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Abstract

This paper proposes a learning-based moving horizon autonomous control of a chemical reactor (LMHAC) approach for chemical
reactor with multiple operating conditions. In the proposed LMHAC scheme, model-based control, model-free control and process
modeling are integrated in a moving horizon framework. A control switching logic makes a selection between model predictive
control (MPC) and adaptive dynamic programming (ADP) depending on whether the model parameters are known or unknown
under the current operating condition. To be compatible with the moving horizon framework, the conventional ADP is fitted into a
finite horizon composed of two different stages, namely a learning stage and a control-identification stage. In the learning stage, a
constrained finite-horizon ADP (CFADP) first learns an approximated optimal controller from the collected input-state information
pair generated by an initial admissible control. In the control-identification stage, the approximated optimal control is applied to
the process to generate a sequence of input-state information pairs which is then utilized in turn to identify the unknown model
parameters. The LMHAC framework is capable of providing the optimal or nearly optimal control for different operating conditions
online and incrementally enlarge the known domain of system dynamics. The feasibility and performance of the proposed approach
are illustrated via a case study.

Keywords: autonomous control; moving horizon; adaptive dynamic programming (ADP); process control; parameter
identification

1. Introduction as an alternative, e.g., reinforcement learning (RL)/adaptive
dynamic programming (ADP) [24, 25, 26, 27, 28, 29]. Recent
advancements have demonstrated the effectiveness of ADP
in various practical scenarios. For instance, adaptive neural
control approaches based on disturbance observers have been
successfully applied to ultra-supercritical steam systems with
output constraints, showcasing the practical benefits of ADP
and NN integration in complex industrial processes [30].
Furthermore, event-triggered, IRL-based decentralized fault-
tolerant control schemes have been developed for large-scale
interconnected systems, further highlighting the potential and
significance of ADP algorithms in modern intelligent process
control [31]. Considering the transition of the process industry
to smart and optimal manufacturing, a hypothesis is proposed:
Can system modeling and optimal control (model-based control
and model-free control) be integrated in an interactive and
systematic framework to support the autonomous process
operation of a chemical reactor?

Modeling and optimal control are fundamental tools to
predict process behavior and adjust the manipulated variables
of a chemical reactor, which is the primary production unit of a
complex industrial process. They usually exist as counterparts
in process control applications. As for the model, it is a
mathematical representation of system dynamics and is crucial
in design, model-based control, estimation and monitoring
applications, e.g., steady-state optimization [1, 2, 3], plant
design [4, 5, 6], state estimation [7, 8, 9], soft sensoring
[10, 11, 12], process monitoring [13, 14, 15], fault detection and
diagnosis (FDD) [16, 17, 18], control performance evaluation
[19, 20], etc. As for control, model-based control and model-
free control are two different approaches with their application
contexts. Model-based control, e.g., model predictive control
(MPC), is now the standard solution for multivariable control
in many process industries [21, 22, 23]. The performance of
model-based control may deteriorate when the process model is
inaccurate. When a process model is not available or the model

RL/ADP is based on adaptive control, dynamic program-
parameters are unknown, model-free control that can learn

) ) ‘ ming, and optimal control [32, 33]. However, relevant work
the optimal controller from the operation data can be applied on RL/ADP can be related to dual adaptive control with dual
control objectives [34, 35, 36]. The dual adaptive control
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MPC and ADP, as well as the advantages and disadvantages
of the two approaches. Xu et al. (2018) [47] designed a
learning-based predictive control (LPC) scheme for adaptive
optimal control of nonlinear discrete systems under stochastic
disturbances. The main idea of this approach is to decompose
the infinite-horizon optimal control problem into a series of
finite-horizon problems with terminal constraints, which are
then handled using ADP. Dong et al. (2018) [48] proposed a
functional MPC approach based on ADP for the optimal control
of nonlinear discrete-time systems with control constraints
and disturbances. This approach uses ADP with a terminal
constraint instead of MPC in each finite control interval. These
two novel approaches embed ADP in the MPC’s moving
horizon framework, using ADP instead of MPC to derive the
optimal control moves in each control interval. Since ADP does
not require full knowledge of the model parameters, it enables
data-driven optimal control even under model uncertainty.

An actual industrial process has a wide range of operating
conditions. A first-principles dynamics model of a chemical
reactor can be established using, e.g., conservation laws and
reaction kinetics; however, the model parameters vary with
operating conditions. The model parameters can usually
be identified and validated for some operating conditions.
However, for other operating conditions, the model parameters
may not be available due to, for example, limited or no
data samples that can be used for model identification. In
summary, the process dynamics can be described using a
defined model structure and varying model parameters, which
may be unknown in some operating conditions. Therefore, one
can select model-based or model-free control approaches based
on the model parameters’ uncertainty level.

Existing methods for integrating model-based and model-
free control consist mainly of decomposing the original
infinite horizon ADP into a series of finite horizon problems
to replace MPC [47, 48]. However, MPC is often not
utilized, which is more familiar to process control engineers
and can be applied when the process dynamics are known.
Moreover, other approaches that combine model-based and
model-free strategies tend to rely on predefined switching
logic or offline training, and often require significant prior
model information or human intervention to handle changes in
operating conditions. Therefore, a switching mechanism should
be designed to autonomously select between MPC and ADP
according to the uncertainty level of the model parameters.
Specifically, the aim is to use the ’input-state’ information
collected while using ADP to identify the unknown parameters
in the system model. An integrated MPC-ADP controller
could benefit significantly from plant model parameters that
are gradually identified and updated over an increasingly
expanding plant operating region.

Subbarao et al.  (2016) [49] developed a three-phase
(stabilize-optimize-identify) adaptive optimal control and sys-
tem identification scheme for unknown linear systems. A
Model Reference Adaptive Control (MRAC) approach was
used in the first stabilization phase to stabilize the system. ADP
was applied to derive the optimal feedback gain in the second
optimization phase. In the final identification phase, using the

algebraic Ricatti equation as a bridge, the information obtained
during the optimization phase was utilized to estimate the
system and input matrix. However, the result in [49] is proposed
for linear systems without terminal and control constraints,
which cannot be applied directly to nonlinear processes.

This paper’s main contributions and theoretical innovations
are the development of a learning-based moving horizon
autonomous control framework, a constrained finite-horizon
ADP, and unknown model parameter identification based on
the Hamilton Jacobi Bellman (HJB) equation. The proposed
scheme integrates MPC, ADP, and process modeling into
a unified framework. Unlike many existing approaches,
it explicitly incorporates input constraints into the control
and learning phases. By embedding the moving horizon
strategy of MPC, the framework dynamically adapts to
time-varying process dynamics, ensuring that the control
policy remains responsive and robust as operating conditions
evolve. This seamless combination enables the controller to
autonomously switch between model-based and model-free
strategies, optimizing performance across various operating
scenarios while efficiently leveraging process knowledge
whenever available. Due to the slow-varying dynamics of
many complex industrial processes, the system dynamics
can be considered constant during one optimization cycle of
the moving horizon framework. At the beginning of each
optimization cycle, a controller switching logic is used to
select the appropriate controller. If the model parameters
are considered known under the current operating condition,
then the MPC is selected. Otherwise, the ADP is selected to
replace the MPC. In order to realize the integration of ADP and
MPC, three main problems are studied. Firstly, for the stable
switching from MPC to ADP, a robust adaptive controller is
designed as an initial admissible control to guarantee closed-
loop stability. Secondly, since there is a prediction horizon and
control horizon in each MPC control interval, the ADP control
interval is divided into two stages: (i) a learning stage and (ii)
a control-identification stage. In the learning stage, a finite
horizon ADP algorithm for a nonlinear system with terminal
constraints on system states is designed to fit the limited control
interval. Thirdly, the approximated optimal control move is
applied to the process in the control-identification stage. The
“input-state’ information pair collected from the approximated
optimal trajectory is used simultaneously to identify the
unknown model parameters. Therefore, MPC will be selected
for the next occurrence of the same operating condition as
the model parameters are now known. As the optimization
cycle moves forward, the proposed approach incrementally
obtains the knowledge required by a model-based controller
for the entire operation range. By integrating model-based and
model-free control strategies, the proposed framework enables
the reactor to autonomously adapt to varying and previously
unknown operating conditions.  This leads to improved
production efficiency, reduction in energy consumption, and
enhanced process safety. Furthermore, adaptive identification
and control facilitate continuous optimization and reliable
performance in the face of process uncertainties.

The remainder of this paper is organized as follows. Section



2 analyzes the optimal control problem of a process with
multiple operating conditions, and the comparison between
MPC and ADP is given. Then, the learning-based moving
horizon autonomous control strategy is introduced in Section
3. Case studies are used in Section 4 to demonstrate the
feasibility and performance of the proposed approach. Section
5 concludes the study.

2. Problem analysis

2.1. Optimal control of a chemical reactor with multiple
operating conditions

The dynamics of a chemical reactor can be affected by both
feed conditions (or inlet conditions, e.g., feed rate/composition)
and reaction conditions (e.g., reaction temperature, pH, additive
dosage, catalyst dosage). Therefore, Sun er al. (2020) [50]
proposed a comprehensive state space descriptive system to
describe the process dynamics. It is a three-dimensional
space that includes inlet conditions, reaction conditions, and
output states (technical indexes) (see Fig. 1 for illustrative
purposes). A process exhibits different dynamics under
different combinations of inlet and reaction conditions. On the
one hand, the underlying physicochemical rules of a process
can be modeled using conservation laws and reaction kinetics,
which differential equations can describe with a determined
structure. On the other hand, however, a change in the
inlet or reaction conditions affects the type, proportion, and
environment in which the main and side reactions occur. As
a result, the model parameters vary under different operating
conditions (Fig. 1). The precise identification of these model
parameters relies on the quality and quantity of data samples
that are generally unavailable for all operating conditions.
Moreover, changing a supplier or operating strategy can
introduce new operating conditions for which the model
parameters cannot be identified when sufficient data samples
are unavailable.

The dynamics of a generic chemical reactor can be expressed
as:

X = flx,0p) + g(x,0x)u,  x(0) =xo ey

in which, x € R” is a vector of system states, # € R™ is the
vector of usually constrained control inputs, f(-) and g(-) are
locally Lipschitz functions whose structures are fixed and can
be derived based on mass/energy balances and the underlying
reaction kinetics, 6y € R™ and 6, € R™: are vectors of the
model parameters in f(-) and g(-), respectively. 6; € RM
and 0, € R": take different values under different operating
conditions.

The optimal control problem for system (1) can be
formulated as:

min  J(x(0),u) = f ' y(e(), u(r))de

X = flx,0;) + g(x,6,)u )
uow < H,(u) < Uyp
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x(0) = xo
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Figure 1: Illustration of comprehensive state space [50]

where [fo, ] is the horizon of interest, y(-) is the stage cost
function, specifying the instantaneous cost associated with
state x(¢) and control input u(f), and serves as the objective
function to be minimized over the horizon. H,(-) and H (-) are
user-defined functions for handling input and state constraints.
They can be used to represent scaling, normalization, or
other (possibly nonlinear) transformations applied to u and x,
respectively. This notation allows the expression of general
input and state constraints in a unified form. u;,y and u,, are
the lower and upper bounds of H,,(-), respectively, Xiow and x,
are the lower and upper bounds of H,(-), respectively. xg is the
initial value of x. In this paper, H,(-) and H,(-) are defined as:
2u — (uup + Uiow)

H,u= —m,
Uyp — Ulow

H.(x) = 2x - (xup + xlow)’

Xup — Xlow

3

where ujow, Uup, Xiow, and xyp, are the bounds specified in the
constraint expressions above.

As the process moves continuously in the comprehensive
state space with multiple operating conditions (see Fig. 1),
the model parameters can take different values under different
operating conditions. Moreover, the model parameters are
unknown under certain operating conditions. Therefore, it
is necessary to construct a framework that integrates model-
based and model-free control approaches to derive optimal or
suboptimal controllers for the entire operation range.

2.2. Differences and connections between model-based and
model-free optimal control approaches

MPC and ADP are typical and distinct approaches to solving
an optimal control problem. These two approaches have
differences and connections. On the one hand, MPC is model-
based. It circumvents the exhaustive online solution of the
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Figure 2: Differences and connections between model-based control and model-free control

HJB equation by repeatedly solving the corresponding closed-
loop or open-loop optimal control problem. The application of
MPC requires a validated system model. However, real-world
processes usually operate over wide regions, making obtaining
a comprehensive and precise process model expensive or even
impossible. Therefore, the performance of MPC, which is
usually based on a system model established offline, cannot
be guaranteed if the model parameters deviate too far from
nominal values under certain operating conditions. On the other
hand, ADP can achieve model-free control. It learns the closed-
loop optimal or nearly optimal controller from the “excitation-
response” data collected by applying an initial admissible
control to the system. ADP can, therefore, be used as an
alternative to MPC when the model parameters are unknown.

Regardless of the differences stated above, the objectives
of MPC and ADP are the same, i.e., to approximate the
optimal control which forces the system to move from an
initial operating point Py to a desired one P,, as shown in
Fig. 2. Although ADP is often adopted as an alternative to
MPC when the full system model is unavailable, a theoretical
connection between MPC and ADP can still be established
through the HIB equation. When the functional forms of
the system dynamics and input matrices are known, and
sufficient data for the system states and control inputs are
available, the unknown model parameters can be estimated
by leveraging the relationship implied by the HIB equation.
Specifically, process data collected during ADP-based control
can be utilized to approximate optimal policies and identify the
initially unknown model parameters. This approach enables
the incremental construction of a lookup table that associates
operating conditions, model parameters, and controllers. Then,
if the same operating condition emerges again, model-based
control, which has a lower computational burden than ADP,
can be applied. In addition, the identified process model can

be used to support various other model-based applications.

3. Learning-based moving horizon autonomous control
based on integration of MPC, ADP and process modeling

This section proposes a learning-based moving horizon
autonomous control (LMHAC) scheme for chemical reactors
with multiple operating conditions. As shown in Fig. 1, varying
process conditions form a trajectory in comprehensive state
space that spans different operating conditions. LMHAC runs
through this comprehensive state space in a moving horizon
manner, and based on the slow time-varying nature of industrial
processes, the process dynamics can be regarded as constant
within a control interval of appropriate length. It should
be noted that this assumption may not always be valid for
processes with rapid or abrupt dynamics. In such cases, the
length of the control interval can be adaptively shortened to
better capture the process dynamics.

In each interval [#;, t;41], the aim of LMHAC is twofold:

(i) Approximate a solution for the following finite-horizon
optimal control problem:

min JGx(0),0) = [ GH0.00) At + Framina (5.1
| )

the terminal error penalty function is defined as
Fterminal(x(tiJrl)) = “x([iJrl) - x*”2 P Wlth Qf being a
positive semi-definite weighting matrix and x* being the
desired steady-state (set-point) for the current operating
condition.

(i) Estimate the model parameters if they are unknown under
the current operating condition by solving the following
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Figure 3: Basic idea of the learning-based moving horizon autonomous control strategy

optimization problem:
Ns
l’Al’liAI] Jpara(ef’ og) = Zf}i (5)
1.0, k=1

where 9f and 9g are the estimated model parameters, and
&, denotes the approximation error at sample k.

The continuous running of LMHAC incrementally shrinks
the space of operating conditions with unknown model
parameters. In addition, it can provide an approximated
optimal controller, i.e., a stable controller, under any type of
operating condition by switching between model-based control
and model-free control. As a result, both the approximated
optimal controller and model parameters for different operating
conditions can be obtained incrementally (Fig. 3). The obtained
model parameters and approximated optimal controller infor-
mation for different operating conditions can form a lookup
table to better support process operation.

3.1. The LMHAC framework

The overall framework for the LMHAC is shown in Fig. 4.
The management block sends the economic parameters to the
real-time optimizer block, which periodically computes the
optimal working point. MPC and ADP are fitted in the moving
horizon framework. A lookup table is required to enable
the operation of the LMHAC framework. The lookup table
stores the model parameters and optimal/sub-optimal controller
for each operating condition. If an operating condition’s
model parameters/optimal controller are unknown, then the
corresponding entry in the lookup table is labeled unknown.

At the beginning of each control interval, the controller
switching logic refers to the lookup table (as shown in Fig. 2).

MPC is selected if the model parameters are known under
the current operating condition. Otherwise, ADP is used to
derive the optimal controller by learning from online production
data. The unknown model parameters are then identified
using the ’input-state’ data collected by ADP and saved
to the model parameter lookup table. The algorithm runs
continuously to incrementally obtain optimal/approximated
optimal controllers and knowledge about the process dynamics
for different operating conditions as the ’process’ moves
through the comprehensive state space. The overall LMHAC
algorithm is shown in Table 1.

Since the theory of MPC is mature, this paper only applies
MPC in the case study, and the details of the MPC design are
not included. This paper mainly focuses on how to fit the ADP
in the moving horizon framework to derive an approximated
optimal control when the model parameters are unknown and
identify the unknown parameters afterward. To apply ADP
in a finite control interval and identify the unknown model
parameters, three main issues need to be addressed:

(i) First, to switch from an operating condition with known
model parameters (where MPC is the controller) to another
operating condition with unknown model parameters
(where ADP is the controller), an initial admissible control
is required to guarantee stability during the transition
of the learning stage. In addition, ADP requires an
initial admissible control, which iteratively converges to
the optimal/nearly optimal control by learning from its
interaction with the process. This framework’s initial
admissible control is designed based on the previously
adjoining operating condition model and Lyapunov
stability theory.

(i) Second, to guarantee the convergence of the proposed



Table 1: The LMHAC Algorithm

Algorithm 1
Step 1

LMHAC Algorithm

Determine the structure of the process model
and classify the process into different operating
conditions.

Identify the model parameters for the operating
conditions with sufficient data samples and create
a lookup table between operating conditions and
model parameters.

Determine the length of each optimization hori-
zon.

Choose between MPC and ADP based on whether
the model parameters are known or unknown
under the current operating condition.

If the model parameters are known, use the
conventional MPC control and go to Step 4 when
the current horizon is finished. Otherwise, go to
Step 6.

Design an initial admissible control for ADP (see
Section 3.2).

Learning stage: Iteratively improve the controller
by learning from the ’act-response’ information.
When the stop criteria are met, finish the learning
stage, and the result is the approximated optimal
control (see Section 3.3).

Control-identification stage: Apply the approxi-
mated optimal control to the process and identify
the unknown model parameters. Go to Step 4
when the current horizon is finished (see Section
3.4).

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

approach in finite time and the satisfaction of input
constraints, the conventional infinite horizon setup of
the ADP is converted to a finite horizon problem with
constraints on the control input, i.e., Constrained Finite-
horizon Adaptive Dynamic Programming (CFADP).

(iii) Third, for the identification, the HJB equation is used
as a bridge to extract the value of the unknown
model parameters from the ’input-state’ information pair
collected using ADP. The identified model parameters
are stored in the model parameter lookup table, which
is filled incrementally to provide a more comprehensive
understanding of the process dynamics, as shown in Fig. 2,
Fig. 3, Fig. 4.

3.2. Design of initial admissible control

3.2.1. Process dynamics reformulation

Assume that in the transition from one operating condition
(operating condition I) to another (operating condition II), the
variation of model parameters reflects the difference in process
dynamics between the two operating conditions. If the process
dynamics under operating condition I and operating condition
IT are:

X =f(x,6) + g(x,0)u, x(0)=x (©)

And:
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Figure 4: The framework for learning-based moving horizon autonomous
control

respectively, where [6f,6,] is known, and [6], 0;,] is unknown,
then the process dynamics under operating condition II can be
reformulated as:

X = flx,0) + gx,0)u +d, x(0) =x, (8)
where:

d = [f(x, 6)) + g(x, 6,)u] — [f(x, 6) + g(x,0)u]  (9)

accounts for the dynamic difference between the two operating
conditions. d is bounded by a constant D which is unknown.
xo and x;) are initial states under operating condition I and
operating condition II.

3.2.2. Admissible control design based on a Lyapunov function

An admissible control is required to guarantee stability
during the learning stage transition. According to the definition
of admissible control [51][52] and Lyapunov stability theory
[53], if one can design a control and find a continuously
differentiable positive definite function of the system state on
a domain of attraction so that the derivative of the function is
negative semi-definite. The function is a Lyapunov function,
the control is admissible, and the closed-loop system is stable.
The design goal here is to obtain an initial admissible control
law that guarantees the stability of the closed-loop system
when switching from a known to an unknown operating
condition. This control law will serve as the initial policy for the
subsequent ADP iteration, providing a safe and feasible starting
point for the learning-based controller.

Therefore, the key is the design of the Lyapunov function and
the corresponding control law. To start with, denote:

u=H(@), (10)

where v is an unconstrained auxiliary control variable
introduced to facilitate the controller design in an unconstrained
space. Designing the control law in v-space allows the use



of standard Lyapunov and backstepping techniques without
directly handling actuator saturation. The function H(-) maps
v to the actual physical control input u, ensuring that upi, <
u < umax 18 always satisfied and the constructed control law

inherently respects the input constraints. In this paper, H(v) is
given by:

Umax — Umin

H = Umin
V) = Upin + >

[tanh(v) + 1], (11)
where upi, and uy,x denote the physical lower and upper limits
of the control input, respectively. Furthermore, we define an
intermediate variable:

r=g(x,0)H(v), (12)

where g(x, 6,) denotes the system’s input gain. Here, r acts
as an intermediate or virtual input that combines the actual
physical input u with its gain into a single term. For the purpose
of the recursive design, we also introduce the auxiliary variable
w as:

F=w, (13)

which enables the systematic design of the control law in a
backstepping-like manner. And define the following:

21 =X —X, (14)
Z=r-p (15)

Where x, is the set-point of the system state with constant value
within a control interval, z; is the tracking error, and p is an
intermediate variable to facilitate control design.

Consider the following Lyapunov function:

1
Vi = Ezf (16)
whose derivative is:
Vi = 2] [f(x,6) + 2 + p +d] (17)
Since z[d < |2]D:
Vi < z{[f(x, 0) + 22 + pl + 2] ID (18)
If:
p = —ciz1 — f(x, ;) — sgn(z))D (19)

where D is a design variable to handle the unknown D, and ¢,
is a positive design parameter, then:

Vi < —cizi +2122 - Iz} 1D + [z{ID

= -1zt +2,22 + |z]ID (20

where D = D—D. In addition, consider the following Lyapunov
function:

1
V, = Ezg (1)

whose derivative is:

Vs = 28w — [—c1z1 — fx, 6) — sgn(z))D])
= 20w + c1[f(x, 05) + 1] + f(x, 6) + sgn(z))D + c,d)
< zy{w + c1lfex, ) +r] + fix, 6r)
+sgn(z))D + cisgn(z2)D} (22)
If:

w o= -z —z1 - ailfx,0) +r] - fix, 6)

—sgn(z)D — ¢ sgn(z)D (23)
Where c; is a positive design parameter, then:
Vs < —cxz3 - 2321 + ciley ID (24)

Consider the following Lyapunov function:

1 1 1 =2
Vi= =22+ =22+ —D 25
If: )
D = n(-lzi| = cilz2)) (26)

where 7 is a positive design parameter, then V3 has a
nonpositive derivative:
. ) ) T/ g 1=T2x
V3 < —c1z] — 225 + 2, ID + c1zo|D — r_;D D
= —c12] — €225 27
(26) is a user-defined equation and is part of the overall
controller to guarantee that the system composed of (6), (10)-
(13) is stable.

As Vs is negative semi-definite, the system is stable, and the
state x stays in a neighborhood of its target value x,, which
indicates u is an admissible control.

The admissible control law derived above is theoretically
guaranteed to stabilize the system under parameter uncertain-
ties. It provides the initial policy uy for the ADP learning stage
in our LMHAC framework. In the following ADP learning
stage, the initial admissible control policy designed in the
previous subsection is used as the starting point for policy
iteration, ensuring that each learning episode begins with a
stable and feasible controller.

3.3. Learning stage

3.3.1. Preliminaries of ADP

Consider system (1), with the following cost function to be
minimized:

min  J(x(io). 1) = f "0 + Waldr

x = flx,6) + g(x, 0 )u (28)
5.t Uow S U K Uy
x(tp) = xo



where
0() = (x —x)'Qx — x") (29)
w =2m uihfl DR;dv; 30
@) Z:‘ fo L) Ridv (30)

QO(x) and W(u) are positive definite functions, where Q € R"™™
and R = diag(Ry,...,R,) € R™" are diagonal matrices with
positive diagonal elements. Each #4;(-) is a strictly monotonic,
continuous, bounded, and odd C? (p > 1) function (i =
1,2,---,m), which maps the unbounded domain R to the
feasible range of the i-th control input, thus ensuring the input
constraint is satisfied. The inverse function hi‘l(') exists and
is unique due to strict monotonicity. The factor 2 is included
to maintain consistency with the quadratic form in the linear
case, i.e., W(u) = u"Ru, and to generalize the penalty for the
nonlinear input mapping.
The optimal solution of problem (28) is

oJ *)
ox

where H(-) is a set of functions that maps the input constraints
of the process. The obtaining of u*(x) relies on the iterative

solution of the following Hamilton-Jacobi-Bellman (HJIB)
equation:

u'(x) = —H(%R“g%x, 0e) 31)

o TV
a[f(x,ﬁ't) g(x,gg)H(zR g (x,0g)0x)]
ii])

~H(;R'g"(x,6,) 5
+0(x) +2 f (H'0)™Rdv = 0 (32)
0

where J(0) = 0. The existence and uniqueness of the solution of
(32) has been proved in [54]. The solution u* and J* of (32) can
be approximated using a Policy Iteration (PI) approach [55]:

1. Choose an initial stabilizing admissible controller uo(x).
2. Fori > 0, solve following Lyapunov equation for J;

aJ;
E[f(x, ) + g(x, 0,)u;(x)] + O(x)
14;(X)
+2 f (H'0»)™Rdv =0 (33)
0
3. Obtain an updated control law u;1(x)
X 1. aJ;

ur (x) = —H(ER oT(x, og)a) (34)

Theorem 1. For system (1) and problem (28), starting from
an initial admissible control ug, the sequences of cost and
approximated optimal control law, i.e., {J;}2 ) and {u;1}7, can
be generated via the PI approach defined by (33) and (34), and

1. 0< Ji < Ui
2. u; is bounded and admissible,
3. If J* and u* exist, then J; — J*, u; — u”.

Proof. The proof of this theorem follows the same lines of
reasoning as the proof of Lemma 1 and Theorem 1 in [55],
and is omitted here for brevity.

3.3.2. A finite horizon ADP with input constraints
For the finite horizon optimal control of nonlinear systems,
the performance index is formulated as follows:

1y

J(x(to), t0) = Flerminal(x(tf)) + f y(x, u)ds (35)

fo

According to [56], an infinitesimal equivalent to (35) is:

J oJ
— S YE )+ a[f(x, 0) + g(x, 6 )u] (36)
with boundary condition:
J(x(tf)a tf) = Fterminal(x(tf)) 37
The optimal control for this problem is:
* I oJ*
u' = -HGR 'g(x,0,)" =-) (38)

With J*, the solution of the following time-varying HJB
equation:

a7 ~H(3R 'g(x.6,)" %)
Qe+ 2 f (H™'()"Rdv
0

oJ | oJ
+ 5 U 00 - g (x, 0)H(SR 'g(x, og)Ta—xn =0 (39

(39) cannot be solved analytically. Therefore, an iterative
solution approach is applied. To start the iteration, the control
input is decomposed as a combination of an iterative control
and excitation noise:

u=u;+e;, (40)

where u; is the control signal at iteration i, which will be

updated in subsequent iterations, and e; is a bounded excitation

noise vector introduced at iteration i to ensure persistent

excitation for policy improvement and parameter identification.
The original system (8) can be re-written as:

x = flx, 0;) + g(x,0.)u; + g(x,0,)e;, x(0) =x (41)

In this formulation, the dynamic difference term d in Eq. (8) is
compensated or identified through the excitation provided by
e; during the iterative learning process. Therefore, Eq. (41)
serves as an equivalent reformulation of Eq. (8), making it
more suitable for the ADP-based iterative optimization and
identification procedure.

Assumption 1: The closed loop system (41) is ISS (Input-to-
State Stable) [57] when the exploration noise e;, is considered
as the input. This assumption holds in industrial chemical
reactors, as these systems are designed for stability under
bounded disturbances. The admissible initial control in our
method further ensures the ISS condition is met in practice.

By applying (38) and (36), for each u;, the difference of the
cost function along the trajectory of (41) on the time interval
[k, trs1] 18

Jix(trs 1), 1) — Ji(xe(t), ) (42)

- f ey, ) — pagseilde
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where u(u; 1) = 2(H*1(u,'+1))TRT. It is observed from (42) that:



(i) there is no element of the system model (1) in (42).
(ii) (42) could serve as a scheme for the iteration of #; and J;.

Let Q@ ¢ R" X [ty, 1] be a compact set in the joint state-
time space that contains all possible (x,f) pairs visited by
the system during learning and control. All basis function
approximations and parameter estimations are performed on
this set. Approximating the control policy and cost function on
a compact set Q using ’linear-in-the-weight’ networks gives:

N

Ji= ) eieitx,n = &l g0 (43)
j=1
And: |
(x) = ~H(R™ ke, 1) (44)
Where:

o (e, DT (45)
Uy, ]T (46)

¢(x’ t) = [¢l(x’ t) ¢2(x’ t)
Y, 1) = [Y1(x, 1) Yolx, 1)

A A ~ A T
¢i=1[Ci1 Ciz ¢l (47)
]fil,] e ]fil,Nz
~ kiz,] kiz,z s kiz,/v2
2 48)
i1 kim,z kim.Nz

N; and N, are two sufficiently large positive integers.
{¢j(x, t)}‘;‘;l and {y/;(x, t)};‘;1 are two infinite sequences of time-
dependent smooth basis functions. In practical implementation,
only a finite number of basis functions (specified by N; and
N,) are used to approximate the value function and policy.
According to standard results in approximation theory, for any
compact set Q and any desired approximation accuracy, there
always exist finite N; and N, such that the truncated expansions
using the N, and N, basis functions can approximate the target
functions to within that accuracy. {¢;(0,1)} = 0 and {y;(0, )} =
0 for all j = 1,2,.... In addition, for the same ¢, the function
value increases with x. Moreover, as there are two parts in
the cost function, i.e., the integrated intermediate cost and the
terminal error cost, there exist two different types of elements
in the basis function:

° ¢(A)(x, t): For the same x, the function value increases
with the evolution of 7, which is used to approximate the
terminal cost.

e ¢®(x,7): For the same X, the function value does
not increase with the evolution of ¢, which is used to
approximate the intermediate cost.

In this work, we adopt the ’linear-in-the-weight’” approximation
structure for both value function and policy. Compared with
NN-based actor/critic methods, this approach provides more
transparent parameter estimation, computational efficiency,
and theoretical convergence guarantees, which are especially
important for safety-critical industrial process control. While

NN-based actor-critic architectures are more flexible, they may
suffer from overfitting and lack of interpretability for real-time
applications.

If (43) and (44) are substituted into (42), it is possible to
approximate (42) as:

e (thsn), tist) — Px(tr), 1)
- f e, )" @ — a)1de
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= f M[—xTQx—Z fo ui(H_l(u))TRdu]dt—i—e,- (49)

where ¢ is the approximation error of (49), originating from
basis function truncation and numerical integration.[52] Since
all approximations are performed on the compact set Q ¢ R" x
[70, 7], there exists a constant € > 0 such that

lell <€ VY(x,1) e€Q, Vi>0. 50)
Under this boundedness assumption and Assumption 1, the
iteration in (53) ensures that the value function and policy
converge to neighborhoods of their optimal counterparts,
with neighborhood sizes proportional to €. Equation (49)
describes the batch update of the value function and policy
parameters using temporal-difference information over the
segment [#, f;+1]. Here, ¢; is the parameter vector for the value
function approximation with basis vector @(x, ), and l:t,-H is
the parameter matrix for the policy approximation with basis
Y(x,1). The term ® denotes the Kronecker product, and vec(-)
denotes matrix vectorization. This formulation provides a data-
driven approach for updating the value and policy parameters
simultaneously.

Consider a sufficient long time sequence {tk}kNi() with N3 >
N + mN,, then

Px(t1), 1)" — P(x(10), 10)"
Px(12), )" — Px(t1), 11)"

Px(en,), 1) = B, 1). )"
S —a)" @ yix, n"dr
i@ —a)" @ e, n'dr

¢

- . vec(kiy) =
- @y, nldr
S -0w) - walde
S 1=0) - W)lde
) +e (51)

fzfr, [-O(x) — W(u)]ds

This equation stacks the temporal-difference equations over
all sampled trajectory intervals into a linear system. The left
matrix multiplies the value function coefficients, the middle
block corresponds to the policy coefficients, and the right side
stacks the observed costs and residuals €. This batch equation



is used to jointly solve the value function and policy parameters
from data via least-squares.

In addition, the basic functions for approximating the
terminal error should satisfy the following:

¢(A)(x1 5 tf)T Fterminal (xl)
¢(A)(x.2’ tf)T é(A) _ Ftermil.ml(xZ) (52)

l

¢(A)(xN4, tf)T Fterminal(xN4)

where El(.A) denotes the elements of ¢; corresponding to basis
functions ¢M(x, 1), [x1,%2, - ,xn,] are Ny different terminal
states, € ler, e, ,EN3]T. If N3 and N4 are sufficiently
large and #;(x) are given, then (51) and (52) could serve as
an equation array to obtain the unknown parameters in ¢; and
I}m. This terminal equation ensures that the value function
approximation matches the true terminal cost for all sampled
terminal states, i.e., it enforces consistency at the terminal time.
Here, ¢ is the set of basis functions corresponding to terminal
states, and éEA) are the corresponding coefficients.

é(A)

i

In the solution process, is first determined using (52).

Then, the other elements in ¢;, denoted as EEB), can be obtained

from (51) by keeping éEA) constant:

 +1) ] = (070)"'0"11 + & (53)

¢
vec(lAc

where 0 = [E¢ - I,/,u + Iwﬁi], IT = [-M, — M, ], € is the
approximation error of (53), and:

P(x(t1), 11)" — P(x(t0), 19)"
dx(12), 1) — Px(t1),11)T

B = ' (54)
Px(tn,), tny)" = Px(tny 1), ty-1))"
[ uT @ y(x, ndr
i ut @ yx,ndr
Iy, = _ (55)
S ut e gx,nTde
S -HGR ke, )" @ (e, 1)t
[ ~HER (e, )T @ y(x, )" dr
T =| . (56)
S —HGR e, )" @ (e, 1) de
ft [:1 xTQuxdr
" xTQuxdr
x = h . (57

t
f " xTQuxdt
INy-1
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2 [ (H™ (v)) Rdvds
[*2 [“@H' ) Ravdr
M,=| ™ , (58)
™ 2 [¥H ) Rdudt
N3-1

Equations (53)-(58) present the batch least-squares solution for
value function and policy parameters. Here, 6 is the regression
matrix built from stacked differences in basis functions and
controls, and IT is the stacked vector of state and control
costs. The explicit forms Eg, Iy, Iys, My, and M,, aggregate
the batch trajectory data. This framework supports robust
and simultaneous identification of both value and policy
parameters.

Assumption 2: There exist Ly > 0 and 6 > 0, such that for
all L > Ly

L
T > I, (59)
k=1
where 6y is the kth row of 6. In real reactor operation, sufficient
data excitation is provided by natural process variations or safe,
bounded exploration signals, which are standard and effective
for guaranteeing convergence.

By using (53), starting from an initial admissible control
i1y, two sequences, {ji}::o and {ﬁm};ﬁo, are generated. Under
Assumption 1 and Assumption 2, when the convergence
criterion is met (i.e., [¢; — €i_1)* < €converge> WheTe €converge > 0
is a sufficiently small predefined threshold), the iteration stops,
and the resulting [¢", I}*] is an approximated solution of (53).
In addition, according to Theorem 1, the control policy &*
and J* converge to the optimal controller and optimal cost,
respectively.

3.4. Control-identification stage
According to (36), the optimal control and cost function
satisfy:

¢ *

* ‘, *
” +y(x,u’) + o [f(x, 0¢) + g(x,0,)u”] =0

(60)

This equation is the continuous-time HJB equation, represent-
ing the necessary condition for optimality in terms of the value
function J* and the optimal control #*. As shown in Fig. 5, after
the learning stage [0, #jcurm ], if the approximated optimal control
is obtained and applied, then (60) is approximated as:

N N
3 %

J . .
+ oy, at) + o [fCx, 0r) + g(x,0,)a"] = ¢

ot ©®D)

where ¢ is the approximation error of (61), € and 9g are
estimations of 6 and 6,. Substituting (43) into (61) gives:

a@* p(x,1)
ot Y

a@E* P(x, . .
+%}Ext»[ﬂx, O) +gx,0,)u"] = ¢

(x,a%)

(62)
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Figure 5: Different stages in the learning-based moving horizon autonomous
control process

This equation explicitly expresses the residual using the value
function approximation J*(x, 1) = é*T(])(x, 1), where ¢* are the
learned parameters and @(x, f) is the basis function vector.

Therefore, if the model structure has not changed, the
unknown model parameter set ¢ and 6, in the system model (1)
can be estimated using (62). If the information collected from
the system evolution trajectory during the control-identification
stage [fieam, final] i not sufficient to identify 6; and 6,, another
optimal solution for a new set of performance matrices (Q,
R) in y(-) have to be determined until enough information is
collected [49]. A poor identification result may be obtained
if the model structure is unsuitable for the current operating
condition. Therefore, the identification result can be used to
indicate a change in the model structure.

If Ns points are chosen from the system trajectory during the
interval [fieam, tinal], Such that N5 > N; + mN, is a sufficiently
large positive integer, then the parameter identification problem
can be formulated as the following optimization problem:

min Jpara(éfs 9g) = §2
0r,0,
T T
agnn < 0g < 0rgnax
where & = [£1,&, -+ ,&n,] is the approximation error.

Therefore, by using the HJB equation as a bridge, the
process model parameters can be identified. To guarantee the
identification performance, the range of the model parameters
can be first determined based on process knowledge and then by
an optimization algorithm to find the optimal model parameters
that produce the minimum approximation error.

In practice, the implementation involves several compu-
tational steps.  First, the partial derivatives in (61) are
approximated using the basis function representations and the
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collected system trajectories. The optimization problem in (63)
is typically solved using nonlinear least squares algorithms,
aiming to minimize the approximation error £ over a sufficiently
rich set of sampled data points. Main computational
challenges include the high dimensionality of the parameter
space, potential non-convexity of the objective function, and
sensitivity to measurement noise. Careful initialization and
proper regularization are often required to ensure convergence
and identify physically meaningful parameters. For large-
scale problems, parallel computing strategies can be adopted
to reduce computational costs.

4. Case study

To demonstrate the feasibility and performance of the
LMHAC approach, a continuous stirred tank reactor (CSTR)
that forms part of a hydrometallurgical purification process is
selected as a test case [50]. Although the model parameters
are obtained from real industrial data, the LMHAC approach
is evaluated only in simulation. We adopt polynomial and
time-modulated basis functions for the value function and
policy approximation.  This choice is motivated by the
strong nonlinear approximation capability and computational
efficiency of polynomials for chemical reactor dynamics and
the ability of time-modulated terms to better capture finite-
horizon effects. The specific combinations and orders are
selected based on the system’s nonlinearity and practical
convergence observed in preliminary simulations.

4.1. Casel

4.1.1. Process description

The purification process is essential in the hydrometallurgy
process described here [50]. The function of the purification
process is to remove the impurities, such as metal ions, from a
sulfate solution. These impurities are harmful to the subsequent
electrowinning process and also to the final metal product
quality. A purification process consists of several cascaded
CSTRs and a thickener. In each CSTR, an additive removes the
metal ion impurities. The reaction involved can be described as
follows

Im"™* + Ad = Im + Ad"* (64)

where Im and Ad are the impurity and additive, respectively. m
is the number of electrons exchanged between the impurity and
additive. After retention in the reactors, the solution is delivered
to the thickener, where solid-liquid separation takes place. The
purified overflow is transported through the following process:

Reaction (64) is essentially an oxidation-reduction reaction
or electrode reaction. According to the mass balance principle
and electrode reaction mechanism [50], the dynamics of a
single reactor can be modeled as follows:

d in
d_j = fvcm - ‘i/c —rc (65)
E, + 2nF -
r = AgBgexp(- T2 Com ~ ) (66)

RT



where ¢, r and f are the outlet impurity ion concentration
(g/m?), reaction rate (h™'), and outlet flow rate (m3/h) of the
reactor respectively. V is the volume of the reactor (m?). c;,
and f;, are the impurity ion concentration (g/m?) and the flow
rate (m3/h) of the inlet solution of the reactor, respectively. €orp
is the Oxidation Reduction Potential (ORP) (V). The physical
meanings of the other parameters in the process model are listed
in Table 2

Table 2: Physical meaning of the model parameters [50]

Parameter (unit) ~ Physical meaning

Ao(s™D frequency factor of the reaction

B(=) reaction surface area available on a unit area of the
crystal nucleus

8s(-) weight of crystal nucleus per unit volume of the
reactor

E,(J-mol™) standard activation energy of the reaction

n(-) variation factor between the electrode potential
and the cathode activation energy

eeq(V) equilibrium potential of the cathode reaction

T(K) reaction temperature

F(C - mol™!) Faraday constant, F = 96485

R(J-mol™'K~1)  ideal gas constant, R = 8.314

In practice, Ao, 8 and g; can be combined as a new parameter

Ag = Aofg;. Therefore, the overall reactor model is:
d ] E, +2nF(eq, — €
d_j = V“Cm - ‘éc — Agexp(~ UR(T"“’ eq)c) (67)

In (67), F and R are constants. The solution temperature 7 is
usually measured online and is constant. It is also considered a
constant in the simulation. 1 € (0, 1) represents the influence
of the ORP change on the activation energy of the cathode
reactions. In this simulation, a balanced influence of the ORP
change on the cathode and anode reactions is assumed, i.e.,
n = 0.5. Ag, E,, and e.q represent physical quantities and have
different values under different operating conditions. Taking
cobalt removal as an example, if the copper ion concentration
or the crystal content in the reactor is higher, then Ag is higher.
If the copper ion concentration in the reactor is lower, then egq
is more negative, and E, is higher. To reduce the number of
parameters to estimate, (67) can be reformulated as:

dc  fin
E = 7 in — ‘_/C - Acunrigin (68)
where uorigin = €¥", a = —?—TF, A= Aﬁexp(—E 2"Fee“) The

only parameter to identify is A, corresponding to 6.

4.1.2. Case study setup

In the case study, the process is simulated using industrial
data obtained from a real plant. For commercial reasons, the
data are scaled and desensitized. Four data sets corresponding
to four typical operating conditions (named as Wy, Wy, Wy
and Wyy) were selected to identify the model parameters which
are then used to simulate the process. It was assumed that the
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value of model parameter A was known under condition Wi
and Wy, and was unknown under operating condition Wy and
Wiy. The value of the model parameter under the four operating
conditions and the feature of the four operating conditions are
shown in Table 3.

Table 3: Values of model parameters under different operating conditions

Operating condition ~ Description A
Wi Normal operating condition 2.0188x 1078
Wi The flow rate of inlet solution is 1.9957 x 1078
large, the retention time in the
reactor is decreased
Wi The concentration of another  1.7809 x 10~%
more active impurity in the inlet
solution is high, a large amount
of additive is consumed in re-
moving another impurity
Wiy The inlet flow rate is large, 1.4033 x 1078

and the concentration of another
more active impurity is high

The set points of the outlet impurity ion concentration of the
reactor under each operating condition were determined by a
higher-level economic optimization unit. The initial value of ¢
in (68) is 8 mg/L. The optimal set points for the four operating
conditions are 5.5 mg/L, 8.0 mg/L, 6.0 mg/L, and 8.5 mg/L,
respectively. The length of each optimization horizon is 2
hours. For ADP, the first hour is used for the learning stage
and the second hour for the control-identification stage. In each
case, the original system model is reformulated as:

d in * A Y
d_):_ fvcin_‘i/c —‘i/x—A(x+c)u (69)
Where:
x=c-c"
_ E, +2nF(e — ecq)
A=A Y
$eXp( RT )
_ eup + €low

e = )

*

c¢* is the set-point of outlet impurity ion concentration.
[elow, eup] 18 the range of ORP specified in operational
guidelines. (69) corresponds to (1) in Section 2.

The control input is further formulated as follows:

, 2nF(eonp — )
u = exp(—T)
_ 2n (eup e) 2nF(ejow — €)
= [e p( RT ) + exp( RT )N +u
277F(eup e)

where u € [exp(— 2”F(e"’w 2, exp(— )] corresponds to
u in (1). The ORP range for operatlng condition Wiy
is [-0.515,-0.545], and for operating condition Wiy is
[-0.535,-0.565].

Nonlinear MPC is applied under operating conditions Wy and
Wi with known model parameters. The finite horizon ADP




algorithm approximates the optimal controller under operating
conditions Wy, and Wyy. For comparison, the nonlinear MPC
controller is also applied under operating conditions Wy and
Wiy. The prediction horizon and control horizon for the MPC
are 100 and 50, respectively. The fininunc function in Matlab is
the solver used to solve the objective function.
The basis functions for the approximation of the cost
function and control policy are:
Px, 1) = [xz, x4, %8, x8, sz, X4T, X6T, XST, xze_T]T

Yx, 1) =[x, xe", X1, 1, e T, T, o, e T, x

32T
where T = (fiearn — 1)/ tearns fearn = 00min, fg,, = 120min. The
design parameters for the initial admissible control are c;
0.01, ¢c; = 0.01, = 0.01. The initial value of k is:

-0.01
-0.01

-0.01
-0.01

-0.01
-0.01]

k =[-0.01
-0.01 -0.01

The stopping criteria is if the iteration number reaches 200 or
the norm difference of k is less than 108, Excitation noise is
added to the initial admissible control as follows:

u=—H(® + enoise)

2
enoise = 100 Z sin(10't)
i=-3

where v can be obtained using the result in Section 3.2, see
(10)-(13) and (23)-(26).

4.1.3. Results and discussion

The control results of the LMHAC approach are shown in
Figs. 6 to 12. Fig. 6 shows the outlet impurity ion concentration
trajectory under the four different operating conditions (OCs).
It can be observed that the LMHAC approach can drive
the process to its set point under all OCs, which indicates
the feasibility of LMHAC. Under operating conditions Wi
and Wy, the optimal control is derived using MPC. Under
operating conditions Wy and W}y, an initial admissible control
is first applied to guarantee the stability of the process. It is
observed that the outlet impurity ion concentration converges
toward its set point during the learning stage of the ADP control
period. In the control-identification stage, the approximated
optimal control is obtained by learning from the ’input-state’
information collected during the learning stage. Therefore, the
approximated optimal control drives the outlet impurity ion
concentration trajectory during the control-identification stage.

In order to analyze the control performance when the model
parameters are unknown, the results for operating conditions
Wi and Wiy are discussed in detail. During the learning stage
[0, ticarn] Of the ADP control period (see Fig. 5), the initial
admissible control is applied to the system. As shown by the
red solid lines in Figs. 7 and 10, the system state moves
asymptotically towards the equilibrium point under operating
conditions Wy and Wyy during [fg, fiearn], Which indicates the
feasibility of the initial admissible control. The approximated
optimal control is derived via iteration when the learning stage
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is finished. As shown in Figs. 9 and 12, the iteration stopped
after 8 and 9 iterations under the two operating conditions. The
resulting weight vector k associated with control input under
operating condition Wy is:

k=[-1.935146 —1.408442 1302982
—-0.964120 0.293709 1.760781
0.001295 -0.069812 0.296231]

and for operating condition Wiy is:

k=[-1.920634 —1.481995 1.166985
—1.343727 0.650264 2.047220
—-0.832558 0.602731 0.883857]

The initial admissible control is replaced by the approxi-
mated optimal control during the control-identification stage
[ficarn» tinat]- The state trajectories driven by the approximated
optimal controls under operating conditions Wy and Wyy are
shown by the blue solid lines in Figs. 7 and 10. For
comparison, the red dashed lines show the state trajectories
driven by the initial admissible control. The performance
of the approximated optimal control is better than the
initial admissible control. However, the advantage of the
approximated optimal control is not obvious due to the
relatively small initial state value at #jeqm.

The ’input-state’ information collected during the control-
identification stage [fieam, tinal] 1S then used to identify the
unknown model parameter A of (68). The parameter identi-
fication problem is solved using particle swarm optimization
(PSO). The parameter identification results and average relative
errors (AREs) under operating conditions Wy and Wy are
shown in Table 4, which lists the identification results of 10
different runs. As PSO is a swarm-based random optimization
algorithm, the identification results of different runs are
different. However, in different runs, the AREs of parameter
identification under both operating conditions are small. This
indicates acceptable identification accuracy. The simulation
assumes that the model structure is the same for all four
operating conditions. If the model structure changes under
operating conditions Wy and Wy, the parameter identification
result may deteriorate, which can indicate that the model
structure has changed.

To compare the performance of MPC and ADP, MPC was
also applied to the process on the interval [fo, ffn,] under
operating conditions Wy and Wiyy given the value of the
unknown model parameter. The approximated optimal control
given by the CFADP is also applied to the system on the interval
[#0, tana1] under operating conditions Wy and Wyy, as shown by
the blue dashed line and the purple solid line in Figs. 7 and
10. In addition, the corresponding control input trajectories
obtained by these two approaches are shown in Figs. 8 and
11. In these figures, the input u is transferred to the ORP,
which is the physically manipulated variable of the process.
It can be observed from these results that the approximated
optimal control can reach the set point in finite time under
both operating conditions. Because of an approximation
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Figure 6: State trajectories during the experiment

error, there is a small difference between the state and input
trajectories generated by MPC and ADP. So, the control input
and control performance obtained using ADP and MPC are
close. This indicates the feasibility of using ADP instead of
MPC when the model parameters (and structure) are unknown.
Therefore, using LMHAC, the optimal or approximated optimal
control can be obtained under operating conditions with known
and unknown model parameters. Moreover, the unknown
model parameters can be identified by approximating the
HIJB equation along the system trajectory driven by the
approximated optimal control. By analyzing the identification
result, one can judge whether or not the model structure has
changed. This can incrementally enlarge the known domain of
model parameters in the comprehensive state space.

4.2. Case 2

Case 1 presents the application of LMHAC to a single state
system. To further test its ability, especially the performance
of CFADP, another CSTR case with 2 states is studied in this
subsection [58].

4.2.1. Process description

Consider a CSTR where a reversible reaction 2A = B takes
place, where A and B are two different species. The dynamics
of the CSTR is

F
X1 = —2kax% —c1x1 + 2kpxy + ‘—/u

F
X kaxf +Ccrxy — (‘—/ + kb).x2 (70)

where x; = C4 — Cy4, x» = Cg — Cp are the deviation of the
outlet concentrations of species A and B, respectively. k, and

360

420

480

Table 4: Model parameter identification results using LMHAC

Operating condition ~ Real value Identified value =~ ARE

il 1.9957 x 1078 2.0780 x 108 4.1238%
2.0127 x 1078 0.8522%
20142%x 1078 0.9273%
2.0177 x 1078 1.1035%
2.0281x 1078 1.6238%
2.0307 x 1078 1.7517%
19138 x 1078 4.1020%
1.9446 x 1078 2.5589%
1.9449 x 1078 2.5450%
2.0607 x 108 3.2580%

v 14033 x 1078 1.4206 x 108 1.2338%
1.4264 x 1078 1.6408%
1.4157x 1078 0.8814%
1.4062 x 1078 0.2018%
14598 x 1078 4.0231%
14257 x 1078 1.5963%
14343 %1078 2.2066%
14399 x 1078 2.6074%
1.4403 x 1078 2.6339%
1.4427 x 1078 2.8073%
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k;, are the forward and reverse reaction rate constants of species
B, respectively. u = Cyj, — Cain is the inlet concentration of
species A. V and F are the volume and flux, respectively. ¢,
4k,C4 + F/V and ¢, = 2k,C4 are constants. kj is assumed
unknown. The details of model parameters are listed below.

Table 5: Model parameter values

Variable Value
ka 0.05
kp 0.01
1 0.338
&) 0.159
FIV 0.02
Cy 1.59
Cp 4.21
Cain 10
x1(0) 0
x2(0) -1.71
u [-10, 10]

4.2.2. Case study setup

In the simulation, Q, diag(10,10), R 0.1, Hyv) =
10tanh(v/10). The basis functions in @ include x%, x%, X1X2,
x‘l“r, x‘z“r, x%x%e", xlxge‘T, xfxze‘T. The basis functions in ¥
include xi, x5, X1, X2, X7, x2€™", X3, X3, x3¢"". The initial
weightisk” =[-1 -1 -1
was set such that

— 1]. The exploration noise

u= —HOSR'KO¥ + ¢, 0)

2
enoise = 100 Z sin(10't)
i=-3

4.2.3. Results and discussion
The results of applying LMHAC are shown in Fig. 13. The
resulting weight vector k associated with the control input is:

k=[-0311975 1.635121 —0.998924
2.071811 —1.763905 - 1.430438
0.050369 0.023781 —0.029703]

The parameter identification results and average relative errors
(AREs) are shown in Table 6, which lists the identification
results of 10 different runs. Similar to Case 1, the identification
error is within 5%. The initial admissible controller and the
controller derived by CFADP can both force the states to
converge. However, the result obtained using CFADP has
no steady-state deviation. This illustrates the effectiveness
of introducing two different parts in the basis function to
approximate two different costs, i.e., the integrated intermediate
cost and the terminal error cost.

5. Conclusions

This paper proposed a learning-based moving horizon
autonomous control (LMHAC) framework integrating MPC,

16

Table 6: Model parameter identification results for Case 2

Real value  Identified value  ARE

0.01 0.010126 1.2611%
0.010175 1.7534%
0.009948 0.5240%
0.010179 1.7946%
0.010112 1.1247%
0.009978 0.2152%
0.010409 4.0924%
0.010219 2.1921%
0.010140 1.4001%
0.010216 2.1564%

ADP, and process modeling to handle chemical reactors
operating under known and unknown model parameters.

The proposed approach enables autonomous switching
between MPC and a constrained finite horizon ADP (CFADP),
ensuring stability through a Lyapunov-based initial admissible
control and incrementally expanding the known parameter
domain via online identification using the HJB equation.
Two simulation case studies validated the feasibility and
performance of LMHAC. In the first case, involving an
industrial purification process, the framework drove the process
outputs to their respective set-points under all four tested
operating conditions. Under unknown-parameter conditions
Wi and Wy, the CFADP converged to its near-optimal policy
within 8 and 9 iterations, respectively, and the identified model
parameter values achieved average relative errors below 5%
over 10 independent runs. The resulting control performance
was comparable to MPC using the true model. In the second
case, a two-state CSTR, the proposed method again achieved
convergence without steady-state deviation, with parameter
identification errors within 5%. These results confirm that
LMHAC can consistently deliver optimal or near-optimal
control and accurate parameter identification in nonlinear
chemical processes, even under parameter uncertainty.

Future work will address robustness against measurement
noise and disturbances, guarantee global stability, and extend
the framework to high-dimensional and large-scale systems for
industrial deployment.
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