to multiple indexes and denote this new class by C,
where Cg* = Cp. We say a Banach space X is a member of the class C} if for every bounded
subset A of X, A is relatively (p, r)-compact if, and only if, U} belongs to the injective hull of
the (p,r*, 1)-integral operators.

In extending the results from p-compactness, to (p,r)-compactness for 1 < p < oo, and 1 <
r < p*, where p* is the conjugate index of p, Ain, Lillemets, and Oja in 2012 considered a
discrete set A = {z,, : n € N} and proved that the operator @, from a Banach space ¢, into a
Banach space X is (p, 1,7*)-nuclear. The first main interest of this thesis is to investigate the
relationship between the (p,r)-compactness of sets and the C, Property of Banach spaces. To
achieve this, we shall extend some of the results in [11] and [13] concerning p-compactness to
(p, r)-compactness by considering any bounded subset of a Banach space instead of the discrete
subset considered by Ain, Lillemets, and Oja in 2012. One of the results of this thesis is that
the operator U, from ¢;(A) into an arbitrary Banach space X is (p, 1,7*)-nuclear whenever
a bounded subset A of X is relatively (p,r)-compact. We shall also provide a necessary and
sufficient condition under which a Banach space may enjoy this C; Property. We will only
provide an application of this C; Property where we proved in section 4.3 that X € C; whenever
X** € Cy. Other examples of Banach spaces having this C} Property will not be looked into in
this thesis.

It is also well known that the theory of limited sets originated from the error of Gelfand found

in [22]. Recall that a nonempty subset A of a Banach space X is called limited in X if for

© University of Pretoria
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every weak*-null sequence (f,,) in X* (that is, lim, o f,(z) = 0 for all € X), it holds that
fn — 0 uniformly on A. Alternatively ([45]), for every weak*-null sequence (f,) in X*, there
exists (ay,) € ¢o such that |f,(z)| < «, for all z € A and all n € N. It is known that every
compact set is limited. The converse is, however, false and this was initially mistakenly thought
to be true by Gelfand ([22]) but was later refuted by Phillips ([40]) who produced an example

of non-compact limited set (see[45], §2, second paragraph).

In 2015, Sinha and Karn in [45] extended the concept of limited sets to the p-level case for
1 < p < oo: asubset A of X is said to be p-limited in X (1 < p < o) if for every weak*-
p-summable sequence (f,,) in X* (that is, > 7 |fn(2)[P < oo for all z € X), there exists an
(o) € £, such that | f,,(z)] < a, for all z € A and n € N. They also introduced a vector space
which the authors of [5] called E;;”d (X) of X-valued sequences such that

0,(X) C X)) C LX)
where

£r9(X) = ()31 € OO () 320)07e0 € Gylly) whemever (23)72, € £3(X"))

j=1/n=1

while £,(X) is the vector space of p-summable X-valued sequences and £;(X) is the vector

space of weakly p-summable X-valued sequences, respectively.

Botelho, Campos and Santos in [5] equipped this vector space £*(X) introduced in [45] with

a norm
oo oo
o . . » 1/p
I@)Elmie = s {( Yl ) "}
@)ns€Bgy(xn) © N =1 j=1

under pointwise operations under which it is a Banach space.

The other main interest of this thesis is to expound the theory of mid (p,r)-compact sets and
operators. We do this by introducing the relatively mid (p,r)-compact sets in X by defining
the (p,r)-convex hull of a sequence (x,) € (3%(X) and the (p,r)-limited subset A of X in X
for 1 <p < ooand 1 <r < p* where p* is the conjugate index of p. One key result under the
mid (p, r)-compact sets and operators is that the class IC?;;I) of mid (p, r)-compact operators is
an operator ideal as well as that the ideal IC?;% is quasi-Banach operator ideal (see Proposition

5.1.8 and Proposition 5.1.10, respectively). The proof that the class IC?;’f) of mid (p, r)-compact

© University of Pretoria
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operators is an operator ideal follows a similar style to that of the class K¢, of (p,r)-compact
operators in ([1], Proposition 3.8) and [2] and uses the definition of the "¢(X). This then

divides the thesis as follows:

Chapter 1 gives an introduction of (p, r)-compactness and its background as well as the notation

used in this thesis.

Chapter 2 gives an overview of the concepts and results that will be needed in the next chapters.
These concepts and results include the theory and results on operator ideals including an
overview of regular, injective, surjective, and maximal hulls of operator ideals, and the (¢, u, v)-
nuclear and integral operators for 0 < t < oo, 1 < u,v < oo and % + % <1+ % We refer to

[37] for the theory on operator ideals.

Chapter 3 is devoted to the development and proofs of some of the quasi-Banach ideal theoretic
properties of the operator U} and its preadjoint Uy which will be used as the probing tools in

the investigation of Banach spaces which enjoy certain isolated properties.

In chapter 4, we introduce a property that a Banach space may or may not enjoy and this
property will be known as the C) Property of Banach spaces. We will also provide a necessary
and sufficient condition (with proof) for a Banach space Y to belong to C}, that is, Y € C}, if,
and only if, the (p,r)-compact operators from X into Y equals the surjective hull of the dual
of the (p, r*, 1)-integral operators from X into Y for every Banach space X. Other results with

regard to the Cj Property of Banach spaces are also proved.

Chapter 5 expounds the theory of mid (p, r)-compact sets and operators and the (p, r)-limited

sets. Some of the main results under this chapter are:
(i) The class ICE;E) of mid (p, r)-compact operators is an operator ideal.
ii) The ideal ™4 of mid (p, r)-compact operators is a quasi-Banach operator ideal.
(p:r)
iii) Every mid (p, r)-compact subset of a Banach space X is (p,r)-limited, and
Yy

iv) If T € K™4 (X,Y), then T is (p,r)-limited where X and Y are Banach spaces.
(p,r)

Finally, chapter 6 gives some conclusive remarks and the list of research topics that can be

addressed in connection with this research.

© University of Pretoria
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1.2 Notation

We shall use standard notation.

We denote Banach spaces by X and Y, and by K = R/C the field of real or complex numbers.
For a Banach space X, By will denote the closed unit ball of X, while Sx will denote the
unit sphere of X, and the space of continuous linear operators from X to Y will be denoted
by L£(X,Y). Recall that continuous linear operators between Banach spaces are bounded. We
shall refer to the element of L(X,Y) as operators. The dual of X is denoted by X* := L( X, K);
its typical element will be denoted by z*. For x € X, we shall write (z*, x) = z*(x) (or (z,z*))
for the action of * on x. We shall also denote by xx the canonical isometric embedding from X
into X** where X** is the dual of X*. The subspaces of all finite rank and all compact operators
will be denoted by F(X,Y) and K(X,Y), respectively. For any operator T' € L(X,Y), N(T)
and R(T') denote the null space and range (space) of T respectively. For any T € L(X,Y), T*
shall denote the adjoint operator of 7" from Y* into X*. For the characterization of relatively
compact sets in Banach spaces, we recall the following:

Let p > 1. We denote by £)(X) the set of all weakly p-summable sequences in X. Then £}’(X)

is a Banach space with the norm

I(zn)ll; = sup{ll(z”(zn))llp - " € Bx-}.

(2 (X) is isometrically isomorphic to £(£,+, X) if p > 1 where p* = p(p—1)~". For p =1, {{(X)
is isometrically isomorphic to £(co, X). Denote these isometries by ® : £(X) — L({y, X)
(respectively, @ : (Y (X) — L(co, X)): © = (z,) — ., where O, ((a,)) = > o0, anz, and
(an) € £y (respectively, cg). We write p-conv(w,) := ®,(By, ) for 1 < p < oo, l-conv(w,) :=
®,.(B.,), and oco-conv(z,) := abs-conv(x,) = ®,(By, ), the absolute convex hull of (z,). (Here,
Uy =coifp=1.)

Next, let £,(X) be the subspace of £;/(X) of all p-summable sequences in X (1 < p < 00), and

co(X) the space of all norm null sequences in X. Then ¢,(X) is a Banach space with the norm

0 1
Il = (D llaall?)”, 1< p <o,
n=1

© University of Pretoria
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Also, ¢(X) is a Banach space in the norm

[(@n)lloo = [[(zn)[[% = sup [[zn]|-
neN

Moreover, ¢y(X) is a closed subspace of £, (X) in the above norm. We write ®(¢2 (X)) = ©,(X)
(1 <p<oo)and P(cp(X)) = Po(X).
Suppose X is a Banach space and let p > 1 be a real number. Following [43], the p-convex hull
of some sequence () € £,(X) is defined by

p-conv(xy) = {Zakxk : (ag) € By,. }

k=1

Suppose 1 < p < oo and let 1 < r < p*. Following [3], the (p,r)-conver hull of some sequence
(z1) € £,(X) (where (x)) € co(X) if p = 00) is defined by

(p,r)-conv(xy) = {iakxk : (ag) € BgT}.

k=1

As in [3] and [1], we give the following definitions:

Definition 1.2.1. Suppose that 1 < p < oo and 1 <r < p*.

(1) A subset K of a Banach space X is said to be relatively (p,r)-compact if K C (p,r)-

conv(z,) for some sequence (x,) € £,(X) for 1 < p < oo (and in the case where p = oo,

we have (z,,) € ¢o(X)).

(2) A linear operator T : X — Y s said to be (p,r)-compact if the image set T(Bx) is a
relatively (p,r)-compact subset of Y. Denote by K,y the class of (p,r)-compact operators
acting between arbitrary Banach spaces.

We note the following with regard to compactness:

Proposition 1.2.2. (Generalized Inclusion Theorem ([1], Theorem 3.6)) Let X be a Banach

space. Let 1 <p<qg<oo, 1 <r<p* andl1 <s<q". Let

© University of Pretoria
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If a subset of X is relatively (p,r)-compact, then it is relatively (q, s)-compact. In particular, if
a subset of X is relatively (p,r)-compact, then it is relatively (oo, 1)-compact, and hence weakly

compact.

We recall the following concepts as found in [16]:

Definition 1.2.3. Let X and Y be Banach spaces. An operator T : X — Y s said to be
p-summing if there exists a constant C' > 0 such that for xq,--- ,x, € X and regardless of the
natural number n, we have for all 1 < p < oo that

(inmnp)”sc- sup (Z
=1 =

$*EBX* i=1

)’

The least C' for which the above inequality holds will be denoted by m,(T), and we also denote
by IL,(X,Y") the set of all p-summing operators from X into Y.

Definition 1.2.4. Let 1 < p < oo and suppose X and Y are Banach spaces. An operator
T : X — Y is p-integral if there are a probability measure o and (bounded linear) operators

B:L,(u) = Y™ and A: X — Lo () which gives rise to the following commutative diagram

Lo (1) —=2—— L (11)

a] |s

T Ry
X >Y >Y

where Iogp @ Loo(pt) — Ly(1) is the formal identity and ky @'Y — Y™ is the canonical isometric

embedding.

The collection of all p-integral operators from X to 'Y will be denoted by Z,(X,Y), and for

each T € T,(X,Y'), the p-integral norm is given by,
(1) = nf [|A[[- || B,
where the infimum is taken over all measures v and operators A and B as in the above diagram.

Let 1 < p <ooand 1 < r < p*. We will have the occasion to appeal to the equivalence of

© University of Pretoria
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r < p* and r* > p since

\g
IN
3

—_
~
<
v

1/p*
—1/p"
1—1/p*

1/p

—_
| |

= — —

> O
* = =
INIAN A

-
*

v

3

Hence 1 < p < r*.
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1.3 Published papers and preprints

This thesis constitutes two papers on the compactness property associated with the quasi-

normed integral operator ideals as follows:

(1) Salthiel Malesela Maepa and Brian Chihinga Ndumba . ”On mid (p,r)-compact opera-
tors”. Quaestiones Mathematicae, 7, 1 - 22, 2024.

(2) Brian Chihinga Ndumba and Salthiel Malesela Maepa. ”On C] Property of Banach

spaces”. Submitted.
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Chapter 2

Preliminaries on operator ideals

In this chapter, we present an overview of the concepts and results which will be needed in the
next chapters. We introduce and state some well-known results on the regular hull, injective
hull, surjective hull, maximal hull and the dual ideal of operator ideals. The concepts and
results on the (¢, u, v)-nuclear and (¢, u, v)-integral operators for 0 <t < 0o, 1 < u,v < 00, and
% + % <1+ % will also be introduced and discussed as well as the approximation property with
some of their well-known results stated without proofs. The concepts and results are based on

Pietsch monographs in [36] and [37], while others are from [42] and [16].

2.1 Operator ideals

We recall some well known concepts as found in [37], [42] and [16].

Suppose X and Y are Banach spaces. We denote by L, the class of continuous linear operators
between Banach spaces X and Y. An operator 7' € L(X,Y) is of finite rank if T'(X) is finite
dimensional. In the special case where T(X) is one dimensional, then 7" € £(X,Y) is said to
be of rank one . We shall denote by F(X,Y"), the subspace of £L(X,Y) of finite rank operators
from X into Y. We simply write F(X) for F(X, X). It is also known that any 7" € F(X,Y)

can be written as

T:fo@)yi
i=1

11

© University of Pretoria
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with 27,25, ...,2; € X* and y1,99,...,y, € Y. Thus,
Tr = Zﬁ(w)yz
i=1

forall z € X. If T'€ L(X,Y) is of rank one, then T'= 2* ® y for some non-zero z* € X* and
yey.

Definition 2.1.1. For a given K-vector space X, the map || - || from X to non-negative real

numbers Rt is said to be a quasi-norm if the conditions Ny to N3 below are satisfied:

(N1) ||z|| = 0 implies x = 0 for every x € X

(Na) ||z 4yl < c[|lz|| + l|yll] where ¢ > 1 is a constant and is independent of the choice of x

and y in X.

(N3) |||l = |B]l[z]| for € X and § € K.

We note that the quasi-triangle inequality (N2) generalizes the triangle inequality ||z + y|| <
2|l + lly||. If the following s-triangle inequality is satisfied,

(N [lz +yl* < [lzl* + llyll®

then, a quasi-norm is known as an s-norm where 0 < s < 1.

Remark 2.1.2. From Definition 2.1.1, we note the following:

(1) If c = 25=Y in (N,), then (Ny) implies (No). Conversely, every quasi-norm is equivalent
to an s-norm where ¢ and s are related by ¢ = 2Y/°71. (see [36], 8.2.5.4).

(2) For 0 <t < s <1 withc=2Y""1in (N,), then the 1-norm is known as a norm, while

an s-norm is just a t-norm.

(8) For a given K-vector space X, a quasi-norm on X is said to be a quasi-Banach space if
X is complete with respect to the uniform structure derived from the quasi-norm. In the

case where the quasi-norm is an s-norm, then X is called an s-Banach space.
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Definition 2.1.3. A subclass of L denoted by A consisting of continuous linear operators
between Banach spaces X and'Y is said to be an operator ideal if the following three conditions

are satisfied:

(1) z* @y e AX,Y) forz* € X* andy € Y. That is, A contains all rank one operators.
(2) Ui+ U, € .A(X,Y) fOT Ui,Uy € A(X, Y)

(3) If Ve L(Xo,X), U € AX,Y), and T € L(Y,Yy), then TUV € A(Xo,Ys) where X,

and Yy are Banach spaces.

Examples of operator ideals include the class of approximable operators F , compact operators
IC, weakly compact operators WV, and the finite rank operators F. Operator ideals are usually
considered over the class of all Banach spaces. The ideal of finite rank operators is the smallest
operator ideal while the ideal of continuous linear operators is the largest operator ideal.

We define a quasi-normed operator ideal as an operator ideal A with a quasi-norm such that
the components A(X,Y) := AN L(Y,Y) are all linear topological Hausdorff spaces. A quasi-
Banach operator ideal is a quasi-normed operator ideal A such that all components A(X,Y)

are complete.

Definition 2.1.4. Suppose 0 < s < 1. Let a : A — R" be an s-norm. We say that an
operator ideal A is an s-Banach operator ideal and this is denoted by [A, o] if the following

three conditions are satisfied:

(1) [A(X,Y),q] is an s-Banach space.
(2) a(z* @y) = ||lz*||||y|| for all z* € X* andy €Y.

(3) a(BTA) < ||Blla(T)||A|| for given Banach spaces Xy and Yy where A € L(Xy, X), T €
A(X,Y), and B € L(Y,Y)).

When s = 1, the 1-Banach operator ideal is referred to as a Banach operator ideal. Some
examples of operator ideals which are also known as Banach operator ideals with respect to a

given operator norm include; approximable operators F, compact operators C, and the weakly
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compact operators WW. However, the finite rank operators F are not Banach operator ideals
(see [36], 6.3.2.4.). For a quasi-normed operator ideal [A, ], we have || T|| < a(T).

Suppose [A, a] and [B, 5] are two quasi-normed operator ideals. We shall write [A, o] C [B, ]
if regardless of the Banach spaces X and Y, we have A(X,Y) C B(X,Y) with 5(T) < o(T)
for all T € A(X,Y). [A,a] = [B, ] means that [A,a] C [B, 5] and [B, 5] C [A, a] both hold
simultaneously, whence, 5(T") = a(T') whenever T € A(X,Y) where X and Y are the given

Banach spaces.

2.2 Hull procedures

Let A be an operator ideal. We recall and state some basic concepts and results on the regular,
injective, surjective and maximal hulls of operator ideals as found in [36], [37], and [38].

Suppose that X is a Banach space. Recall from ([37], C.3.3) that
X" .= ¢ (Bx-) and X :={(By).

Then Jx : X — X™ is a metric injection from X into X and Qx : X**" — X is a metric

surjection from X*“" onto X given by

‘]X(I) = (<x7$*>)x*6Bx* and QX ﬁm a:EBX Z Bx

r€Bx

respectively.

Given Banach spaces Xy, and X, recall that a Banach space Y has the extension property
(respectively, is injective) if for every operator T' € L(Xo,Y) (respectively, every subspace
Xo € X), and every injection Jy, € £(Xp, X), there is an extension T' € £(X,Y) with the
property that T = T o .J x,- If for every metric injection Jx, € £(Xo, X) and every operator
T € L(X,,Y), there is a constant A > 1 such that ||7|| < AT, then Y is said to have the
A-extension property. We say that Y has the metric extension property if A = 1. The space
X™J has the metric extension property.

Given Banach spaces Y and Y, a Banach space X has the lifting property if for every surjection
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Q € L(Y,Y,) and operator T € L(X,Y;), there is a lifting T € £(X,Y) such that T = Q o 7.
We say that X has the metric lifting property if given € > 0, it holds that for every metric sur-
jection Q € L(Y,Y;) and operator T € L(X,Yy), there exists T € £(X,Y) such that T = Qo T
and ||T|| < (1+¢)||T||. The space X** has the lifting property.

Let A be a given operator ideal. Then from ([37], Theorem 4.6.9), A is said to be injective
if for every metric injection J € £(Yp,Y) and every operator T' € L£(X,Y;), it follows from
JT € A(X,Y) that T € A(X,Yp). A quasi-normed operator ideal [A, a] is said to be injec-
tive if, furthermore, it holds that a(T) = a(JT). We also recall from ([37], Theorem 4.7.9)
that A is said to be surjective if for every metric surjection @ € L(X, Xy) and every operator
T € L(X,,Y), it follows from TQ € A(X,Y) that T € A(X,,Y). A quasi-normed operator
ideal [A, a] is said to be surjective if, furthermore, it holds that a(T") = a(T'Q).

Definition 2.2.1. (1) A rule new : [A, o] — [A™", ™| which defines a new quasi-normed

new

operator ideal [A™, "] written as [A, o] is called a procedure.

(2) A procedure is said to be monotone if [A,a| C [B, ] implies that [A, ] C [B, B]™",
while a procedure is said to be idempotent if ([A, o))" = [A, a|"" for all [A, a.
The dual ideal of A denoted by A% is given by

At —IT € AX,Y):T* € A(Y", X))
We note that every quasi-norm on A gives a dual quasi-norm
a® (T = a(T™) (2.1)

on A% If [A,a] is also an s-Banach ideal, then [A% o] js also known as an

s-Banach operator ideal with (2.1) satisfied.

(3) A monotone and idempotent procedure is called a hull procedure if [A, o] C [A, a]™",

and a kernel procedure if [A, a] D [A, a]™™.

(4) For a quasi-normed operator ideal [A, ], T € L(X,Y) belongs to the regular hull of [ A, o]

denoted by [A, o] if kyT € A(X,Y™) where ky is the canonical isometric embedding
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(5)

(6)

from'Y into Y** with o"*(T) = a(kyT). In the case where JyT € A(X,Y ™), then T €
L(X,Y) belongs to the injective hull of [A, o] denoted by [A, a]™ where Jy : Y — Y™ s
a metric injection considered above with o™ (T) = a(JyT). Now, if T € L(X,Y) is such
that TQx € A(X*""Y), then T is said to belong to the surjective hull of [A, a| denoted by
[A, " where Qx : X*" — X is a metric surjection considered above, with o**"(T) =
a(TQx). Note that the injective hull [A,a]™ is the smallest injective operator ideal
of [A,a] that contains [A, ], while the surjective hull [A, a]*" is the smallest surjective
operator ideal of [A, ] that contains [A, «]. Finally, T € L(X,Y) belongs to the maximal
hull of [A, o] denoted by [A, o)™ if STR € A(Xy, Yy) where R € F(Xo, X), S € F(Y,Y))
and Xo and Yy are arbitrary Banach spaces. For a given quasi-normed operator ideal
[A, a], the regular hull, the injective hull, the surjective hull and the maximal hull are all

hull procedures.

If [A,a] = [A,a]™9, then [A,a] is said to be reqular, and if [A,a] = [A,a]™, then
[A, ] is said to be injective. A surjective quasi-normed operator ideal [A,«] is one in

which [A, o] = [A, af*™ while a mazimal quasi-normed operator ideal is one in which

(A, a] =[A, o],

For a given quasi-Banach operator ideal [A, o], T € L(X,Y) belongs to the maximal hull
denoted by [A, o)™ if there is a constant k > 0 such that

a(STR) < &||S||||R]]
where R € F(Xo,X), S € F(Y.Yy) and Xy and Yy are arbitrary Banach spaces. We set
o™ (T) = inf k.

For a quasi-Banach operator ideal [A, o], [A, a]™, [A, a]™ and [A, a]**" are also quasi-
Banach operator ideals with

a"(T) = a(KyT),
a"(T) = a( Iy T),

and

a*"(T) = a(TQx),
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respectively for every T € L(X,Y) such that T € [A,a]", [A,a]™, and [A,a]*"", re-

spectively.

The following are some of the properties of an (quasi-Banach) operator ideal. These properties
can be found in ([37], Theorem 8.5.9), ([37], Proposition 8.5.12), ([37], Proposition 8.7.13), and
([37], Proposition 8.7.14).

Proposition 2.2.2. Let [A, a] be a quasi-Banach operator ideal. We have the following:
(1) ([A,a]™)s = ([A, a]"7)™al.
(2) ([A, a)®elyini C ([A, a]sr)duet,
(3) ([A,a]™)*r = ([A, o)™
(4) ([A, o]mymer = ([A, a]mer)ind.,

(5) ([A7 a]max)sur — ([./47 a]sur)ma:p'

2.3 Nuclear and integral operators

In this section, we use the notation found in [3] and [37].
Definition 2.3.1. (/37], 18.1.1.) Let 0 < t < co. Suppose 1 < u,v < oo, and + +1 <1+ 1.
A bounded linear operator T € L(X,Y) is said to be (t,u,v)-nuclear if

T = 2(5an ® Yn, (2.2)
n=1

where (6, € 4 (or ¢y if t = 00), (z)) € % (X™*) and (y,) € £2.(Y). We denote the (t,u,v)-
nuclear norm by

Vit (T) = WL () el Gz )11 1 Com) 1 3

where we take the infimum over all (t,u,v)-nuclear representations (2.2) of T. The set of all

(t,u, v)-nuclear operators will be denoted by (Nt uv), Vitww)(+)) - On setting 2 =1+ L+ L we

note that s € (0,1). It is well known that the set of all (t,u,v)-nuclear operators is an s-Banach

operator ideal (see [37], 18.1.2).
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Moreover, if 1 < p < oo recall that for any 7' € L(X,Y), T € N,(X,Y) (respectively T €
NP(X,Y)) if T has a representation of the form 7' = > >° ¥ ® y,, with (z) € £,(X*) (or
co(X*) if p = 00), and (y,) € £,.(Y) (vespectively with (z7,) € €. (X*), and (y,) € £,(Y) (or
co(Y) if p = 0).

The norm of T' is defined by

vp(T) = i {[ (@) Il ()l ¥

(respectively vP(T') = inf{||(z};)[[;:[|(¥n)|lp}) where the infimum is taken over all representations
of T of the given form. Then (N, v,(-)) (respectively (N7, 1P(-)) is called the Banach operator
ideal of p-nuclear operators (respectively, right p-nuclear operators ).

By definition, if 1 < p < oo, then
N, 07()) = Nipoy Y () (e (37),18.1.1) (or  [42],p.140),

and

Ny (1) = N1y, V(1) (cf ([37],18.2.1).

Remark 2.3.2. Concerning the operators defined in equation 2.2 as the (t,u,v)-nuclear opera-
tors, the following observation obtains: These operators are defined in [29] as the (v, u)-nuclear
operators with the condition % + % + % = 1 so that they form a Banach operator ideal, where

the [[(xp)|w, (yn)|ly are used instead in the definition of the V. (-)-norm. Observe that in

w
u*

([37], 18.1.2) the corresponding condition + + - + L =1, ||(z}) are used

t u v

ver and [|(yn)
instead in the definition of the V() (-)-norm. The corresponding characterizing factorization
diagrams in the two cases are therefore also consequently different (cf. ([29], Theorem 1.5) and
([37], 18.1.8) respectively). In particular, whereas the 1-nuclear operators are (N 1.1, v(1,1,1)(+))
following ([37],18.2.1), these are (N(1,00,00), V(1,00,00)()) following [29].

Theorem 2.3.3. ([37], Theorem 18.1.6) Given a quasi-Banach operator (N o), Vitu)(-)), we

have

(Mt,u,v)7 V(t,u,v) ('))dual - (Mt,v,u) 5 V(t,v,u) (_))reg'

Definition 2.3.4. (/37], 19.1.1) Suppose that 0 <t < co. Let 1 < wu,v < oo and 1—1—% > %+%
An operator T € L(X,Y) is said to be (t,u,v)-integral if it belongs to the quasi-Banach operator
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1deal

] max

[I(t,u,v)a L(t,u,v)} = [Mt,u,v)u V(t,u,v)

In ([37], Theorem 19.1.6), the following result (Theorem 2.3.5) was proved.

Theorem 2.3.5. (/37], Theorem 19.1.6) Suppose 0 < t < co. Let 1 < u,v < o0 and + + 1 <
1+ % A bounded linear operator T € L(X,Y) is (t,u,v)-integral if and only if there exists a

commutative diagram

AR S

AT lB

XLy Sy
such that A € L(X,ly), B € L(Ly,Y™), and Dy € L(Ly,l,,) is the diagonal operator of the
form Dy(ay,) = (Aya,) with (A\,) € 4.
The collection of all (t,u,v)-integral operators from X to'Y will be denoted by

I(t,u,v) (Xa Y)
With each T € Ly (X,Y), its (t,u,v)-integral norm is defined by,
L) (T) = Inf || BI[[|(An)[[e[|A]

where the infimum is taken over all possible factorizations as above.

We now recall the notion of an ultrastable quasi-Banach operator ideal (see [37], 8.8.1, 8.8.3,
and 8.8.5). Let (X;);es be a family of Banach spaces and U be an ultrafilter on an arbitrary
index set I. If (X;);c; and (Y;);e; are families of Banach spaces, and T; € L(X;,Y;) is a family
of operators, then the operator
(T (H Xiu — (H Yiu
iel iel
defined by
(Tu(zi)u = (Tixi)u,  (vi)u € (H Xiu,
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is called the ultraproduct of the operators T; € L(X;,Y;) with respect to the ultrafilter U where
(I'Lic; Xi)u denotes the ultraproduct of the family (X;);c;. A quasi-Banach operator ideal A is
said to be ultrastable if

(T)u € AU [ X, (] Yoluo)

iel iel
and

|l = ign I T3]

for every ultrafilter ¢ on I and any family of operators T; € A(X;,Y;) satisfying the condition
that sup,;c; [|T5]|4 < oo .

To prove the next two theorems (Theorem 2.3.7 and Theorem 2.3.8), we need the following:

Remark 2.3.6. (a) Let[A,a] be a quasi-Banach operator. Then by ([37], Proposition 8.7.10),
we have that

[.A, a]reg C [Aa a]maw‘

In the case where [A,«] is an ultrastable quasi-Banach operator ideal, then the injective
and surjective hulls are ultrastable (see [37], 8.8.8 and 8.8.9) and [A, a]™™ = [A, a|"
(see [37], Theorem 8.8.6.). In the event that [A,«| is an s-Banach operator ideal, the
equality

dual

([A, a]duaz>m‘m _ ([Aa a]max>

holds by ([37], Proposition 8.7.12).

(b) If 0 <t < o0 and % + % <1+ %, then the quasi-Banach operator ideal [N uv), Vituw)]
ultrastable by ([37], Theorem 18.1.9.). In the case where 1 := 1 + L 4+ L the operator

ideal [N uw), Vituw) i an s-Banach ideal by ([37], Theorem 18.1.2.). We therefore see
that all the results in (a) holds in the case where we take [A, ] to be [Nituv)s Vituw)]-

We now prove the next two results.

Theorem 2.3.7. ([37], Theorem 19.1.4) Suppose 0 < t < co. Let 1 < u,v < oo and % + % <
14 1. Then

dual

[I(t,u,v)’ L(t,u,v)] - [I(t,v,u)y L(t,v,u)]

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

CHAPTER 2. PRELIMINARIES ON OPERATOR IDEALS 21

Proof. By Definition 2.3.4, Theorem 2.3.3 and Remark 2.3.6, we have

max

[I(t,u,v)a L(t,u,’u)] = [-A[(t,u,v)a V(t,u,v)]

Nt w0 l/(t,uyv)]m‘”> (since the rule ‘max’ is idempotent)

[Mt,u,v) y V(t,u,v)]reg>

Nt o, V(t,v,u)]dual> (by Theorem 2.3.3)

dual
[Mt,'u,u) ) V(t,v,u)]max>

dual

|
/N 77 N -7 N -7 N

— [I(t,v,u) s L(t,v,u)]
O

Theorem 2.3.8. (/37], Theorem 19.1.5) Suppose 0 < t < 0o. Let 1 < u,v < o0, and L + 1 <
1+ % Then

[I(t,u,v)a L(t,u,v)] = [j\/-(t,u,v)a V(t,u,v)]reg-

Proof. Since the quasi-Banach operator ideal [Mt,u,v), V(tuw)) 15 ultrastable, we have by Defini-

tion 2.3.4 and Remark 2.3.6 that

reg

[I(t,u,v)a L(t,u,v)] = [-/\/(t,u,v)a V(t,u,v)]maz = [Mt,u,v)a V(t,u,v)]

2.4 Approximation property

The following concepts and results on the approximation property and the metric approximation

property are found in [14], [17], [42], and [37].

Definition 2.4.1. (/17], VIIL.3, Definition 1) The Banach space X is said to have the approx-

imation property if for each compact set K C X, and for every ¢ > 0, there exists a continuous
finite rank operator T : X — X such that for all x € K, |Tx — z|| < e. If in addition,

IT|| <1, then X has the metric approximation property.

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

CHAPTER 2. PRELIMINARIES ON OPERATOR IDEALS 22

Example 2.4.2. ([17], VIII.3, Example 11) Let (2, %, 1) be any measure space and suppose

1 <p<oo. Then Ly(1) has the metric approximation property.

Corollary 2.4.3. ([17], VIII.4, Corollary 2) Suppose that X is a reflexive Banach space. If X

has the approximation property, then X also has the metric approzimation property.

Corollary 2.4.4. ([17], VIII.4, Corollary 3) Suppose that X is a Banach space. If the dual
space X* of X is separable and has the approzimation property, then X* also has the metric

approximation property.

Corollary 2.4.5. ([17], VIIL.3, Corollaries 9, 5) Suppose that X is a Banach space. If the dual
space X* of X has the (metric) approzimation property, then X also has the same property.

Remark 2.4.6. We note the following:

(1) In ([42], second paragraph of Example 4.4), the spaces o, and €, for 1 < p < oo all have

the approzimation property.

(2) Suppose that 2 is any compact Hausdorff space. Since the space Li(u) has the metric
approzimation property by Example 2.4.2, it follows from ([17], last paragraph in VIII.3)
that the space C(QQ) also has the metric approximation property by Corollary 2.4.5 since
the dual of any C(Q2)-space is isometric to some Li(p) space. In particular, each Lo (p)

space has the metric approximation property.

The following theorem is stated in ([13], Theorem) on p.295 and is attributed to O. I. Reinov
[41]:

Theorem 2.4.7. ([15], Theorem: p.295) Let 1 < p < co. Suppose T € L(X,Y) and that either
X* or Y*** has the approzimation property. If T € NP(X,Y***), then T € N?(X,Y). In other
words, under these conditions, the (Pietsch) p-nuclearity of T* implies that T € N?(X,Y).

A sharper hypothesis on the approximation property is imposed on X*** in [24] to improve on
the above result by using Grothendieck’s classics [24] (also see ([15], Corollary 1.4.9) as well
as ([42], Proposition 6.4)). Actually, it is affirmed in [38] that a more general result of this

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

CHAPTER 2. PRELIMINARIES ON OPERATOR IDEALS 23

ilk was already known to Grothendieck ([24], p.17) and details can be found in ([9], p298) and
([15], p.59). Most importantly, the following Lemma 2.4.8 ([38], Lemma 3) provides us with
a slightly modified version which provides us with the necessary handle to hold onto for our

multiple index discourse.

Lemma 2.4.8. (/38], Lemma 3) Suppose that 1 < u,v < oo and 1 = 2+ 2 —1> 0. Let
X* have the metric approximation property. If T € L(X,Y) with T € ./\/’(fg’v)(X, Y), then
T € Nipuw)(X,Y) and

Vitun)(T) = V(i (1)

Proof. The operator ideal approach proof (as contrasted with the tensor product approach proof
deduced from the proof in ([33], Corollary 3.8) with the approximation property assumption
imposed on X*) may be followed up in ([38], p.521). O

Remark 2.4.9. Since the rule reg’ is a hull procedure, we have

reg

[j\/-(t,u,v)a V(t,u,v)] C [-/\[(t,u,v)a V(t,u,v)] )

so that by Lemma 2.4.8, we have,

whenever 1 < u,v < 00,
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Chapter 3

(p, r)-compactness and (p,r*, 1)-nuclear

map U’

This chapter is devoted to the development and proofs of some of the quasi-Banach ideal theo-
retic properties of U} and its preadjoint U4 which will subsequently be used in the investigation
of Banach spaces which enjoy certain special structural properties.

In Section 3.1, our interest is to prove the following two results: The first result involves proving
that a bounded subset A of a Banach space X is relatively (p,r)-compact in X if, and only
if, the evaluation map Uy : ¢1(A) — X is (p;r)-compact for 1 < p < co and 1 < r < p*.
The second result basically involves proving that if a bounded subset A of a Banach space X
is relatively (p, r)-compact, then the operator Uy is (p, 1, 7*)-nuclear.

Finally, in Section 3.2, we prove that for a bounded subset A of a Banach space X, the op-
erator Uy is (p,r)-compact if, and only if, its adjoint U} belongs to the injective hull of the
(p,r*, 1)-nuclear operators for 1 < p < 0o, 1 <r < p* and 1% =1

These two results in Section 3.1 and the result in Section 3.2 described above will be needed in

Chapter 4 to introduce and define a Property which a Banach space may or may not have.

24
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3.1 The operator Uy

Suppose that 1 < p < oo and 1 <r < p*, where % + 1% = 1. Let X be a Banach space.
It is known as may be seen in [1] and [2] that every (x,) € {,(X) defines @,y € L({,,X) as

an operator with

Py (an) Zanxn, where () € /.

When we consider the unit vector ba81s (en) of £, (respectively, ¢, if 7 = 1), we have

o0

(I)(a:n) = Z €n X Ty (31)

n=1
It is also known that any 7 € £(X,Y) has a factorization of the form T = T'S where T €
L(X/kerT,Y) is an injective operator and S : X — X/kerT is the quotient map for every
Banach space Y.

The following propositions, Proposition 3.1.1, Proposition 3.1.2, and Proposition 3.1.3 are

proved in [1].

Proposition 3.1.1. (/1], Proposition 2.12.) Let X and Y be Banach spaces. For an s-Banach
operator ideal [A,a], if T € A(X,Y), then T € A (X,Y) with

o™ (T) < o™ (T) < o(T).

Proposition 3.1.2. ([1], Proposition 2.15.) Let 1 < p < ocand 1 <r < p*. IfX isa
Banach space with (x,,) € €,(X) (respectively, (z,) € co(X) when p = o0), then the operator
Dz, 1 by — X is approzimable, that is, P(,,) € F(l,, X).

It is then deduced from the preceding proposition that, since 7 C K, then ®, € K(f., X)

whenever (z,,) € €,(X) (respectively, (x,) € ¢ if p = 00). Moreover, the following holds:

Proposition 3.1.3. ([1], Proposition 2.16.). Let 1 < p < oo and 1 < r < p*. If X is a
Banach space with (x,) € €,(X) (respectively, (x,) € co(X) when p = 00), then the operator
Py 2 by —> X is (p, 1,7%)-nuclear, that is, @y € Npary, and vip1,)(P)) < (@n)]lp-

It is observed in ([1], chapter 4) as a key fact that the injective associate @, of ®(,,) belongs

to NV ‘;“71"7, The following proposition is then deduced from Propositions 3.1.1 and 3.1.3.
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Proposition 3.1.4. ([1], Proposition 2.17) Let 1 <p < oo and 1 <r < p*. If X be a Banach
space with (x,) € ,(X) (respectively, (z,) € co(X) when p = <), then P, € o1 (Z,X)

where Z = €,/ ker () and v .(P(a,)) < [[(@0)]]-

Suppose A is a bounded subset of X. The evaluation map U} and its preadjoint U, are defined
as follows ([13], p295):

UA : gl(A) — X
(ga)aeA = Z gaa~

a€A

and

Ja X" — KOO(A)

a = (<a7a*>)aeA

These maps are bounded operators and notice that U} = J4. Note that we write Ux and Jy

instead of Up, , and Jp, , respectively.

Proposition 3.1.5. Suppose X is a Banach space and let A be a bounded subset of X. Then
A C Ux(Byyay) € abs-conv(A).

(Here, abs-conv(A) is the closed absolute convex hull of A).
Proof. We first show that
A CUa(Bya)).

To this end, choose a € A arbitrarily and let the ‘a-unit vector’ be the function ¢, : A — K

defined by

€a<b> = 5ba;
the Kronecker delta, where
1 ifa=05b
ba —
0 ifa##b.
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Thus, (6pe)sca € Be,(a)- Hence

a = 1l-a

= Zéba'b

= Ua((6a)vecn)

€ UA (Bél(A))-

Since a € A is arbitrary, we have

A CUs(Buy(a)). (3.2)

We next prove that
Ua(Bey(ay) C abs-conv(A).

To this end, fix y € Uy (BMA)). Then y = Ux(f) for some B = (By)rea € By, (). Since

Ua(B) = D Bb  (with Y [B|<1)

beA beA
€ abs-conv(A),

it follows that y = Ua(/3) € abs-conv(A).
Since y € Uy (B,gl( A)) is arbitrary, we have that

Ua (B, (4)) C abs-conv(A). (3.3)
By equations 3.2 and 3.3, we have
A C Us(Byy(a)) C abs-conv(A),
as required. n

Proposition 3.1.6. ([13], Proposition 3.5) Suppose 1 < p < co. Let X be a Banach space and

A be a bounded subset of X. Then the following three conditions are equivalent:

(a) A is relatively p-compact.

(b) The bounded operator Uy is p-compact.
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(¢) The bounded operator J, is p-nuclear.

Proof. (a)= (b). Suppose that A is relatively p-compact. We will show that U, is p-compact.

Since A is relatively p-compact, there exists a sequence (x,,) € £,(X) such that
A C p-conv(zy,).

Since the set p-conv(z,) is an absolutely convex set, it is equal to its own absolutely convex

hull, so that it contains abs-conv(A). Now, since
UA : fl (A) — X
(ga)aEA = Z gaa'

a€A

and by the second containment in Proposition 3.1.5, we have
Ua(By,(a)) € abs-conv(A) C p-conv(z,).

Thus, Ua(By,(a)) is a relatively p-compact subset of X. Hence, U, (B) is relatively p-compact
for all bounded sets B C ¢1(A) = ¢, where U, := Uy, and A = {x,}, the range of (z,) so
that Uy is p-compact.

(b)= (a). Suppose that Uy, is p-compact. Then, U4 (By,4)) is a relatively p-compact subset of
X. That is, there is a sequence (z,,) € £,(X) such that

Ua(Be,(a)) C p-conv(z,).

Since A is a bounded subset of X and by the first containment in Proposition 3.1.5, we have
that
A C Ua(By,(ay) C p-conv(zy)

so that A is relatively p-compact.

(b)= (c). Suppose that U be p-compact. Then by ([13], Corollary 3.4), the operator
Ja X" — KOO(A)

*

a = (<a7a*>)a€A
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is quasi p-nuclear. Since £, (A) is an injective space, then by ([35], Theorem 38), Jy4 is p-nuclear
with
v (Ja) = vp(Ja).

(c)= (b). Let J4 be p-nuclear. Then by ([41],Theorem 1), the operator

UA : El(A) — X
(fa)aeA = Z £aa/-

a€A

is right p-nuclear so that U, is p-compact since
NP(X)Y) CK,(X,Y)
for any Banach spaces X and Y by the paragraph following ([13], Corollary 3.4). O

We note that the relative (p, r)-compactness assumption is not needed at this stage but in the

next result.

Proposition 3.1.7. Suppose that 1 < p < oo and 1 < r < p*. If A is a bounded subset of
a Banach space X, then A is relatively (p,r)-compact in X if and only if, the evaluation map

Us:l(A) — X is (p,r)-compact.

Proof. Suppose that A C X is relatively (p, r)-compact. Then there is a sequence (x,,) € £,(X)
such that A C (p,r)-conv(z,). Since the set (p,r)-conv(z,) is an absolutely convex set, it is
equal to its own absolute convex hull, and so contains abs-conv(A). We deduce from the second
containment in Proposition 3.1.5 that Uy (Bgl( A)) is a relatively (p, r)-compact subset of X, and
so, Uga is (p,7)-compact.

Conversely, suppose that Uy is (p, r)-compact. Then there is (x,) € £,(X) such that
Ua (Bgl(A)) C (p,r)-conv(zy,).
By the first inclusion in Proposition 3.1.5, it holds that
A C (p,r)-conv(zy,).

This affirms that A is relatively (p, r)-compact. ]
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It is proved in ([1], Proposition 2.1) that the class of (p,r)-compact operators is an operator
ideal as well as in ([1], Proposition 2.2) that is surjective, that is, K, ) = le;”; Thus, we have

the following proposition:

Proposition 3.1.8. ([2/, Theorem 3.2.) Let X and Y be Banach spaces and suppose that

1<p<ooandl <r <p*. Then
Kpn(X,Y) = /\/'(Squir*)(X, Y).

That is, Ky = NG - as operator ideals.

Proof. Suppose T' € K¢, (X,Y). Since q; € /\/";“{T (Z,Y) where Z = (,/ker ®,,) and
(yn) € £,(Y) by Proposition 3.1.4, it follows that T € N3 . (X,Y’) by the Ideal Property as

T = @, Ty, where T(,,) € L(X,Z) and ®,,) is the injective associate of @, ). This shows

that

Kpn(X,Y) CNGT - (X, Y). (3.4)
Conversely, to show that

Nt vy (X,Y) € Ky (X, Y), (3.5)

we prove that

N1 (X, Y) C K (X,Y)

since the operator ideal K, is surjective by ([2], Proposition 2.2) (of the form K¢, ) = Kf7))
and A% C B*"" whenever A C B where A and B are operator ideals.
To this end, let " € N, 1,+(X,Y). We have

n=1

by definition of the (p, 1,7*)-nuclear operator where (d,,) € ¢, (or (6,) € ¢o if p = 00), (x}) €
2(X*), and (y,) € £2(Y). Without loss of generality, we take [|(y,)| = 1, and assume
I|(z})|| = 1. We then have (6,y,) € £,(Y) and
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for every x € Bx. This shows that 7' € K,y (X,Y), and we have

N1 (X, Y) C Ko (X,Y)
and this proves (3.5). By (3.4) and (3.5), we get

K (X,Y) = NG oy (X, 7).

31

]

Similarly to the operator @,y involving the bounded discrete set A = {z, : n € N}, the

range of a sequence (z,) € (,(X), we would like to give a representation of the operator

Ua : 61(A) — X akin to equation 3.1, but for any bounded set (albeit on a specific domain

since it will play an important role in our discourse) and show as in Proposition 3.1.3 that it is

(t,u,v)-nuclear for some real numbers ¢, u, and v.

Proposition 3.1.9. Suppose that 1 < p < oo and 1 < r < p*. Let A be a bounded subset

of X where X is a Banach space. If A is relatively (p,r)-compact, then the operator Uy is

(p, 1,7*)-nuclear and

Vip) (Ua) < [[(@n) -
Proof. Let A C X be a bounded set and recall the definition of

UAZKl(A) — X
(ga)aeA — UA ga aEA Zga

a€A

For a fixed a € A, the ’a-unit vector’ is the function e, : A — K defined by

ea(b> - 5ab7

the Kronecker delta. Then each family (&,)sca € ¢1(A) has the (unique) representation,

(éa)aEA = Z gaea-

acA

Thus, for each b € A, we have

ga aEA Zfaea é-b = éb((&a)a&A)a

a€A
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for some induced evaluation functional é, on ¢1(A). Hence, fix £ = (§,)aca € ¢1(A) and observe

that

UA(S) :UA((ga)aeA) = Zgaa

acA

= ) ((&)a)a

ac€A

= Z €q ((gb)beA)a

a€A

= Z éa(f)a'

acA

Thus,
a6 = | S ia | ©)

a€A

Since £ € ¢1(A) is arbitrary, it follows that Uy has an expansion (but not unique!) of the form
Us=) [ta®al. (3.6)
acA
To see that this representation is of the advertised kind, suppose that A C X is relatively
(p,r)-compact. Then there exists (z,) € £,(X) such that

a=) anrn (37)
n=1
for some (%) € By, (respectively (o) € B,, if r = 00).
Substitute equation (3.7) into equation (3.6), then we have

Us=Y (éa® (gan%)) - Zi (éa®@3xn>

acA a€A n=1

= Z i (agéa ® xn>

a€A n=1

-y ((iagéa) ®xn)

a€A n=1

= S ((Seses) e hoallent 22

n=1 a€A

= S tnl((Seaten) © (i)

a€A
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= > G, @) (3.8)
n=1
where 0, = ||z, Yn := ||| 20, and x7 = (ZaeA aZéa> is convergent in (¢1(A))*, since for
every n € N,
aseal(&))] = D |ante)
acA acA
< Z ‘(fa) (since |a%| < 1 for each n)
acA
= [I&)ll1,
and so, for every n € N, we have
ané, (3.9)
acA

Since (z,,) € £,(X) (respectively (x,,) € co(X) if p = 00), it follows that (,) € ¢, (respectively
(0n) €Ecoif p=00)as > ||0a]]P =D ||za]|P < co. Also,

sup [[yul| = sup [[[|za |~ |zl = 1,
so that (y,) € loo(X) = 2 (X) = (3% (X).
Next, since ) .4 ané, € (£1(A))*, we claim that

(27,) € £7((6(A))7)

<respectively,
(Za ea) € ¢o(A) C lso(A) = 11(A) C (£1(A))*
and so

(T ) ((G(A)) = (G (A)) = (B (A))

if r =00 ) To this end, fix ¢ = (¥y)sea € By, (a) and observe that for each n € N,

(> aten)| = | Y aséule)| = | D aie

acA acA acA
< D lon] el
acA
< <sup ‘ai‘) (Z ©La ) (Holder’s inequality)
acA

< sup|at| (since p € By, (A)).
acA
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Hence,

r

< Y (suplosf)

acA

> | S aze)

a€A n=1

IN
\.}—‘

<respectively,

(@, ) anéa)

acA

< supsup ’a;ﬂ
n a€A

sup
n

= supsup ‘ozfl‘
a€EA n

< 1.)

Since ¢ € By, (A) is arbitrary, it follows that (z%) € £¥(¢1(A)*). [Respectively,
(D aen @iéa)n € co(A) € Lo(A) = £1+(A) C (€1(A)*) since Y . ané, — 0 as n — oo, or
alternatively, since for every n € N it holds that || Y, .4 afés||cc < 1 by equation (3.9), then if

7 =00, (D ,c4 ¥néq)y clearly defines

(@h)n = (D aféa)n € Lao((01(A))") = C4(6(A)7) = G (G (A)).

acA

Thus, the claim is vindicated. Moreover,
GG (A)7) = Loy (G(A)Y)

if 1 <r < oo. Thus, we have proved that the representation equation (3.8) defines Uy as a

(p, 1, r*)-nuclear operator, so that Uy € Ny 1,+)(¢1(A), X). Furthermore,
Vi) (Ua) < (@) lp-
[l

Remark 3.1.10. Since K,,) = (pLr*)? the surjective hull of the s-Banach operator ideal
Ny for some s € (0,1] by Proposition 3.1.8, it follows from Proposition 3.1.9 that Uy €

Ky and this reproves one direction of Proposition 3.1.7.
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Proposition 3.1.11. Suppose that A is a bounded subset of a Banach space X . If A is relatively

(p,r)-compact, then the series

o oo
> llaall (Y atéa) @ (lzal20)] = D [0z @ 1]
n=1 acA n=1

in equation (3.8) converges in the operator norm of L(¢1(A), X), and so, the operator Ua is

approzimable, that is, Uy € F ({1, X)

Proof. Since A is (p,r)-compact, it follows from the proof of Proposition 3.1.8 that U, has a

representation as in (3.8), namely

o0

Ur=Y_ [0nz} @ya)

n=1
where (6,,) = (||za]]) € £, if 1 < p < oo (respectively, (d,) € co if p=00), (y) = (||zn|| " 2,) €
(et (X)) and
= (Y aze,) € £ (ta(4))")

acA

if 1 <r < oo (respectively,

= (D asea) € £ R (L1 (A)))

acA
if r = 00).
On setting (z,)n<m = (1, ...,2,,0,0,...), we may define
U,Elm) - Z [5ngp; ® yn} .
n=1
Then,
WA =UN = 11> darp@ull= sup || D 6al(&lrear 23)vnl
n=m++1 (517)6351(14) n=m++1
= sup Z H5 ZOZ ea((8) beA))ynH
(€)€Be; (4) p=m+1 acA
< sup Z [[Ynl
(€6)€Bey (4) nema1 a€A
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= sup Z |0n |) Za”fa (since ||lyn|l = 1)
(§)E€Be; (A) f— m+1 acA
< sup Z |0 |Z|an||§a
(€5)€Bey (4) p= m+1 acA
ST DA ) Bl
(€)E€Be; (1) p=m+1 acA

(Holder s inequality over a € A.)

= suwp Z |0 0|

n m+1
¢

SUPge A (Suanm—i-l |OZZ’) ( Zn =m+1 |5 |) p= 17
(Holder’s inequality)

< 1 1

SupaGA (Zzozm—&-l |5n|p)P<ZZo:m+1 |CY |p ) *7 1 < p < o, 1 S r S p*

| SUPaea (Z?—m+1 |O‘Z’) (SuPnszrl |5n‘)7 p =00

S nm+1’5|)7 1§p<oo

SUDy> 41 |Onl, p =00

1

o nm+1Han)p7 1§p<OO

SUP;,>m41 znl, p=0o0
— 0asm — oo.

Therefore, (U}') converges to Uy in £(¢1(A), X) as m — 0. O

Since § C &, it follows at once that Uy € £(¢1(A), X) whenever A is a relatively (p, r)-compact
subset of X, as expected, by Proposition 3.1.9.

3.2 (p,r*,1)-nuclear evaluation map U}

Let 1 < p <oo, 1 <r < p*and 1% = 1. In this section, we want to prove that then
./\/'Z” ) if, and only if, Ua € K.

r*

As commented in the proof of Lemma 2.4.8 in ([38], Lemma 3), the condition % = %+ % -1>0
is imposed to ensure that N, is a Banach ideal, otherwise by ([37], Theorem 18.1.2) we are

dealing with an s-normed ideal, where % = % + UL + Ui For the (p,1,r*)-nuclear operators
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Nip+), Lemma 2.4.8 is applicable if we set z% =1.

We are now strengthened to settle the proof of the next proposition.

Proposition 3.2.1. Suppose that 1 < p < oo, 1 <r < p* and z% = 1. Let A be a bounded
subset of a Banach space X. Then the operator Uga is (p,r)-compact if, and only if, U} €

,/\/(7’;1* I In particular, Uy is p-compact if, and only if, U} € N,

Proof. Suppose that Uga : ¢1(A) — X is (p,r)-compact. Then

Ua € Kpry(01(A), X) = N3G, (1(A), X) by ([2], Theorem 3.2)
c | (o 1.r%) 1™ (61(A), X)) (the rule ‘reg’ is a hull

procedure and the rule ’sur’ is a monotone procedure)

[/\/'(Cll;fff’l)}sw(ﬁl(A),X) by ([37], Theorem 18.1.6).

Hence

Ua © Quyay € NEE 1 (1(Bey(ay), X),

where

Qey(4) Ua

> X.

fl (Bél(A)) >€1(A)

Since Jy_(a) = (Qe,(a))*, it follows that

Jfoo(A)oU,Z:QZ(A)OUZ = (Uao Q)"
€ N 1) (X" loo(Bry(a))),

whence

./\/";i 1)(X"‘,EOQ(A)),
as was to be proved. (Observe that this direction of the proof is independent of the condition
z% =1).

Conversely, suppose that U3 € N’ " (X", €(A)). Then

(Ua0Qu)" = QpayoUx
== ng(A) 9} U;Z
< M (X oo (Bfl A)))
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Therefore,

U o Quya) € NG 1 (01(Beyay), X) = N7y (G(Bey (), X)

p,r*,1) (p.1,r%)

by ([37], Theorem 18.1.6). Since £ =1 and lo(B,(a)) = (€1(Bry(a)))" has the metric approx-

imation property, Lemma 2.4.8 is applicable, whence it holds that

Ua o Qey(a) € Nip i) (L(Beya)), X).

Hence,
Ua € NGt o) (1(A), X) = Koy (L(A), X)
by (2], Theorem 3.2), as was to be proved.
In conclusion, putting r = p* yields the desired particular case since by definition (N?,1P) =

(Npap) Vpap) and (NP 0P)*" = (K, k,) by ([13], Proposition 3.11), and so, this reclaims

Proposition 3.1.6 (b) < (c¢) as a special case. This completes the proof. O]
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Chapter 4

On C), Property of Banach spaces

In this chapter, we will encapsulate the results of Propositions 3.1.7, 3.1.9 and 3.2.1 (partially,
the part that does not use the might of the condition :z% = 1 in Lemma 2.4.8) into a Property
which a Banach space X may or may not have. This property shall be known as the C; property
of Banach spaces.

In Section 4.2, we prove a characterization that a Banach space Y has the C) Property precisely
when the (p, r)-compact operators from X into Y equals the surjective hull of the dual of the
(p,r*, 1)-integral operators from X into Y for every Banach space X (that is, Ky (X,Y) =
(Iéff‘ffr*))s“r(X ,Y)). Other results with regard to the C) Property of Banach spaces were also
proved, in particular, in section 4.3, we apply the results in sections 4.1 and 4.2 about the C;

Property and show that if X** € C], then X € C] for every Banach space X.

4.1 On C, Property

In this section, we introduce a property that a Banach space may or may not enjoy, and this

property shall be called the C; Property of Banach spaces.

Definition 4.1.1. Suppose that 1 < p < oo and 1 < r < p*. Define a class C, of Banach

39
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spaces X by:

C, = {X :abounded subset A C X is relatively (p,r)-compact if and only if
Uh € Iip7. (X" Lo(A))

A Banach space X is said to have the C, Property if X € CJ.

The special case r = p* was defined by Delgado et al in ([11], Definition 2.1), namely;

Definition 4.1.2. ([11], Definition 2.1) Suppose that 1 < p < co. Define a class Cg* =C, of

Banach spaces X by:

C, = {X :abounded subset A C X is relatively p-compact if and only if

Uy € IL,(X™, (o (A))}.

We may add: a Banach space X is said to have the C, Property it X € C,.

The previous special case arises from the fact that if 1 < p < co and r = p*, then

(3p,1p)™ = (I1,, 7,) by ([37], Theorem 19.2.7).

The following example should serve to make the format of our definition non-vacuous in the
special case r = p*: it is known in this case that the (p,p*)-compactness coincides with the

p-compactness.

Example 4.1.3. Suppose that X is a Hilbert space and let p = 2. Given a bounded subset A
of X, A is relatively (2,2)-compact if and only if U} is 2-summing.

Proof. Suppose A C X is relatively (2,2)-compact. Then there is a 2-summable sequence (z,,)
in X with

AcC {Z any o () € By, }.
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This sequence (z,) gives rise to a Hilbert-Schmidt operator ¢ : {5 — X : «,, +— x,. Hence
A C ¢(By,). By ([16], Proposition 4.5(c)) it holds that ¢* is Hilbert-Schmidt too, hence 2-
summing. Hence ¢* € II(X*, ¢3) by ([16], Theorem 4.10). Moreover

Uilz™) = ({27, a))aca
= ((z",6(a")))acen,, since A C ¢(By,).

Hence,
U (2")|oo = sup (2", a)]
a€A
= sup |(z", ¢(a”))|

o"€Be (4.1)
= sup ‘(gb*x*, aa>|

aveBy,
= [[¢7"|2.
Since ¢* is 2-summing, it follows from equation (4.1) that U} is 2-summing, as was to be
shown.
Conversely, suppose that A is a bounded subset of X such that U} : X* — ((A) is 2-
summing. Since X is a Hilbert space, it is reflexive and so it has the Radon-Nikodym Property.
By ([11], Proposition 2.2), it holds that X € Cy. It now follows from Definition 4.1.2 that A is

relatively (2, 2)-compact. O

4.2 Characterisation of Banach spaces with the C; Prop-

erty

Recall that the metric d : X x X — R on a normed space X given by d(z,y) = ||x —y|| defines
a metric space (X,d). It defines a complete metric space on X when X is a Banach space. If
we restrict this metric to the subset A of X then (A, d) is a metric space in its own right. We
also recall that a metric space (X,d) is said to be separable if it contains a countable dense

subset.
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In order to provide a characterization of a Banach space X having the Cj Property, we need

the following Proposition 4.2.1 and we will also recall the result in ([13], Proposition 2.1).

Proposition 4.2.1. Let 1 <p < oo and 1l <r <p*. Let X be a Banach space and assume that
A is a bounded subset of X such that U} € IZZJT* (X* lo(A)). If each countable subset of A
is relatively (p,r)-compact, then A is relatively (p,r)-compact. In particular, if each countable

subset of A is relatively p-compact, then A is relatively p-compact.

Proof. Let A be a bounded subset of X and suppose that S is an arbitrary countable subset
of A. Assume that S is relatively (p,r)-compact. [Let (x,) be an enumeration of S, that
is S = {z,|n € N}, such that for some (z) € (,(X) it holds that =, = Y, ajz, where
(ap)p2, € By,, for all n € N. Then S C ®(.,)(By,) (respectively S C ®(.,\(B,,) if r = 00)]. We
are required to show that A is relatively (p,r)-compact (respectively, (p, c0)-compact), and the

relatively p-compact case will follow from letting r = p*.

To this end, recall ([37], Theorem 4.7.16): given an operator ideal A, it holds that (A%e!)sur =

(Ainj)dual’ hence

U € (T )™ (0(A), X) = (T )™ (01(A), X)
= (Zparm)™(L(A), X)
= Ty (li(A), X).
Therefore U, is a compact operator. By Proposition 3.1.5, A is a relatively compact set, and so
it is separable by ([18], Theorem 1.6.15). Therefore, there exists a countable subset S of A such
that A = S, and by the opening paragraph in this proof, A would be relatively (p, r)-compact

whenever S is relatively (p,r)-compact. ]

Proposition 4.2.2. ([13], Proposition 2.1) Suppose that 1 < p < oo and let X be a Banach

space. Then the following statements are equivalent:
(a) X €CV" =C,.
(b) For every Banach space Y, it holds that IC,(Y, X) = TI4(Y, X)).

(¢) Kp(01(D), X) = 4(41(T), X), where T is any set .
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(d) K,(t, X) =T1(61, X).

Proof. Let Y be any given Banach space.
(a)= (b). Consider T € II4(Y, X) and put A = T(By). Since

1Uxz ]l = sup|(z”,a)| = sup {|(a",Ty)| : a =Ty}
a€A yEBy

= sup {[(z", Ty)| : [yl < 1} = [|T"2"],
yey

it follows that U} is p-summing, and so by hypothesis, A = T'(By) is relatively p-compact.
Therefore, T € (Y, X). Since KC,(Y, X) C II4(Y, X) by ([43], Proposition 5.3), it follows that
Kp(Y,X) = TI4(Y, X) as desired.

(b)= (c). Take Y = ¢,(T"), where I is any set in (b).
(c)= (d). Let I' = N in (c).

(d)= (a). Suppose that A C X is a bounded set such that U} is p-summing. To see that A is
relatively p-compact, it suffices to show that each countable subset of A is relatively p-compact

by Proposition 4.2.1. Consider {z,} C A and define
J (o) € by = J(an) € (1(A)

where

o, ifr=ux,
S (o) (z) =

0  otherwise
From (d), K, (¢1, X)) = II4(¢1, X), it follows that Uso.J is p-compact. Thus {x,} = {UaoJ(e,)}

is relatively p-compact (e, € By, ). O

The Banach spaces which have the C, Property have been characterized in Proposition 4.2.2.
Theorem 4.2.3 and Corollary 4.2.5 below will improve Proposition 4.2.2 by providing a gener-

alized characterization of Banach spaces which enjoy the C} Property.
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Theorem 4.2.3. Suppose that 1 < p < oo and 1 < r < p*. Then the following two statements

are equivalent:

(1) Y €Cy.

(2) Ko (X,Y) = (Zdwal )" (X,Y) for every Banach space X.

(p,r*,1)

Proof.
(1)= (2) Assume that Y € C; and suppose that T" € K,,)(X,Y). Then T(Bx) C Y is
relatively (p,r)-compact in Y. By (1), it holds that

defined by U7 g (y") = ({4, a))eer(By) for every y* € Y belongs to I(m]r (Y lo(T(Bx))).
Consider /o (Bx UT(Bx)) and observe that each f € {(T(Bx)) is the restriction to T'(Bx)
of some function F': (Bx UT(Bx)) — K, where K is the scalar field, defined by

0, z € By

F(z) =
f(z), z€T(By).

Hence, F' € {+(Bx UT(Bx)). The mapping (o (T(Bx)) < loo(Bx UT(Bx)) : f — F clearly
defines an inclusion map of ¢ (7' (Bx)) into o (Bx UT(Bx)). It is clearly well-defined, since if
Fy is another function, Fy € (o (BxUT (Bx)) such that f = Fo|r(sy)), Fo(Bx) = 0and f — Fp,
then F' = Fy. In the same spirit, for each g € loo(Bx), loo(Bx) — loo(Bx UT(Bx)) : g — G
is a well-defined inclusion map where g = G|p,, for some G € l(Bx UT(Bx)) defined by

g(w), w € By

G(w) =
0, weT(By).

Furthermore, when U7, ) and Ug  are considered as mappings into {o(Bx UT(Bx)), it holds
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that for every y* € Y™,

U () = ((y".a) € le(Bx UT(Bx)) (a € T(Bx) = a=Tx, for some z € Bx)
= ((y".Tx))aeny € loo(Bx UT(Bx))
= ((T"y", 2))aenx € loo(Bx UT(Bx))
= Up (T"y")
= Ug, oT*(y").

X

Hence, Uz g = Up, oT™ as mappings into {o(BxUT'(Bx)). Since Uz, ) € ng (Y™ U (T (Bx)),
it follows that so is Up o T*, and hence T* € (If;{;*’l))i”j(Y* X*) = I”” oY X*) since the

rule ‘inj’ is idempotent. Therefore, T' € (Z;,7. ,))™*(X,Y) = (Z{. 1))S“’”(X, Y).

Conversely, suppose that 7' € (Z{el ))**"(X,Y’). Then T € IEZJT (Y™, X*). Hence, Uzp, ) =
Ug, oT* EIZZ]T* (Y b (Bx UT(Bx))). Therefore, Uy, 4 Efgjr* 1y (Y, ls(T(Bx))). Since

Y € Cj by (1), it follows from Definition 4.1.1 that T'(Bx) is relatively (p,r)-compact. Hence,

T € Ky (X,Y). This completes the proof that (1) = (2).

(2) = (1) Fix a Banach space Y and suppose that K, ) (X,Y) = (Z&el )" (X,Y) for every

(pr,1

Banach space X. If A is a relatively (p,r)-compact subset of Y, then Uy : (1(A) — Y is
(p, r)-compact by Proposition 3.1.7. Hence, Uy € (Z8%L )5 (£,(A),Y). Thus,

(p,r*,1)
Ugo QBél(A) < (I(pur 1))(€1<B€1(A)) Y)a

and so

* * *
JBel(A) © UA - Qle(A) © UA

= (UAOQle(m) € Zipre 1) (Y, loo (B ()))-

Hence, U4 € ™, . (Y* (5 (A)).

(p,r*,1)
On the other hand, let A be a bounded subset of Y and U} € I’;”T* (Y*,0o(A)). Then
Ua € (Ifgﬁ“*yl))d““l(ﬁl(A),Y) (Igp“f}i 1) (4i(A),Y). Hence, Uya is (p,r)-compact by (2),
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whence it follows that A is relatively (p,r)-compact in Y by Proposition 3.1.7. Therefore,
Y € C by Definition 4.1.1. This concludes that (2) = (1). O

Remark 4.2.4. (1) In the particular case when r = p* in Theorem 4.2.3, it holds that Y €

C, = le,’* if and only if for every Banach space X,

K:p(X, Y) — Idual )su'r(X7 Y)

(p,p,1)

T (X,Y)
NG (XY)

(p,1,p)
(p:p,1)

N’m]

(p:p,1)

(
(
(

= (AL (XY
W) (X, Y)
(N

)dual(X Y)

an expected special case of ([13], Theorem 3.8). Or starting with ([11], Proposition 2.1),
we have that Y € C, = Cg* if and only if for every Banach space X,

Ry(X,Y) = IM"(X,Y)
— (I;nj)dual (X, Y)
— (Idual)sur(X’ Y)

— (I(dpu;ll))sur (X, Y)

(2) In general, under the equivalence with C), we get Y € C) if and only if K (X,Y) =
(./\f(i;i* 1))dual(X, Y') for every Banach space X and so using J instead of N in Theorem
4.2.3 1s an improvement and clarifies why the characterization of Banach spaces with the

C, Property is not a restatement of ([1], Theorem 4.1) (see also ([2], Theorem 3.2)).

Corollary 4.2.5. Suppose that 1 <p < oo and 1 <r < p*. Then the following statements are

equivalent:

(1) X €C.
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(2) Kpry(01(T), X) = (Zfwal ) (6T, X) for any set T.

(pr*,

(3) Ky (lr, X) = (Zg52 )™ (6, X).

(p,r*,1)

Proof.
(1) = (2) This follows from Theorem 4.2.3 ((1) = (2)) with X = ¢,(I') and Y = X.

(2) = (3) This follows by replacing I' with N in the previous case.

(3) = (1) Suppose that A C X is a bounded set such that U} € IE;”T (X7 lo(A)). To
realize that the subset A of X is relatively (p,r)-compact, it is sufficient to prove that each
countable subset of A is relatively (p,r)-compact by Proposition 4.2.1. To this end, consider a

subset {x,} of A and define J : {; — (1(A) : () — J(ay,), where

a,, ifr=ux,
J(an)(z) =

0, otherwise.

Consider

Upold:V — X.
Then (Ug o J)* = J* o U}, where
JoUy: X" — U
belongs to Iz;i*71)(X*, () by the ideal property. Hence,

UsodJ e (Tl )™, X) = (Tt )™ (6, X)

(p,r*,

= K@ (by condition (3)).
Therefore, Uy o J is (p, r)-compact from ¢; to X. Since

1, ifx=u,
J(en)(x) = = €z, (z)

0, otherwise.

for every x € A, it follows that J(e,) = e,,, and so,

(UaoJ)(en) =Uales,) = Z e, ()T = T

T€A

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

CHAPTER 4. ON C) PROPERTY OF BANACH SPACES 48

Since {e, : n € N} C By, it follows that {x,} = {Ua o J(e,)} is a relatively (p, r)-compact set.

On the other hand, if A C X is relatively (p,r)-compact, then it follows from Proposition
3.1.7 that Uy € K r)(€1(A), X). Consider, for a countable subset {x,} of A as before, the
operator J : {1 — (1(A) defined in the foregoing paragraph. Then Uy o J € K, (1, X) by
the ideal property. Hence, Uy o J € (IZ;JT 1))dual(€1,X) by condition (3), and so J* o U} =
(Upo J)* GIZ;UT (X, o). Thus, Uj € (IZ;UT 1)mJ(X*,€ (A)) = (I’;”T 1) (X7, € (A)) since
the rule ‘inj” is idempotent. Therefore, X € C and so condition (1) holds. This concludes the

proof. O

[f0<t<oo,and 1 < u,v < 0o, we have

Nztni ) g (NMJ

(t,u,v)

— (N’max )znj

t,u,v

= T (4.2)

(tyu,v)°

)mam

In particular, when v = 1 it follows from Propositions 3.1.7 and 3.2.1 that the following result

holds.

Corollary 4.2.6. Let 1 <p <oo and 1 <r <p*. If X is a Banach space, then a bounded set

Ain X is a relatively (p,r)-compact set if and only if X € C}.

Proof. The necessity is the only direction that needs proof. By Propositions 3.1.7 and 3.2.1, it

holds that U% € Z;f, «1y(X*, s(A)), whence by equation (4.2) it follows that

€T, (X* Ll A)). O

4.3 An application related to the C; Property

In this section, we shall apply the results in the previous two sections about the Cj Property

and show that if X** € C}, then X € C). We first need the following result.
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Theorem 4.3.1. Suppose that 1 < p < oo, 1 < r < p* and 1% = 1. If a subset A of a
Banach space X is relatively (p,r)-compact in X**, then A is relatively (p,r)-compact in X.
In particular, an operator T € L(X,Y) is (p,r)-compact if and only if T** € L(X**,Y*) is

(p,T)-compact.

Proof. By considering A as a subset of X**, Proposition 3.1.7 and Proposition 3.2.1 assure us

that the map

Ji: X5 0 (A)

kkk

e = ({0, 277))aca-

belongs to N/ (X7, € (A)). Hence, so does

(p,r*,

U = J4

*

z — ((aﬂx*»aeA-

by the ideal property, since A is a subset of X; just look at the following commutative diagram:

Ui = Jaorxe € Nt ) (X", €o(A))

X* oo (A)
X***

Therefore, by Propositions 3.2.1 and 3.1.7 (again, and in this order!), A C X is relatively
(p, r)-compact.

Next, we prove that for any Banach spaces X and Y, it holds that T" € K, ,y(X,Y’) if and only
T* € Ky (X*,Y*). To this end, suppose that 7** is (p, r)-compact. Then T™* is a posteriori
weakly compact; hence it follows from Gantmacher’s Theorem that so is 7" by Proposition 1.2.2,
and so, T"*(X*™*) C Y. Moreover, T**|x = T. Since T**(Bx+«) is a relatively (p,r)-compact
subset of Y** it follows that T'(Bx) = T**|x(Bx) is a relatively (p,r)-compact subset of Y**
too when By is considered as a subset of Bx«. Since T'(By) is a subset of Y, it follows from
the first part proved above that T'(Bx) is a relatively (p, r)-compact subset of Y. Therefore, T'

is (p, r)-compact too.
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On the other hand, suppose that T is (p, r)-compact. Then T'(By) is a relatively (p, r)-compact
subset of Y. Moreover, a posteriori weakly compact, so that 7**(X**) C Y by Gantmacher’s
Theorem (see the foregoing paragraph for reference) and 7**|x = T. Let z§" be an arbitrary
element of Bx«. Then, by the weak*-density of Bx in By, there exists a net (z§) C Bx such
that

)t =o( X" X") — li(gnx?.

Since T** is o(X**, X*) — o(Y, Y*)-continuous, it follows that

T (xy) = a(Y,Y*)—lignT**xg

= oY, Y") - li(lsrnng

and so T**(z*) € (p, r)—conv(yn)g(y’y*) for some sequence (y,,) € £,(Y") such that

T(Bx) C (p,r)-conv(y,). Since (p,r)-conv(y,) is convex, its weak and norm closures coincide,
thanks to Mazur’s Theorem. Moreover, (p, r)-conv(y,,) is weakly compact, and so is norm-closed
if 1 < p < oo. Thus, it follows that T**(x{*) € (p,r) - conv(y,) if 1 < p < oo, respectively,
T (x3*) € Tﬂv(yn)u'” : here 1-conv(y,) = (1,00)-conv(y,) = P(,,)(Be,), where (y,) €
(1(Y). Since z§* € Bx« is arbitrary, it follows that 7**(Bx+«) C (p,7)- conv(y,) if 1 < p < oo,
respectively, T**(Bx+) C va(yn)”'” = {3,y (o) € BCO}|| - 3, anyn : (a) €
By} = ®(,)(Be.. ), a closed and weakly compact set (see [13], Remark 3.3) about the fact that

both definitions of the 1-convex hulls yield the same notions of 1-compactness. Therefore, we

may conclude that T** is (p, r)-compact too by ([1], Definition 3.7), as was to be proved. [

Proposition 4.3.2. Suppose that 1 < p < oo, 1 < r < p* and £= ;
XecC,.

2o = 1. If X* € (), then

Proof. Let A be a bounded subset of X and suppose U% € T, | (X* {5 (A)). To show that

(pyr*,1)

A is relatively (p,r)-compact in X, it suffices to show that rkx(A) is relatively (p,r)-compact

in X** by Theorem 4.3.1. To this end, consider the following commutative diagram;

Kk/
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where kx : X — X** is the canonical embedding, U, : ¢1(A) — X, and

Ja=Ufo(kx) : X™ — ((A)

kokk

™ = ((kx(a),2"))aea.

Therefore,
Ja(x™) = ((kx(a), 27))nx()enx (1) = Unyay(@™)

for every z*** € X** so that J4 = U} 4. Since Ais asubset of X and U} € T;”r (X7, € (A)),
it follows from the ideal property that Ja = Uj o (kx)* Iz;”r (X, U (A)). Hence,

U ia) Im] (X7 l(A)). Since X** € C by hypothesis, it follows that rx-(A) is rela-

(p,r*,1

tively (p,r)-compact in X**, as desired.
On the other hand, that the relative (p, r)-compactness of A C X implies that

A€ L ) (X" loo(A))

follows from Propositions 3.1.7 and 3.2.1 and the fact that the maximum hull is a hull procedure.

This concludes the proof that X € C}. O
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Chapter 5

On mid (p,r)-compact operators

In this chapter, we study the notion of mid (p,r)-compact sets and operators for 1 < p < oo
and 1 < r < p*. We begin by introducing and defining the mid (p,r)-compact subsets of
a Banach space X and the mid (p,r)-compact operators between Banach spaces X and Y.
We will also introduce and study the set IC?;){‘},)(X ,Y') of mid (p, r)-compact operators between
Banach spaces X and Y. We prove that the ideal (IC?;;}) (X, Y),/i?;’f)(-)) is a quasi-Banach
operator ideal.

In section 5.2, we introduce and define the concept of (p,r)-limited sets. We prove that every

mid (p,r)-compact subset of a Banach space is (p, r)-limited. Other results with regard to the

mid (p, r)-compact sets and operators and the (p, r)-limited will also be proved.

5.1 Mid (p,r)-compact operators

Let 1 < p < oo. Given a Banach space X, recall the Banach spaces £,(X) and £;(X) of,
respectively, absolutely and weakly p-summable X-valued sequences equipped with their usual

norms. Consider the vector space

BX) = {(2)52 € G OON@ ()20 € bylly) whenever (2772, € (X))

52
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under pointwise operations, equipped with the norm
1/p
le)Elmas = s (S heatenr)
(@3)a1€Bry(x*) =1 =1

under which it is a Banach space [5].

If p = oo, then £, £ and (7" are replaced by co, ¢ff and ¢{*?, and £,(£,) takes the form co(co).

The norm on ¢"@(X) takes the form

[ Zllmiane = sup {supsupai(a)]}. (5.1)

(@H)nz1€Bew (x*) noJ

The norm that the mid p-summable sequence space éz”d(X ) inherits from /(X)) does not, in
general, complete the mid p-summable sequence space, and the above norm is the appropriate
one on (4(X).

The symbol X < Y means that X is a linear subspace of Y and ||z||y < ||z||x for every z € X.

Moreover, it is shown in [5] that

(X)) 5 07(X) = 09(X). (5.2)

The definition of the (p,r)-convex hull of (z,) € £;(X) is extended in the following way (see
[1], Definition 7.3).

Definition 5.1.1. Let 1 < p < oo and 1 < r < p*. Let (z,) € ((X). If r # oo, the

(p, r)-convex hull of (x,,) is given by

(p,r)-conv(x,) = {Zanxn 2 (a,) € B[T}

If r = oo and (z,) € (}(X), the sequence space of unconditionally 1-summable sequences, we

define
1-conv(z,) := (1, 00)-conv(z,) = {Zan:ﬁn : (an) € By, }
n=1

If r =00 and (z,,) € (Y(X), then define

1-co(x,,) := (1, 00)-co(z,) = {ianxn :(an) € BCO}.

n=1
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Given (z,,) € ;)(X), the operator @,y : £, — X ( (s, : co — X when r = 00) is also well

defined and (p, r)-conv(z,) = @, (By,) if 7 # 0o, while
1-co(x,) = (1,00)-co(xy) = @4, (Be,)-

However, ®(,,) need not be compact, unless (x,) € £;(X), the Banach space of unconditionally
p-summable sequences ([9], §§8.2 and 8.3) and ([20], Theorem 1.4) (also see ([1], §7.3). As
described in ([1], p.60), the space £,,(X) was defined as the (closed) subspace of £;’(X), consisting
of (z,) € £(X) such that (z,) = limyeo(21,...,75,0,0,...,) € £/(X). It is known that
0% (X) = co(X) as Banach spaces (details may be found in [20], p.351) and ([9], 8.2).

We recall the following definition from ([1], Definition 7.4).

Definition 5.1.2. Let 1 < p < oo and 1 <r < p*. A subset K of a Banach space X is said
to be relatively unconditionally (p,r)-compact if K C (p,r)-conv(z,,) for some (v,) € (y(X). It
is said that K is relatively weakly (p,r)-compact if K C (p,r)-conv(x,) (K C l-co(x,) when
r = 00) for some (x,,) € £;)(X) ((x,) € c§(X) when p = c0).

Concerning the operators, we obtain the following ([1], Definition 7.5) .

Definition 5.1.3. Let 1 < p < oo and 1 <r < p*. Given Banach spaces X andY , an operator
T € L(X,Y) is said to be unconditionally (respectively, weakly) (p,r)-compact if T(Bx) is a
relatively unconditionally (respectively, weakly) (p,r)-compact subset of Y. Denote by U
and Wy, the classes of all unconditionally and weakly (p,r)-compact operators acting between

arbitrary Banach spaces.

By ([5], Example 1.7), the Banach spaces £%(X) and £;"(X) are generally not comparable. In
particular, Egﬁd (X) is not contained in £;;(X) despite the fact that both sequence spaces satisfy

(,(X) C (X)), (X)) C Y(X).

Our main concern in this section is to expound a theory on mid (p,r)-compact sets and oper-
ators. This we do by defining and introducing the relatively mid (p,r)-compact sets in X by
defining the (p, r)-convex hull of (z,,) € £;¥(X) as in Definition 5.1.1 above. Alternatively, by
replacing £,(X) (as in ([1], Definition 3.2)) with £34(X).
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Definition 5.1.4. Let 1 <p <oco,1<r <p* and (z;) € (3" (X). Then call

(p, r)-conv(x,) = {ianxn 2 (a,) € Bgr}

n=1

the (p,r)-convex hull of (x,).

The operator @,y : £, — X (®(y,)) : co — X when 7 = 00) defined by

Py (o) E :O‘ij

is bounded. Let (x,) € £3"Y(X). Fix ¢ € By~ arbitrarily and note that (z7;) := (¢,0,0,...) €
Byu(x+). So if (o) € By,, then

@)l — |f;ajw<xj>|p
< <i|aj||so<xj>|>p
< (Zm 1/7"2@ )
< (Zm WZw i)y’
<

Z ()P
= D> )P

n=1 j=1

< (H(xj);‘ilumidm)p-

Hence
19y ()| < 1(25)521 i ps

and so,

”(I)(xj)H < H(mj);)iIHmidW- (5.3)
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Coincidence of the mid (p, r)-compactness with the previous cases occurs in the following ex-
treme cases which are stated in [5] and originally come from ([45], Proposition 3.1 and Theorem

4.5).

Theorem 5.1.5. ([5], Theorem 1.2) Let X be a Banach space and 1 < p < co. Then

(i) 0PN(X) = €2(X) if and only if IL,(X, €,) = L(X, 1,).

(it) (X)) = £,(X) if and only if X is a subspace of Ly(jt) for some measure p.

The Banach spaces X for which Theorem 5.1.5 holds are examples of what the authors of [5]
have termed weak mid p-spaces and strong mid p-spaces : A Banach space X is said to be a weak

mid p-space if (X)) = €¥(X), and it is said to be a strong mid p-space if (5'(X) = £,(X).

Definition 5.1.6. Let 1 < p < oo and 1 <r < p*. A subset K of X is said to be relatively

mid (p,r)-compact if K C (p,r)-conv(zy,) for some (x,) € £39(X).

Therefore our relatively mid (p, r)-compact sets are relatively (p, r)-compact (respectively, rel-
atively weakly (p,r)-compact) whenever X is a strong mid p-space (respectively, weak mid
p-space) by the definition of the foregoing chapters and the weakly (p, r)-compact sets treated
in ([1], Chap 7).

Definition 5.1.7. Let 1 <p < oo and 1 < r < p*. Given Banach spaces X andY , an operator
T:X —Y is said to be mid (p,r)-compact if T(Bx) is a relatively mid (p,r)-compact subset
of Y. Denote by IC?;‘S) (X,Y) the set of mid (p,r)-compact operators from X to Y.

Let X and Y be Banach spaces, ] < p<oocand 1 <r <p*and T € IC](“;%(X, Y). Then the
quantity
Koy (1) = f{[[(yn) llmiap : (¥n) € Y ((yn) € 5™ (Y) whenp = 00),

T(Bx) C{>_ anyn : (o) € By, }} (5.4)

defines, as will be shown below, a complete quasi-norm on IC?;% (X,Y). Recall from equation

5.2 that (y,) € £,(Y) implies that (y,) € £%/Y) and ||(yn)llmiap < [[(¥n)]lp- Also recall from
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([32], Theorem 4.6) that, if 7" € K¢,y (X,Y), then

Rpn(T) = mf{{[(ya)lly : () € 6(Y) ((yn) € co(Y) whenp = o0),

T(Bx) C{)_ tnyn : (o) € By, }}

The class K@i’f) is an operator ideal and the proof follows a similar style to that of K,y (see

([1], Proposition 3.8) and [2] and uses the definition of £3"4(Y) as we show next.

Proposition 5.1.8. Let 1 < p < oo and 1 < r < p*. The class IC‘(T;% of mid (p,r)-compact

operators is an operator ideal.

Proof. Let S,T € K@\ (X,Y). Then there exist (,), (y.) € £3"(Y) ((2n), (ya) € cg"(Y)
when p = oo ) such that S(Bx) C ®(,,)(Bs,) and T(Bx) C ®,,)(B,). Let ¢ € K and define

L 21/7"017(”“)/2, n odd
247,19, n even.

Then for every (y;;) € Byu(y+) we have

Z |yn Zk ZZ |yn “2k—1 |p+zz |yn Z2k

n=1 k=1 n=1 k=1 n=1 k=1

S @ el + S5 @

n=1 k=1 n=1 k=1

= 2] Z D Iy P+ 2273y ) P

n=1 k=1 n=1 k=1
< 2P (Il (2a) R i) + 2777 O (W) lmia )P

= 27l ()2 i) + (1) i),

so that
N )P 1/p 1/r p P 00 p e
X nm <2 (1o (e e + () llmian)?) < o0.
n=1 k=

This proves that (z,) € £3"(Y) ( (2a) € co(Y') after the appropriate adjustments when p = co).

Let w € (¢S 4 T)(Bx). Then there exist x € Bx such that w = ¢S(z) + T'(x). Hence, for this
x, there exist (ay,,), (b,) € By, such that

S(l’) = ggn) an Z AnTn CI)(yn) Z bnyn
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respectively.

Define

Then (c,) € By,. For

)

2_1/’”a(n+1)/2, n odd
Cp =
2*1/’"bn/2, n even.

00 00 [e's)
Dleal” = D leanal"+ 3 leal”
n=1 n=1 n=1

el + Y
n=1 n=1
2 (Y Jaal™ + 3 ol
n n=1

2 (1en) -+ 1))

< 27'(2) =1,

IN

so that (3-°7 |c,|")Y" < 1, as claimed.

So

q)(zn)(cn)

o0

= E CnZn

n=1
= Z Con—122n—1 + Z Con<on
n=1 n=1
= i 2‘1/"an21/rcxn + i Q_I/Tbn21/r?/n

n=1 n=1

_ 22—1/7"&”21/7"61,”+22—1/rbn21/ryn
n=1 n=1

= ci AnLy + i bnYn
n=1 n=1

= Q,)(an) + Py, (0n)

= cS(x)+T(x)
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This proves that w € ®(.,)(By,). Therefore (¢S + T)(Bx) C ®.,)(By,), so that (¢S +1T) €
K@) (X,Y), as such showing that Kj') (X, V) is a linear subspace of L(X,Y).

(pr (pr
On defining (z,) € £"(Y) by 21 = [|a*[|y, 22 = z3 = ... = 0, it is clear that, if (z}) € £(Y™),
then
D Izl = QO a0l < lalP (@),
n=1 k=1 n=1
whence
1Gza)lmiap < llzoll = 2"yl = [l=" vl

Furthermore, given x € By, it holds that

: ) z(z), . S
n=1

a3 =...=0, and so (a,) € By,. Therefore

Q
)
I

* @ y(Bx) C D(,,)(Be,),

and so ¥ ®y € IC?;?)(X ,Y'); that is, the space IC?;:‘:) (X,Y) contains finite rank operators.
The ideal property also holds. That is, if A € L£(Z,X) and B € L(Y,W), then BTA €

IC?;’%(Z, W). For, let z € Bz. Then ﬁ € Bx. So there exists (t,,) € By, such that

(A5~

Hence
B(T(ﬁ)) = B(®(y,)(tn)
— B(itnyn)
= itnByn,
=t
and so,

n=1
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where (w,) := (||A]|By,) € £3°4(Y) since for every (y) € £¥(Y™),

DX lwUAIByP = YD 1AMl Byl

n=1 k=1 n=1 k=1

= > > IAIPIB ()P
n=1 k=1

< SO NAIPIBIP [y (i) P
n=1 k=1

= > > NAIPIBIP 1y (i) I
n=1 k=1

= [JAIPIBIPY > " lya ()P < oo.

n=1 k=1

]

Next, recall the definition of a quasi-normed operator ideal (also see (][9], 9.3)). We show that

(ICE;“S (X,Y), K ‘(‘;i)(')) is a quasi-normed linear space.

Proposition 5.1.9. Let 1 < p < o0 and 1 < r < p*. The linear space IC?;’% of mid (p,r)-

compact operators is a quasi-normed operator ideal.

Proof. The restriction of x{)¢(-) to K (X,Y) is a quasi-norm. For consider

(lled (X,Y), Kk ?“d)( )) such that /{E‘;‘j)(T) = 0, and fix € > 0. Then there exists (y,) €

g;md( ) such that T'(Bx) C @, (By,) and

1Y) l[miap < €. (5.5)

Fix € Bx and choose o = (o) € By, so that Tx = Y 7 | a®y,.. Observe that, if ¢ € By+,
then f = (f1, fos- s fry--y) i=(,0,0,...) € By (y+). Moreover,

(Tz,p) = Zai’i(yn,w)
= Z ymfk

n=1 k=1
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whence

(T o) = 1) ailyn )l

> 1y fi)

WE

[M]#

> mzv)”(i (s f)

r*)l/r*
1/r*

>l fidl7) " (since o € By)

VAN

Me

S /N
i

<
n=1
< lg)l* (by cquation 5.2)
< €. (by equation 5.5) (5.6)

Hence, ||Tz|| < € (by equation 5.6), and so
1T < e. (5.7)

Letting € tend to zero, we conclude from equation 5.7 that ||7'|| = 0. Since || - || is a norm on L,
it follows that T" = 0, as was to be proved.

Now, fix ¢ € K. Since ¢T' € IC?;‘:) (X,Y), as seen above in Proposition 5.1.8, it follows that there
exists (y,) € £3"(Y) such that T(Bx) C ®,,)(Bp,) = {> oy n¥n : @ € By, }. Fix c# 0 in K
and for every T € By, choose a” € By, such that T = >~ a’y,. Then Tz = >~ a’cy,.
Since (cy,) € (5"4(Y), it follows that

RES (D) < 1l(cYn) i

— el )llmiap  (since | - lmia is & norm) (5.8)
Hence
/i@i’i)(CT) < |c|/<;g‘)i’ﬂ)(T). (5.9)
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On the other hand, fix e > 0. Since ¢T" € K (X, Y), choose (2,) € £;4(Y) such that

S (ET) > (1 )
Then

Ko () > @+@W%Wmm
- (1+€)|| ( zn)”nudp

= (1+e)|d|l(= zn)Hmldp (since || + |lmia,p is & norm) (5.10)

But (¢I')(Bx) C {>_p2; anzn : (an) € By, } implies that (T)(Bx) C {> 07 22, : () € By, }

with (¢2) € £, (which is a linear space). Therefore
mid 1
K (T) = (= 20) lmiap-
This together with equation 5.10 implies that
ey > (1 + €)|C|K,mld (T).
(p:r) = (pr)
Since € > 0 is arbitrary, it follows that

K,&li)(CT) > e|sMd (T). (5.11)

(psr)

From equations 5.11 and 5.9 it holds that

Ky (cT) = el (T), (5.12)

as was to be shown.

Let S,T € K (X,Y) and choose (), (yn) € £3"4(Y) such that S(Bx) C ®(,)(Bs,) and
T(Bx) C ®,)(By,). Fix x € Bx. As above (in the proof of Proposition 5.1.8) with ¢ = 1,
we can define (z,) € £5"(Y) and (¢,) € By, (with appropriate adjustments when p = co) such
that

(S +T)a = B, (e
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Then

K (S +T) < [1(20) mia

- s (Y |w;;(zk)yp)1/p

(w;)eBe;Pid(Y*) n=1 k=1
o oo 1/p © 1/p
- s (( wien)P) "+ (Dl i) )
(wZ)GBerrnd(Y*) n=1 k=1 n=1 k=1
— *(ol/r P 1/p i *(9l/r p e
= ap (I mern) s (Y @ w)
(w;;)EB%nid(y*> n=1 k=1 (w:l)EBZg‘id(Y*) n=1 k=1

— ol/r sup <§:Z |w:;(xk)|p> 1/p Lol sup (ZZ |w;(yk)|p> 1/p

(WR)EBmid (y+) " p=1 k=1 (WR)EBygid vy " n=1 k=1
= 2Y7(|| ()3 i) + 27 (1 ()5 i)
= 2" (|l(@1)2 lmia.p) + (l@e)721 i p)- (5.13)

On taking the infimum on both sides, first over all the (z,) defining S and then over all the

(yn) defining T' we obtain

R (S+T) < 297 (ki (S) + ity (1))

This proves that (IC?;% (X,Y), /ﬂ?;%()) is indeed a quasi-normed linear space.

Next we show that (IC?;% (X,Y), m@f‘j)(-)) is actually a quasi-normed operator ideal. To this
end, recall from Proposition 5.1.8 that IC?;f) (X,Y) admits finite rank operators: Given x € By
and y € By, it holds that 2* ® y € K (X,Y) with s} (" @ y) < 1 (see the representation

in the proof of Proposition 5.1.8). In particular, since K* = K, and for all « € K it holds that

idg(a) =a = 1-a-1

= 1®1l(a) (1eK"1eK),

we have

idg =1®1 e Kt (X,Y),

whence
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Ky (idx) < 1 (5.14)

<Alternatively, as quasi-normed spaces,
Kpm (X, Y) = KL (X,Y)

(p,7)

and

lir(nid (T) S Ii(pyr)<T).

p,r)

Since idx € K,y with r¢,,(idg) = 1, it follows that
R (i) < gy (i) = 1.)
On the other hand fix € > 0. Then there exists (z,) € Spmia(y) such that

1Cza) llmia.p < Ky (idic) + €. (5.15)

Fix ¢ € By arbitrarily and observe that f, := (¢,0,...) € Byuw(y+) where fi = ¢ and f, =0

for all n > 2. Hence,

Sleaor) = (S W)
(X

n=1 k=1
< 1) llmiap < mmld y(idx) + € (by equation 5.15).

Taking the supremum over ¢ in the previous inequality gives
L= [(za)lley < i (idic) +
Letting € tend to 0 leads to
1 < kP9 (idk) (5.16)

By equation 5.14 and equation 5.16 we have

||idK||ic?;{§)(X,Y) =1,
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as was to be shown.

Lastly, it follows (again) from Proposition 5.1.8 that, if T € IC?;?)(X, Y), A€ L(Z X) and
B e L(Y,W), then BTA € IC“;‘:)(Z W), where (||A||By,) € (2'4(Y) defines BT'A whenever
(yn) € £3"4(Y) defines T'. So

Kt (BTA) < (Al Bya) lmidp

Fpr)
oo o 1/p '
= sup ( g E |y:‘1(||A||Byk)|p> (by equation 5.3)

WR)EBw (v*) =1 k=1

IANEN (S lwor) .

n=1 k=1

IA

On taking the infimum on both sides of the preceding inequality over the (y,)’s in £3"4(Y") that

define T" we obtain

K (BTA) < Allsgam (DI BII,

as was to be proved, and this affirms the claim that (ng‘)if)(X YY), /{&i%(-)) is a quasi-normed

operator ideal.

]

That (lC““d (X,Y),k Emd)( )) is a quasi-Banach operator ideal will follow from proving that it is
an s-Banach operator ideal where s = 1% is obtained from the indices of the s-Banach ideal

/\/'(p71,r*). Indeed, this definition of s leads to 0 < s < 1.

Proposition 5.1.10. Let 1 < p < oo and 1 < r < p*. Then (IC“;‘f), “;i)( )) is an s-Banach

operator ideal.

Proof. Assume that (T},) C ﬁ‘(’;{f)(X ,Y) is a sequence such that y ln?“d)(Tn)s < 00. Let
U:=> " T, be a formal sum.

Given the ideal quasi-norm /{E‘;}i%(-) with the universal constant ¢ := 2§’1, a classical renorming

process yields an equivalent ideal s-norm

1/s n .
mmmmw—dewd )T = S TR T e R (V)
i=1
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(see [37], 6.2.5)). Using this s-norm yields

n n

1 Tilllzme vy < D st (Th)°
k=1 " k=1
oo

< Zﬁmld Tk s

for each n € N. On taking the ||| - || amid (x yy-limit on both sides as n tends to oo, yields

> e, T;€||]Rmid (xy) < 00, whence U = 3778\ T, € A5(X,Y), by the equivalence of the

s-norm ||| - ||| Amid (X,Y) with the quasinorm /-c?“d)( ), as was to be proved.

Since for each © € Bx and y € By it holds that /@@“j)(m ®y) = ||z*|| |ly||, for any quasi-

Banach operator ideal ([37], 6.1.5), and the ideal property is also satisfied as seen in the proof
of Proposition 5.1.8, it follows that (ﬁ?;{%(X YY), /{I&‘f’ﬂ) (+)) is indeed an s-Banach operator ideal.
[

Let 1 <p<oo,1<r<p*and (z;) € E;}‘id(X). Let X be a Banach space. Recall from the

*

earlier discussion that (e,) € Spw(e:), where we considered the unit vectors e, € £« C (£,)* as
coordinate functionals for £,. The operator ®(, ) : £, — X (®(;)) : co — X when r = 00)

defined by
D) () Z QL

admits a representation

o0
D e @, (5.17)
j=1

Moreover, ®(, ) is approximable:

Proposition 5.1.11. Let 1 < p < o0, 1 < r < p* and (x;) € (37(X). Let X be a Banach space.

Then @,y with the representation in equation 5.17 is approzimable. Hence, @, € K({,, X).

Proof. Let (x)j<m = (%1, ..,%m,0,0,...) and define

-'E] ]<m : :e.] ® x]
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Then
1) = Pap,cnll = sup | D ajal

(aj)€Be, i1

o
= sup sup | Z a;z*(z;)]
(aj)EBgr I*EBX* j:m+1

[o.¢]
= sup sup | Z a;jz*(z;)]

z*EB x* (a]‘)GBgT j=m+1

sup sup Y fay|[2"(z;)]

<
z*€Bx+ (a;)€Be, ;11

( N L/p* 1/p
Supx*eBX* Sup(aj)GBgT <Z;o:m+1 |Clj b > <Z;O:m+1 |I*(x])|p> 9
l<p<oo, 1<r<p*

< Supx*EBX* Sup(aj)EBgT (Suijm-i-l |aj|> (Z;O:m—&—l |$*<I])|>,
< _—
Supx*EBX* Sup(a]‘)EBgr <Z§im+1 |a]|> (Supj2m+1 |x*(x])|)7
p=0o0

\

( o . 1/r . . 1/p
P,y WD, (St ai]7) (5 I @)
l<p<oo, 1 <r<p

o) s e, (simialal) (S5 7)),
| ==y
P, WP, (L 03]) (P2 272 ).
p=00, r=p"

\

o . v 1/p .
< Supx*EBX* (Zj:m—‘rl |l’ (:L‘])| > ) ]- S P < 0, 1 S r S p
SUPg+cB v« (Supj2m+1 |x*($])‘>, p=00

1/p
ST O DIt Iy 1 1L B

1<p<oo, 1<r<p" (f:=a%z2:=0n#1)

SUPg+eBy« (SuanI SUPj>m+1 ‘Z:L(x])‘ )

| p=o00 (2f:=0a%2,:=0,n#1)
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(

1/p
B g ey (ot ot 7))

1<p<oo, 1<r<p

<
SUPg+eB s (SUpnz1 SUPj>m+1 |J7Z(%)|),
( pP=0
_ ()52 — (@) 7 [[miap, 1< p<oo
H(xj)goil - (xj)gnzlnmidoo; p =0
m
— 0.

This proves that ®(,,),_, converges to () in the operator norm as m — oo, whence @) €
K(t,,X) whenever (z;) € £"(X) ((z;) € c§"(X) when p = 00). (This reproves its being
bounded (equation 5.3)). O

YD @)l =D @) P < (1) lmiap)” (5.18)

n=1 k=1 k=1 n=1

Define -
O ) )P = o,
k=1

for each n € N. Then (o) € ¢,. Moreover, for each n € N it holds that

-1
en ® Ty = apey @ Q,, T,

Note that
||(aj_1xj);>il||mid,oo = sup Sllip |al;1fn($k)| S 1.
n
By extending equation 5.2 to the case of p = co we may conclude that
(o )52 1% < 1(e 25)52 lmid,oe = sUP sup g fo ()| < 1
n

So (a;'x;)52, € (X)) = (R9(X). Therefore @,y € N4 (£, X) and, clearly,

(p,1,r*

Viptr) (@) < Ml(e)llp < 11(25) lmiap
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by equation 5.18.

If (y;) € E;nid(Y) for a given Banach space Y, 1 < p < oo and 1 < r < p*, the operator @,

admits a factorization

Dyy) = Py ¢
where ¢ : £, — W = {,/N(®(,,)) is the linear quotient mapping and @) : W — Y
is the linear injective associate of ®(,,). This kind of factorization is a property of every
operator in £(X,Y) for all Banach spaces X and Y (see [1], p.19). Furthermore, suppose that
T(Bx) C ®(,)(Be,) so that for each x € Bx there exists a € By, such that Tw = &, )a. It is
known that each such x in X determines an o € ¢, uniquely modulo the null space N(®(,,))
of ®(,,) such that ||, < ||z||. This was first observed and introduced by the authors of [43]
for r = p* and then later improved on in [1] and [2] for any 1 < r < p*. Since the involved
factorizations are basically algebraic, the foregoing also hold in our setting of (y;) € £3'4(Y).

This, said and done, we define
Typ X — W
r — qa
where o € /, satisfies ||af|, < |z| and Tx = @, )a. If |[z| < 1, then ||T(, x| < [lq] = 1.

Following the dictum from [43], we call the injective operator T}, the essential quotient of T'

with respect to (y;). Hence
T = Oy)Ty, (5.19)

where T,y € L(X, W), || T(y)|l <1, and N(T{,,)) = N(T) and (as in [43]) we shall say that T
is quotiented in £, by (y;) € £2'4(Y"). Then each of the two triangles in the following diagram

1s commutative:

Moreover, the injective associate 5(%) of @, ) belongs to ./\/’éf‘fiug(W, Y') and the proof is similar

in approach to that in ( [2], Proposition 3.1) when (z;) € £,(X).
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Given Banach spaces X and Y, 1 <p<ocand 1 <r <p* fix T € IC?;?)(X, Y). Then the

operator 1" has a natural factorization similar to the case of KC(,,)(X,Y) ([1], pp.33 — 34).

Definition 5.1.12. (/5/, Definition 2.1) Given Banach spaces X and Y, an operator T €

L(X,Y) is said to be absolutely mid p-summing if (T(x;))32, € £,(Y) whenever (z;)32, €

(X)), It is said to be weakly mid p-summing if (T(x;))32, € £%UY) whenever (x;);2, €
o (X).

We now show that the operator

is weakly mid p-summing whenever (z;) € ggnd (X)

Proposition 5.1.13. Let 1 <p < oo, 1 <r <p* and (z;) € (3"(X). Consider the operator

Doy i by — X (Payy 1 co —+ X when r = 00) defined by

Do (ag) = ajz;.
j=1

Then the operator

15 weakly mid p-summing.

Proof. Let (z;) € £3"9(X) and consider the linear operator @,y : £ — X (P(y,) 1 cg — X

when r = oo) defined by
Do) = Y ;.
j=1

Let (z7,) € £;(X™). Fix ¢ = (gn) where (g,) € Bpu((,)+) is arbitrary. Then
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DD Mm@y @D = DY U (gn) i)
n=1 k=1 n=1 k=1

- ZZH@ (9 e 7P
e 12, ()]

= 3N sup (6,0 (g PIC (on

Penlon)
n=1 k=1 €8> H@** (gn)H

Wl

o0

= > sup (6, 90,(gn) |Z| S P

n=1 CB 4,y (:rj gn)H

< (Ipll)" sup Z|¢, () (G ))[”

E (€r)* n=1

= ()" A@E, (g )17

= (@A, () 18)”

< G IeE)IP (since (9n) € Beg (e )

= ()12, 17

< G () 72 lmiap)” (using equation 5.3).
Therefore <I>>("xj) is weakly mid p-summing by Definition 5.1.12. [

Concerning the operator @) ~we take note of the following: By the example cited above,

namely ([5], Example 1.7), and since (ez) € £¥(co) = €5"%(cp), we may consider
q)(en) D Ccy — Co

an ? E Ap€n = n

Moreover, (®,)(er))ie, = (ex)zeq & 2(co), so that @, is not absolutely mid 2-summing by
Definition 5.1.12.

Furthermore, since (e,) € £44(¢;) and ||(&;)||mia1 = 1, consider

q)(en): co — 61
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and recall that (ey) € €¥'(co). But ((Pee,)(ex))iey = (ex)ioy & 619(¢1) since £794(4y) = €1(4y),
by Theorem 5.1.5(ii) and (e;)32; is not strongly ¢;-summable. This proves that @, is not

weakly mid 1-summing.

Now, observe that
Qi o —> <o

(an) +—— Zanen: (an)

n=1

gives rise to
(D?en) : 61 — 51

o — ({p,en))nzr-

Note that (ex) € £4"¢(¢1) and [|(ex)[[mia1 = 1, as before, and (®, ,(ex))i2y = (({ex; €a))721)72s =
(ex)p2y ¢ (1(¢1). This shows that (@, ) is not absolutely mid 1-summing.

5.2 On (p,r)-limited Sets

Recall that a nonempty subset A of a Banach space X is called limited in X if for every weak*-
null sequence (f,) in X* (that is, lim, . fu(x) = 0 for all z € X), it holds that f, — 0
uniformly on A. Alternatively ([45]), for every weak*-null sequence (f,,) in X*, there exists
() € ¢o such that |f,(x)| < a, for all z € A and all n € N. It is known that every compact
set is limited. The converse is however false and this was initially mistakenly thought to be
true by Gelfand ([22]) but was later refuted by Phillips ([40]) who produced an example of

non-compact limited set (see [45], §2, second paragraph).

Recently, the concept of a limited set has been extended to the p-level in [45]: A subset A of
X is said to be p-limited in X (1 < p < o0) if for every weak*-p-summable sequence (f,) in X*
(that is, > 7 | fu(2)[P < oo for all x € X), there exists an («,) € £, such that |f,(z)| < a, for

all z € A and n € N. Subsequently, the following result was proved in ([45], Proposition 2.1).

Proposition 5.2.1. Let 1 < p < oo and X be a Banach space. Then every p-compact subset
of X is p-limited.
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Let 1 < p < ooand 1l <r < p* In analogy with the concept of (p,r)-compact operators,
we'll extend the concept of a limited set to the (p,r)-level, where the (p, p*)-level is the p-level

mentioned above.

Definition 5.2.2. Let 1 <p < oo, 1 <7 < p*, and X and Y be Banach spaces. A subset A
of X is said to be (p,r)-limited in X if for every weak*-p-summable sequence (fy,) in X* (that
is, Yoo | fu(z)|P < 00 for all x in X ), there exists (o) € Cpe such that | f,(x)] < a, forz € A
and n € N. An operator T € £(X,Y) is said to be (p,r)-limited if T(Bx) is (p,r)-limited in
Y.

It follows from the paragraph preceding ([5], Proposition 2.12) that the weakly mid p-summing
operators defined in Proposition 5.1.12 are precisely the sequentially p-limited operators defined
in ([45], Definition 4.1). These are the (p, p*)-limited operators in terms of Definition 5.2.2.

It is to be noted, though, that by virtue of how they are defined the absolutely (respectively,
weakly) mid (p,r)-summing operators (in [5]) are not related to the (p,r)-limited operators

given in Definition 5.2.2.

Now, Proposition 5.2.1 can be extended as follows.

Theorem 5.2.3. Let 1 < p < oo, 1 <r < p* and X be a Banach space. Then every maid

(p,r)-compact subset of X is (p,r)-limited.

Proof. Let K C X be a mid (p,r)-compact set and choose (f,) € £#"(X*) arbitrarily. Then
there exists (z,,) € £3"(X) such that K C ®(,,)(By,). Furthermore,

SN IalmP = ZZ(II(%)I;”"VIW(%)V’

n=1 k=1

< (I(fn \;” I|(zk) || miap)?  ( since KZ’*(X*) = KE(X*) isometrically).

Z Z |fn(xk)‘r* < Z Z ‘fn(mkﬂp

(1) [l miap)”
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by the previous inequality.

Let

r*)l/r* -«

for all n. Then () € £,s.

Fix z € K arbitrarily. Then z = ).~ | gz, for some () € By,. Now, for each n € N it holds
that

a2 = 1wtz
k=1

IN

> bl [falan)]
k=1

IN

QY QD fala) )M

IN

O falae) )

= .
Therefore K is (p,r)-limited, as was to be proven. O

Corollary 5.2.4. Let 1 < p < 00,1 < r < p* and X be a Banach space. Suppose that
(z) € LY(X). Then ®4,\(By,) is a (p,r)-limited set. In particular, O, is (p,r)-limited.

Proof. 1f (x,) € £;(X), then ®(,,)(By,) is a mid (p, r)-compact set in X. O

Theorem 5.2.5. Let X and Y be Banach spaces, 1 < p < oo, and 1 < r < p*. IfT €
lCmid) (X,Y), then T is (p,r)-limited.

(p,r

Proof. This follows from Theorem 5.2.3 since T'(Bx) is a mid (p, r)-limited set in Y. O

Another property of (p,r)-limited sets that generalizes the p-level one in ([45], Proposition 2.2)

is as follows:

Proposition 5.2.6. Let 1 < p < 00,1 < r < p* and X be a Banach space. Given any two
subsets A and B of X it holds that
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(a) If B is (p,r)-limited and A C B, then A is also (p,r)-limited.
(b) If A is (p,r)-limited, then A is (p,r)-limited.
(c) If A and B are (p,r)-limited, so are AUB, A+ B and AN B.

(d) If A is (p,r)-limited and T € L(X,Y), then T(A) is (p,r)-limited.

Proof. (a) Let (f,) € €¥"(X*). Since B is (p,r)-limited, there exists (cv,) € £« such that
|fu(z)| < o, for every z € B. Fix a € A arbitrarily. Since A C B, it follows that a € B
so that |f,(a)] < a, for every n € N. This proves that A is (p,r)-limited, as was to be

proven.

(b) Let (f,) € (¥"(X*) and fix # € A arbitrarily. Then there exists (zy) in A such that z;, — «
as k — oo. Thus, for each n € N it holds that f,(zx) — fu(x). Since A is (p, r)-limited,
it follows that there is (a,,) € £« such that for each fixed n € N |f,(z})| < «, for every
k € N. Hence, for each fixed n € N, |f,,(z)| < a,, so that A is (p, r)-limited, as was to be

shown.

(c) Let (fn) € ¥ (X*). Since Ais (p,r)-limited, there exists (ay,) € £+ such that | f,(a)] < oy,
for every a € A and n € N. Since B is (p,r)-limited, there exists (3,) € £, such that
| fn(b)| < B, for every b € B and n € N. Define (v,) by

o, ,n odd
In =

Bn ,n even.

Then (v,) € £~ since

oo o oo
Z [l = Z Yo + Z [v2n
n=1 n=1 n=1

o0 o0
"= Z laan—1|" + Z | Ban|”
n=1 n=1

o o0 o0 o

< Z lagn—1]" + Z laon|” + Z |Bon—1|" + Z | Bon|"
n=1 n=1 n=1 n=1

= [[(an) 7 + [[(Ba)]l7+

< 0.
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Fix z € AU B arbitrarily. Then we either have 2 € A or z € B. If z € A then by the

preceding paragraphs it holds that for every n € N;

| fon—1(2)| < on—1 = Yon-1.

If 2 € B then by the preceding paragraphs it holds that for every n € N,

| fon(2)] < Ban = an-
Hence, it does holds
[fn(2)] <

for every z € AU B and n € N. This proves that AU B is (p, r)-limited.

Next, let (f,) € £ (X*) and fix z € (A + B) arbitrarily. Then z = a + b for some a € A
and b € B. Since A is (p,r)-limited, there exists (ay,) € £« such that |f,(a)| < «, for
every n. Since B is (p,r)-limited, there exists (/3,) € ¢,« such that |f,(b)| < 5, for every
n. Let 7, := a, + B, for each n € N. Then (v,) € £~ too. Moreover, it holds that for

every n € N,

[fa(2)] = [fula) + fu(0)] < [fula)] + [ fn(D)] < o + B = Y-

This proves that A + B is (p, r)-limited.
That AN B is (p,r)-limited follows from (a) by considering ANB C Aor ANB C B

whenever A and B are (p,r)-limited.

Let (f,) € (¥ (Y*). Fix y € T(A) arbitrarily where T € £(X,Y). Then there exists
x € A such that y = T(x). Define g, € X* by g, = T*f, for each n € N. Then
(gn) € L2 (X*) since for every z € X it follows that

Z |gn(z)|P = Z T fu(2)|P = Z | fo(T2) [P = Z | fa(y)]” < .

Since A is (p,r)-limited, there exists (a,) € ¢« such that |g,(z)| < «, for every z € A
and n € N. With this («,) € £+,

[fa@)] = [fa(T (@) = T fu(2)] = [gn(2)] < an

for every n € N. This proves that T(A) is (p, r)-limited whenever A is (p, r)-limited.
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Chapter 6

Conclusion and future work

In this thesis, the main object was to extend the results in [11] and [5] to multiple indexes for
1 <p<oo,and 1 < r < p*, where p* is the conjugate index of p and the objectives were
successfully achieved.

In chapter 4, we introduced and studied a compactness property which a Banach space may
or may not have. This compactness property was denoted by C; and it is the class of all
Banach spaces X such that X belongs to C} if for every bounded subset A of X, A is relatively
(p, r)-compact if, and only if, U} belongs to the injective hull of the (p,r*, 1)-integral operators
where U} is the adjoint of the operator Uy : ¢;(A) — X. The case where r = p* was
introduced in [11] and was denoted by C, . We investigated the relationship between the
(p, r)-compactness of sets and the C, Property of Banach spaces. We provided a necessary and
sufficient condition under which a Banach space may enjoy this property, that is, ¥ € C} if and
only if K (X, Y) = (ZE1'.)* (X, Y) where X and Y are Banach spaces. We also provided
an application related to the C; Property by proving that X € C) whenever X** € C}.

In ([11], Proposition 2.2), it was shown that;

(1) If X** has the Radon-Nikodym Property, then X € C,. In particular, every reflexive

Banach space belongs to C,,.
(2) If X** € Cp, then X € C,,.

(3) Co, goo ¢Cp

7
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(4) If p is a finite measure space, then L;(u) ¢ C,.

In Corollaries 2.5 and 2.6 in [11], it was shown that every separable dual space belongs to C,
and for any set I', ¢1(I") belongs to C,, respectively.

With regard to our case, in Proposition 4.3.2, we proved that condition (2) of ([11], Proposition
2.2) can be extended to our multiple index situation, that is, X € C, whenever X** € CJ.
However, the other three conditions of Proposition 2.2, Corollaries 2.5 and 2.6 in [11] were not
looked into with regard to the multiple index discourse in this thesis.

For 1 < p <oo,let 1 <r < p*and 1% = 1. The following questions arises from ([11],
Proposition 2.2) and ([11], Corollary 2.6):

(1) If X** has the Radon-Nikodym Property, does X belong to C;? In particular, does every

reflexive Banach space belong to C,7
(2) Do the spaces ¢y and £, belong to C,?
(3) If p is a finite measure space, does L;(u) belong to C;?

(4) Finally, for any set I, does £;(I") belong to C;?

In chapter 5, we extended the theory of mid p-compact sets and operators to mid (p, r)-compact
sets and operators as well as the p-limited sets to (p,r)-limited sets for 1 < p < oo, and
1 < r < p*. We achieved this by first introducing and studying the relatively mid (p,r)-
compact subsets of a Banach space X and the (p,r)-limited subsets A of X. The set of mid
(p, r)-compact operators between Banach spaces X and Y was denoted by IC?;% (X,Y). One
key result proved was that the ideal (IC?;;‘) (X,Y), n&f‘;‘)(-)) is a quasi-Banach operator ideal.
Finally, we proved that every mid (p,r)-compact subset of X is (p,r)-limited and that the
set IC?;{‘:) (X,Y) consists of (p,r)-limited sets. Unfortunately, the relationship between the

mid (p, r)-compact operators and the (r, p, p*)-nuclear (or (r, p, p*)-integral) operators were not

looked into or discussed in this thesis for 1 < p < 0o, 1 < r < p* and 117 + 1% =1.

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

@ YUNIBESITHI YA PRETORIA

Bibliography

1]

[9]

K. Ain. Compactness and null sequences defined by ¢, spaces. Dissertationes Mathematicae

Universitatis Tartuensis 97, University of Tartu Press, 2015.

K. Ain, R. Lillemets, and E. Oja. Compact operators which are defined by (,-spaces.
Quaest. Math. 35, 145 - 159, 2012.

K. Ain, and E. Oja. A description of relatively (p, r)-compact sets. Acta Comment. Tartu.
Math. 16, 227 - 232, 2012.

K. Ain, and E. Oja. On (p, r)-null sequences and their relatives. Math. Nachr. 288, 1569
- 1580, 2015.

G. Botelho, J. R. Campos and J. Santos. Operator ideals related to absolutely summing
and Cohen strongly summing operators. arXiv: 1512.04713v1, 2015.

J. Bourgain, and O. Reinov. On the approximation properties for the space H>*. Math.

Nachr. 122, 19 - 27, 1985.

E. Cahskan, and A. Keten. Uniform factorization for p-compact sets of p-compact linear

operators. J. Math. Anal. Applic. 437, 1058 - 1069, 2016.

Y. S. Choi, and J. M. Kim. The dual space of (£(X,Y),7,) and the p-approximation
property. J. Funct. Anal. 259, 2437 - 2454, 2010.

A. Defant, and K. Floret. Tensor norms and operator ideals. North-Holland Publishing
Co., Amsterdam, 1993.

79

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

BIBLIOGRAPHY 80

[10]

[11]

[12]

[18]

[19]

[20]

[21]

[22]

J. M. Delgado, E. Oja, C. Pineiro, and E. Serrano. The p-approximation property in terms
of density of finite rank operators. J. Math. Anal. Appl., 354, 159 - 164, 2009.

J.M. Delgado, and C. Pineiro. On p-compact sets in classical Banach spaces. Internat.

Math. Forum, 9, 51 - 63, 2014.

J.M. Delgado, C. Pineiro, and E. Serrano. Density of finite rank operators in the Banach
space of p-compact operators. J. Math. Anal. Appl., 197, 291 - 304, 2010.

J. M. Delgado, C. Pineiro, and E. Serrano. Operators whose adjoints are quasi p-nuclear.

Studia Math., 197, 291 - 304, 2010.
J. Diestel. Sequences and series in Banach spaces. Grad. Texts Math. 92, Springer, 1984.

J. Diestel, J.H. Fourie, and J. Swart. The metric theory of tensor of tensor products:

Grothendieck’s Résumé Revisted. American Mathematical Society, 2008.

J. Diestel, H. Jarchow, and A. Tonge. Absolutely summing operators. Cambridge Uni.
Press, Cambridge, 1995.

J. Diestel, and J. J. Uhl. Vector seasures. Number 15 in Mathematical Surveys. American

Mathematical Society, 1977.

J. N. Dunford, and J. T. Schwartz. Linear operators Part I: General theory. Interscience,

New York, 1958.

J. H. Fourie. Injective and surjective hulls of classical p-compact operators with applications

to unconditionally p-compact operators. Studia Math., 240, 147 - 159, 2017.

J. H. Fourie and J. Swart. Tensor products and Banach ideals of p-compact operators.

Manuscript Math. 35, 343 - 351, 1981.

D. Galicer, S. Lassalle, and P. Turco. The ideal of p-compact operators: a tensor product

approach. Studia Math., 211, 269 - 286, 2012.

I. M. Gelfand. Abstrakte Functionen und lineare operatoren. Rev. Roumaine Math. Pures

Appl. 5742 — 752, 1938.

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

BIBLIOGRAPHY 81

23]

[24]

[25]

A. Grothendieck. Produits tensoriels topologiques et espaces nuléaires. Memoirs Amer.

Math. Soc. 16, 1995.

A. Grothendieck. Résumé de la théorie métrique du produits tensoriels topologiques. Bol.

Soc. Mat. Sao Paulo, 8, 1 79, 1953/1956.

J. M. Kim. The approximation properties via the Grothendieck p-compact sets. Math.
Nachr. 286, 360 - 373, 2013.

J. M. Kim. Unconditionally p-null sequences and unconditionally p-compact operators.

Studia Math. 224, 133 - 142, 2014.

J. M. Kim. The injective and surjective hulls of the ideal of (p, q)-compact operators and

their approximation properties. J. Math. Anal. Appl. 473, 71 - 86, 2019.

J. M. Kim. The K, ;-compactness and K, ,-null sequences, and the K, -approximation

property for Banach spaces. Math. 10, 1586, 2022.

J.T. Lapresté. Opérateurs se factorisant par un espace LP, d’aprés. S. Kwapien, Ecole

Polyt. Palaiseau, Sém. Maurey-Schwartz, Exp XVI, 1972/1973.

S. Lassalle, and P. Turco. On p-compact mappings and the p-approximation property. J.
Math. Anal. Appl., 389, 1204 - 1221, 2012.

S. Lassalle, and P. Turco. The Banach ideal of A-compact operators and related approxi-

mation properties. J. Funct. Anal., 265, 2452 - 2464, 2013.

R. Lillemets. Operator ideals and generating systems of sets and sequences. Master’s thesis,

University of Tartu, Estonia. 2013.

E. Oja. Grothendieck’s nuclear operator theorem revisted with an application to p-null

sequences. J. Funct. Anal. 263, 2876 - 2892, 2012.

E. Oja. A remark on the approximation of p-compact operators by finite-rank operators.

J. Math. Anal. Appl. 387, 949 - 952, 2012.

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

BIBLIOGRAPHY 82

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

A. Persson, and A. Pietsch. p-nukleare und p-integrale Abbildungen in Banachraumen.

Studia Math. 33, 19 - 62, 1969.

A. Pietsch. History of Banach spaces and linear operators. Birkhauser Boston, Inc., Boston,

MA, 2007.
A. Pietsch. Operator ideals. North-Holland Publishing Co., Amsterdam, 1980.

A. Pietsch. The ideal of p-compact operators and its maximum hull. Proc. Amer. Math.

Soc. 142, 519 - 530, 2014.

C. Pineiro, and J. M. Delgado. p-convergent sequences and Banach spaces in which p-

compact sets are g-compact. Proc. Amer. Math. Soc., 139, 957 - 967, 2011.
R. Phillips. On linear transformations. Amer. Math. Soc. 48,516 — 541, 1940.

O.1. Reinov. On linear operators with p-nuclear adjoint. Vestnik St. Petersburg Uni. Math.
33, no.4, 19 - 21, 2000/2001.

R.A. Ryan. Introduction to tensor products of Banach spaces. Springer, London, 2002.

D.P. Sinha, and A.K. Karn. Compact operators whose adjoints factor through subspaces
of £,,. Studia Math.150, 17 - 33. 2002.

D.P. Sinha, and A.K. Karn. Compact operators which factor through subspaces of (,,.
Math. Nachr. 281, 412 - 423, 2008.

D.P. Sinha, and A.K. Karn. An operator summability of sequences in Banach spaces.

Glasgow Math. J. 56, 427 - 437, 2014.

© University of Pretoria



Index

(p,r)-compact, 7
(p,r)-convex hull, 7
(p, r)-limited set, 73
(t,u,v)-integral, 18
(t, u,v)-nuclear, 17
Uga, 26

U%, 26

1, 8

fmid 52

Koy 56

A, 13

C, property, 40
C, property, 39
F,o11,13
Lituwys 19

7z, 8

K, 13

K, T

/C?;ifi), 56

NP 18
Nty 17

N,, 18

W, 13

F, 13

p-convex hull, 7

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

p-integral, 8

p-limited set, 72

p-nuclear operators, 18
p-summable sequences, 6
p-summing, 8

s-Banach operator ideal, 13

s-norm, 12

absolutely mid p-summing, 70

approximation property, 21
Banach operator ideal, 13
dual ideal, 15

extension property, 14
finite rank, 11

hull procedure, 15

idempotent procedure, 15
injective, 15
injective Banach space, 14

injective hull, 16
kernel procedure, 15

lifting property, 14
limited set, 72

83

© University of Pretoria



INDEX

maximal hull, 16

metric extension property, 14
metric lifting property, 15
mid (p, r)-compact, 56

monotone procedure, 15
operator ideal, 13

procedure, 15

&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

weakly p-summable sequences, 6

weakly mid p-summing, 70

quasi-Banach operator ideal, 13

quasi-Banach space, 12

quasi-norm, 12

quasi-normed operator ideal, 13

rank one, 11
regular hull, 15
relatively (p,r)-compact, 7

relatively mid (p, r)-compact, 56

relatively unconditionally (p,r)-compact, 54

relatively weakly (p, r)-compact, 54

right p-nuclear operators, 18

strong mid p-space, 56
strong mid p-spaces, 56
surjective hull, 16

surjective operator ideal, 15

ultrastable, 20

unconditionally (p, r)-compact, 54

weak mid p-space, 56
weak mid p-spaces, 56

weakly (p, r)-compact, 54

© University of Pretoria

84



