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Summary

We develop a general framework for studying classes of quantum
dynamical systems that are close to and structurally similar to other
systems satisfying specified properties, in particular quantum detailed
balance conditions. This is done in terms of optimal transport plans
and Wasserstein distances between systems on possibly different
observable algebras. Basic metric properties of Wasserstein distances
are proven. As a possible application of our framework to
non-equilibrium statistical mechanics, bounds on deviations from
detailed balance are derived.
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Introduction

Fvery beginning is in time, and every limit of extension in space.
—Immanuel Kant, 1781.

The main motivation for this thesis is to develop a natural frame-
work for studying quantum dynamical systems, in which one can obtain
extensions or generalized versions of properties of a system relative to
another system satisfying some specified property of interest. In par-
ticular, we study extensions (including weaker forms) of quantum de-
tailed balance (QDB) conditions, with the aim of ultimately providing
classes of systems, with non-equilibrium steady states, having struc-
tural similarities to systems satisfying conventional detailed balance
conditions. In other words, we establish a novel approach to deviation
from detailed balance, even in the classical case. Our approach is via
transport plans. We also develop a point of view that motivates the
bimodule (or correspondences in the sense of Connes) approach to non-
commutative optimal transport, as developed in [41], [42] and [43], and
how it fits perfectly with dynamical systems possessing steady states,
and thus provides a framework for their analysis. This thesis is mainly
based on the work done in [43].

The essence of our framework is to extend detailed balance condi-
tions by considering balance between two systems; in the sense of [45],
making use of couplings of the states of the two systems. Moreover,
these couplings can also be viewed as a form of transport between
systems. By using optimal transport, through Wasserstein distances
between the two systems, we can develop a quantitative version of the
theory in [45], effectively quantifying the similarity or difference be-
tween systems. In particular, if one of the systems is relatively simple
or well-understood, and it satisfies certain detailed balance conditions,
this framework can be used to extend those conditions to the other,
possibly more complex system, thus generalizing detailed balance. In
essence, some properties of one system are carried over to the other in
a very structured and quantifiable way. Notably, this approach works
even if the two systems have different observable algebras, as long as
there is a natural physical relationship between certain observables.
This relationship is built into the Wasserstein distance, which uses
these observables as coordinates in the respective systems.

We adopt a transport plan approach to quadratic Wasserstein dis-
tances between systems, building on [41], 42]. However, we need to
adapt this approach to accommodate systems with different observable
algebras. It should be noted that while these distances may be actual
metrics, they are more generally only pseudometrics and can even lack
symmetry. The term “distance” is therefore used in this generalized

© University of Pretoria
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INTRODUCTION ix

sense. The triangle inequality will always hold, though. This is needed
to obtain certain bounds on deviation from detailed balance.

Although our main goal is to extend quantum detailed balance
properties, it appears that our approach is new even in the classical
case, and may have application there. Moreover, our framework is
not restricted only to extending detailed balance. Although the latter
appears to be a very natural application of the balance and optimal
transport approach, it should apply to other properties of systems with
invariant states as well, e.g., ergodic properties.

Our approach will be formulated in terms of von Neumann algebras,
which provide a clear and powerful framework for studying systems.
This enables us to draw on the insights and tools of Tomita-Takesaki
theory, along with the related theory of bimodules, which are essential
for developing a general theory. Furthermore, this von Neumann alge-
bra setting is conceptually clear, for example in terms of comparison
to the classical case, making it an ideal choice. We use unital com-
pletely positive (u.c.p.) maps to describe the dynamics of the systems,
although we also allow for unital positive (u.p.) maps.

There are alternative approaches to quantum Wasserstein distances,
at least between states (rather than systems) on the same algebra.
Some key papers on this include [14), 23], 27, [31], 35, [60, 89], among
many others. While some of these use a dynamical (see [12]) rather
than transport plan approach, the framework in [41], [42] appears most
appropriate to fit with [45], due to its bimodule setup and level of gen-
erality. In particular, it will be seen that the asymmetry inherent to the
bimodule approach to transport plans, is natural from the perspective
of refining or extending concepts regarding systems.

In the literature one can find other approaches to extend quantum
detailed balance to non-equilibrium situations, or to study the devia-
tion from detailed balance, including via entropy production. See for
example [2, 3|, 4, 17, 18, 22|, 46|, 47, 48], 82]. Our approach of-
fers an alternative and complementary perspective. However, we will
not attempt to connect our approach to those mentioned above or to
entropy production, leaving this for future work. Nevertheless, it is
worth noting that [10], [34], 88| have linked entropy production to op-
timal transport and Wasserstein distance by following very different
routes than ours.

The mathematical background necessary for the thesis is covered in
Chapter [} In particular, we discuss canonical representations of von
Neumann algebras on certain Hilbert spaces, in which case the former
are said to be in standard form. A natural bimodule structure on the
Hilbert space is identified through the tools of Tomita-Takesaki theory.
The relative tensor product of bimodules ultimately allows us to obtain
the triangle inequality of Wasserstein distances.

© University of Pretoria
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X CONTENTS

In Chapter [2| we introduce a noncommutative version of optimal
transport between systems on possibly different von Neumann algebras
as adopted and used in this thesis. The basic feature of our framework,
namely extending dynamical properties through transport, is discussed
with detailed balance as a particular instance.

In Chapter |3 the basic metric properties of Wasserstein distances
are demonstrated. Due to direction of transport, these distances are
typically asymmetric pseudometrics, since the two directions relate to
different (though dual) aspects of the dynamics. In particular, zero
distance between two systems does not mean that they are the same.
However, our bimodule setup for Wasserstein metrics indeed provide
symmetric and asymmetric Wasserstein distances, depending on the
restrictions we place on the transport plans. Chapter [ investigates
further properties of Wasserstein distances , including certain symme-
tries, which along with the metric properties allow us to find bounds
on deviation from detailed balance. We also explore how zero Wasser-
stein distance between two systems relates to common structure in the
systems.

In Chapter [5| we treat simple finite dimensional examples to clarify
our approach and to illustrate how extended or refined detailed balance
conditions are obtained, in the special cases where the systems are given
on either an n x n matrix algebra or a classical Markov chain on finite
sets.

© University of Pretoria
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CHAPTER 1

The Tomita-Takesaki theory and bimodules

When a solid foundation is laid, if the mason is able
and his materials good, a strong house can be built.
— Haile Selassie I, 1963.

A key property we want a distance function to have is the triangle
inequality. This is certainly one of the most distinctive properties of
a distance function. But it turns out to be difficult to obtain from
the transport plan approach to Wasserstein distances in the noncom-
mutative case. However, by Tomita-Takesaki (or modular) theory, the
resulting bimodules and their relative tensor products, provide a way to
obtain the triangle inequality in our von Neumann algebra framework
using a transport plan approach.

In this chapter we review the construction of the relative tensor
product of a pair consisting of a left module and a right module over
a common von Neumann algebra. We view a Hilbert space equipped
with the usual action of a von Neumann algebra as a left module over
the von Neumann algebra. Similarly, we take a right module over a
von Neumann as a Hilbert space with a right action, i.e. an anti-
representation, of the von Neumann algebra on that Hilbert space.
Naturally, we view a bimodule over a pair of von Neumann algebras as
a Hilbert space equipped with a left action of one algebra and a right
action of another such that the two actions commute.

Unlike the ordinary (i.e. spatial) tensor product of Hilbert spaces,
the relative tensor product depends on the choice of a faithful nor-
mal state on the common von Neumann algebra, hence the use of the
description relative. In approximate terms, the basic idea behind the
construction of the relative tensor product is as follows: given a faithful
normal state v on a von Neumann algebra B, and Hilbert spaces $) and
K with a representation and an anti-representation of B respectively,
then the goal is to produce a new Hilbert space, say $ ®, R, by factor-
ing out the actions of B on $ and K. The precise construction is quite
involved.

The purpose of this chapter is twofold, firstly to fix the notation
we adopt and secondly to introduce the necessary mathematical back-
ground required in this thesis. In Section [I.1] we discuss the represen-
tation theory of von Neumann algebras on Hilbert spaces. This is a
useful and a common way of thinking of von Neumann algebras, i.e.

1

© University of Pretoria



P

3

A~ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

2 1. THE TOMITA-TAKESAKI THEORY AND BIMODULES

presented spatially as {A4,9}. Such representations always exist and
are essentially unique (up to unitary equivalence), and will be exploited
in the construction of the relative tensor product. A general overview
of the Tomita-Takesaki theory is given in Section [1.2} in which the very
precise and intimate connection between an algebra and its commutant
is discussed along with a one-parameter group of automorphisms. A
von Neumann algebra can be identified as a subspace of B($)) in vari-
ous ways. In Section [1.3| we discuss a canonical representation of von
Neumann algebras on a Hilbert space known as a standard form. In
Section [L4l we introduce the notion of modules over one or two von
Neumann algebras as well as discuss their morphisms. Section [1.5
presents the theory of bimodules and correspondences. The theory of
correspondences was originally developed by Connes, but never pub-
lished in full, although it is discussed briefly in his book [33, Appendix
V.B]. In short, a correspondence from one von Neumann algebra, A,
to another, B, is an A-B-bimodule (where the direction from A to B,
is the convention we adopt in this thesis). The relative tensor product
can be viewed as the composition of such correspondences.

We adopt the following notational conventions. Unless explicitly
stated otherwise, any Hilbert space or algebra will be over the field of
complex numbers. An inner product of a (pre-) Hilbert space will al-
ways be taken to be linear in the second argument and conjugate linear
in the first argument, as is conventional in physics. Throughout the
text, A, B, and C denote von Neumann algebras, which are assumed
to be o-finite (or countably decomposable); that is, all collections of
mutually orthogonal projections have at most a countable cardinality.
We denote identity operators on Hilbert spaces by 1. In particular, the
unit 14 of a von Neumann algebra A will usually be denoted by 1 when
no confusion may arise.

1.1. States and the Gelfand-Naimark-Segal construction

The Gelfand-Naimark-Segal (GNS-) construction is a fundamental
correspondence between cyclic x-representations of a C*-algebra and
positive linear functionals on the algebra. It offers a way of manufac-
turing representations of algebras. In this section we give a summary
of the main definitions and results that will be useful to us. For a more
thorough treatment, we refer the reader to [15, §1.8 and §2.3], [20]
§2.3], [62, §4.5] and [69. §3.4].

DEFINITION 1.1.1. Let A be a unital x-algebra on a Hilbert space
$, and p a linear functional on A.
(1) p is positive, denoted by p > 0, if u(a*a) > 0, Va € A.
(2) p is a state if it is normalized and positive, i.e. if it satisfies
p(ly) =1 and p > 0.
(3) A state u is said to be:

© University of Pretoria



P

3

A~ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

1.1. STATES AND THE GELFAND-NAIMARK-SEGAL CONSTRUCTION 3

faithful if p(a*a) >0, VYa # 0.
tracial if p(ab) = p(ba), Va,b € A.
(4) If A is a von Neumann algebra on a Hilbert space ), a state
is said to be a wector state if there is a vector x € § such that
p(a) = (z,ax), Va € A.

Note that if g > 0, then we have ||u|| = (1), p(a*) = p(a), Va € A,
and the Cauchy-Schwarz inequality

(1.1.1) l(a*b)|* < pla*a)p(b*h), Ya,b € A.
Denote the set of all positive elements of a C*-algebra A by A, i.e.
A, :={a*a:a€ A}.
DEFINITION 1.1.2. Let A be a von Neumann algebra on a Hilbert
space ).
(1) A linear functional p is normal if it is o-weakly continuous.
(2) A linear functional g on A is a normal state if it is normal,
positive and normalized. If, in addition, p is faithful, it is said

to be a faithful normal state. Denote the set of all faithful
normal states on A by F(A).

For characterizations of normality of states, see [19, Theorem I11.2.1.4].
The normal states are exactly those given by density matrices (see [20]
Theorem 2.4.21]). Moreover, vector states are normal.

A linear subspace I of an algebra A is called a left (respectively,
right) ideal in A if

a€ Aand bel = ab € I (respectively, ba € T).

We call I an ideal in A if it is simultaneously a left and right ideal, i.e
AI,IA C I. For any algebra A, it is easily verified that 0 and A are
both ideals in A; they are called trivial ideals for A.

Note that for any C*-algebra A we have

(1.1.2) (ab)*ab < ||a|*b*D,
for all a,b € A (see [19], Proposition I1.3.1.9]).

PRrOPOSITION 1.1.3. For a linear functional j1 on a C*-algebra A,
set

n, ={a € A: pla*a) < +oo}
and
N,:={a€ A:p(a"a) =0}
Then n, and N, are both left ideals of A.
PROOF. Let a € A, then

(1.1.3) p((ab)*ab) = p (b*a*ab) < ||al|*u(b*b), Vb € A,

© University of Pretoria
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4 1. THE TOMITA-TAKESAKI THEORY AND BIMODULES

by the inequality (1.1.2). Thus, if b € n, it then follows from (1.1.3)
that ab € n,, so that n, is a left ideal of A. Again, by (1.1.3) it follows
that ab € N, whenever b € N,. Thus, N, is a left ideal of A. O

Note that a state on a C*-algebra is bounded by [20, Proposition
2.3.11]. Thus, if p is a state on A, then n, = A.

DEFINITION 1.1.4. Let A and B be x-algebras. Themapn: A — B

is said to be a x-homomorphism if it satisfies

(1) m(aa + pb) = an(a) + pr(b)

(2) m(ab) = 7(a)m(b)

(3) m(a*) = m(a)®
Va,b € A,a, 5 € C. If, in addition, 7 is bijective, it is called a *-
isomorphism. A x-automorphism of A is a *-isomorphism 7 : A — A.
The set {m : t € R} is a one-parameter x-automorphism group if m
is a x-automorphism for every ¢ € R and has the group property that
Ts = M oms VI, 5 € R.

DEFINITION 1.1.5. A *-homomorphism 7 : A — B between von
Neumann algebras is said to be normal if 7 is continuous for the o-
weak topologies on A and B.

DEFINITION 1.1.6. Let A be a C*-algebra on a Hilbert space $),
then a vector z € $ is said to be:
(1) cyclic for A if Ax = §, i.e the closure of the set Az := {ax :
a € A} is dense in §).
(2) separating for A if ax = bz, a,b € A if and only if a = b.

DEFINITION 1.1.7. Let A be a C*-algebra.

(1) A representation of A is a pair (9, 7) where $) is a (complex)
Hilbert space, and 7 : A — B($)) is a *-homomorphism, where
B($) denotes the set of bounded linear operators on §). We
say that (£, 7) is a faithful representation, if in addition, 7 is
injective.

(2) A cyclic representation of A is defined as the triple ($),m, A),
where ($), ) is a representation of A, and A is a vector in
which is cyclic for w(A), i.e. 7(A)A = {m(a)A : a € A} is
dense in $).

(3) Two representations ($);,7;) and (92, 7) of A are unitarily
equivalent if there exists a unitary operator u from $); onto £,
such that

um (a)u* = m(a), Ya € A.

Note that if (£, 7) is a representation of a C*-algebra A and if
A € $ is a unit vector, then the map

pla) == (A, m(a)A) (a € A)

clearly defines a vector state (and thus normal) on 7(A).

© University of Pretoria
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1.1. STATES AND THE GELFAND-NAIMARK-SEGAL CONSTRUCTION 5

LEMMA 1.1.8 (Unitarily equivalent representations). Let (1,71, Ay)
and ($g,m2, o) be two cyclic representations of (A, ). Then m and
mo are unitarily equivalent representations of A, i.e. there is a unitary
map u : 1 — Ha such that

um (a)u* = m(a), Va € A.
PRrROOF. For all a € A, we have
71 (@)Ad|f® = (mi(a)Ar, mi(a)As)
= <A1, 7T1((Z*CL)A1>
= p(a*a)
= <A2, WQ(G*G)A2>
= [Ima(a) Aol
Similarly (with the role of a replaced by a —b in the above calculation),

if m(a)Ay = m(b)A1, it follows that mo(a)Ay = ma(b)As, for a,b € A.
Consequently, the map

UpT (a)A1 = 7T2(CL)A2 (CL € A)

defines a norm-preserving linear map from m(A)A; to m(A)A,. Since
m1(A)A; = 91 and m(A)Ay = $s, it follows that uy extends uniquely
by boundedness to an isomorphism u from $; to ., and

uly = ugmi (1)A; = m(1)Ay = As.
Then, for all a,b € A,
umy (a)m (b)Ay = um(ab)Ay
= my(ab)Ay
= my(a)ma(b)Ay
= mo(a)umy(b)Ay,

and umy(a) = my(a)u, since m(A)A; = 1. Thus um (a)u* = my(a), for
all a € A. O

The existence of a cyclic representation for (A, i) is guaranteed by
the following:

THEOREM 1.1.9 (The GNS-construction). Let u : A — C be a
state on the C*-algebra A. Then there exists a unique (up to unitary
equivalence) cyclic representation (9, m,, A,) of (A, 1) such that

(1.1.4) pla) = (A, m,(a)A,), Ya e A.
Proor. Construction of the Hilbert space §,. Let

N, ={a€ A:p(a"a) =0}

© University of Pretoria
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6 1. THE TOMITA-TAKESAKI THEORY AND BIMODULES

The set N, is called the left kernel of y. Then, by Proposition [I.1.3]
N, is a left ideal of A. Furthermore, IV, is closed since p is bounded.
Let

n,:A— A/N,
be the quotient map from A onto A/N, given by n,(a) := a+ N,,. Then
we can define

(1.1.5) (nu(a), nu,(b)) == p(a*db), Ya,b € A.

It is straightforward to verify that (-,-) is an inner product on A/N,,.
Denote the completion of A/N, with respect to the norm induced by
this inner product by $),,.

Construction of the representation m,: For any a € A, define 7,(a)
as the left multiplication by a on A/N,, i.e.

(1.1.6) mu(a)n,(b) == ab+ N, =n, (ab).
Then m,(a) is a linear map on A/N,, and
17 (@)nu (D)I* = g (b*a”ab) < [lall*p (b°b) = [|a ][, (B)II*, Vb € A,

by . Then ,(a) is bounded and has a unique extension to a
bounded linear map on §),. Denote this extension also by m,(a). It is
then easily verified that the map 7, : A — B($),,) is a *-homomorphism.

Identifying the unit cyclic vector A,: Let A, :=1,(1) = 14 + N,,.
Clearly, A, € $,, and

mu(a)A, =7, (a)(1a+ N,) =a+ N, (a € A).

Thus 7,(A)A, is a dense subset of $,, and A, is cyclic for 7,(A).
Moreover,

(A (@) Ay) = (0u(La), Tu(@)nu(1a)) = (0u(La), nu(a)) = p(al”)
= p(a)
for all @ € A. O

The foregoing result states that, for a state on a C*-algebra, the
corresponding GNS-construction is essentially uniquely determined be-
cause of the cyclic property. It is easily seen that p is faithful if and
only if m, is faithful and A, is separating for m,(A), since u(a*a) =
17 (@) A1

THEOREM 1.1.10. Consider any state j1 on a von Neumann algebra
A, and let (9,,m,,\,) be the GNS-representation for (A, p). Then p
is normal if and only if 7, : A — B(9,) is normal. Moreover, in this
case m,(A) is a von Neumann algebra on $),,.

For proof, see [19, Theorem I11.2.2.3] or [20, Theorem 2.4.24].

In this section we established that every C*-algebra has a concrete
representation, this is the essence of the Gelfand-Naimark theorem (see
[62, Theorem 4.5.6] or [69, Theorem 3.4.1]). Thus, every C*-algebra
can be realized as a C*-subalgebra of B($)) for some Hilbert space ).
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1.2. Tomita-Takesaki theory

In this section we give a general overview of Tomita-Takesaki theory
(or modular theory) and state, without proof, some of its main results.
Details and proofs of statements may be found, for example, in [20]
Sect. 2.5, [63 Sect. 9.2], or [81, Chap. VIII]. See [77] for a treatment
of the theory on the von Neumann algebra B(f)) of bounded linear
operators on a separable Hilbert space §).

The Tomita-Takesaki theory is one of the most important and use-
ful developments in operator algebras for its many applications to
mathematical physics. The theory gives a very precise and intimate
connection between an algebra and its commutant, along with a one-
parameter group of automorphisms [19] Section I11.4]. Of particu-
lar importance is its use, in the mathematical description of thermo-
dynamic equilibrium states using the Kubo-Martin-Schwinger (KMS)
boundary condition in theoretical physics, which was developed by
Haag, Hugenholtz, and Winnink [57] at the same time as the theory
itself by Tomita [84], later expanded upon by Takesaki [79].

Consider the pair (A, ) where A is a von Neumann algebra and
w € F(A). We assume that the pair is in standard form, meaning that
A is a von Neumann algebra on a Hilbert space §,, with a cyclic and
separating vector A, € ), for A (and for its commutant A’) such that

(1.2.1) pla) = (A, al,), Ya e A.

In other words, we omit to mention the normal representation 7, and
identify A and A" with m,(A) and 7,(A’), respectively. The vector A,
is then cyclic and separating for both A and A’.

The conjugate-linear map Sy, : A\, C 9, — ), defined by

Soual, :=a*A,, Ya e A
extends to a closed conjugate linear map Sy, called the Tomita operator
for (A,p). Let J, the unique anti-unitary operator and A, be the

unique positive, self-adjoint operator in the polar decomposition of S,,,
ie.

Sy = JuA

The adjoint S}, of the Tomita operator is the closure the of conjugate
linear map Fy, : A'A, C 9, — 9, defined by

Fod' Ay, = (a')*A,, Va' € A,

with the polar decomposition given by S} = JMA,II/ 2,
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Note that if, in addition, the state u is tracial then we have
1Soualull* = [la"A|*
= (a"Ay, a"Ay)
= (A,,aa"A,)
= p(aa”)
= p(a*a)
= [lad,]*.
Thus S, in this case, is an isometry and S, = J, and A, = ida.
The modular conjugation (or modular involution) associated with
the pair (A, u) is the conjugate linear map J, : 9, — 9, satisfying
Jﬁ =1 and
<JM:E7 JM?/) = <l’,y> \V/.T, y € g)u-
It follows that J; = J,. The modular conjugation J, gives a *_anti-
isomorphism between A and its commutant A’ defined by

(1.2.2) Ju = J.(:)" T, B($H,) — B(9H,)
ie., ju(a) == J,a*J, for every bounded linear a : $, — $,. That is, j,
is linear, bijective and j,(a*) = j,(a)*, but j,(ab) = j.(b)j.(a) for all
a,b € B($,). From this we can define
= o, € F(A)
on the commutant A’ of A for every p € §(A), ie., p/(a') = p(ju(a’))
for all ' € A’. Since every pu € §(A) is given by a (unique) cyclic and
separating vector A, € §, for A, through (1.2.1), we can represent p/
by
p(a) = (A, d'A,), Va' € A
The modular operator A, : 9, — $, is the invertible operator
A, = S8%S, satistying J,A,J, = ALY, as well as
Su=JA =N,
and
. —1/2 _ A1/2
Sy = JuAP =NV,
From the functional calculus of A, we construct an operator
Al =exp (it(InA,)), Vt € R,

such that A’ is unitary for all # € R and the set {Af : ¢t € R}

forms a strongly continuous unitary group, called the modular group.

Furthermore, Aiju = JMAﬁ and J,A, = AffAu =A, forallteR.
The unitaries {Al : ¢ € R} induce a one-parameter automorphism

group ot := {0} : t € R} of A by

(1.2.3) of(a) = AllaA", Va € At €R.

This is the so-called modular automorphism group of A (relative to ).
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THEOREM 1.2.1 (Tomita-Takesaki). Let u be a faithful normal state
on a von Neumann algebra A. Then:

(1) of'(A) = A, teR,
(2) JJAJ, =A.

Furthermore, from the one-to-one correspondence between faithful
normal states on A and the cyclic and separating vectors A, the state
1 is invariant under the automorphism group o*, i.e.

(1.2.4) p (ot (a)) = pla), Ya € At € R.

We will consider finite dimensional examples in this thesis, and
according to Tomita-Takesaki theory we have the following:

ExXAMPLE 1.2.2. Let C" be an n-dimensional Hilbert space with an
orthonormal basis {e; : j =1,...,n} C C". Consider the von Neumann
algebra M,, := M,,(C) = B(C™) of n x n complex valued matrices, with
the operations given by the usual matrix multiplication and conjugate-
transpose. First note that any faithful state (necessarily normal in
finite dimensions) on M, is given by

p(a) == Tr(pya), Ya € M,,
where p, € M, is some density matrix whose eigenvalues are strictly
positive, i.e. p, > 0 and Tr p, = 1 such that p,e; = p;je; with 0 < p; <
1,forall j =1,...,n. Let H, :=C"®C" = M, be a Hilbert space with
the inner product given by
(z,y) = Tr(z"y).

We represent M,, on $4 as

A=M,®1,
with 1,, the n x n identity matrix. Denote this representation by .
Then

u(r(a)) = Tr(pua) = (A, m(@)A,)

where 7(a) := a® 1,, for all a € M, and

A= pl* = /piei @ ei € Ha.
i=1

The commutant of A is
A =1, ® M,,

with elements given by 7’(b) := 1, ® b, for all b € M,,, where 7’ is the
representation of M, on $)4.
The Tomita-Takesaki theory yields a conjugate linear map

S,m(a)A, = m(a*)A,, Ya € M,,
whose adjoint S7, is given by

Sim(a)Ay =7 (pua*p, ') Ay, Va € M,
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Indeed, we have

(m(b)Ay, Sym(a a)A,) = (m(a)A,, Sum(b)A,)
= (A#,W(a*b*)/\#)
= p(a’d’)
T (')
=T [pub” (pua’py )]
=1 (b (pua’p, "))
= (m(O) A (pua”p ") Ay

for all a,b € M,. Thus S;n(a) = ﬂ(pua*pljl), for all a,b € M,.
Similarly, J4 is given by

Jam(@)A, = (@ )1)A,
(which is indeed independent of the faithful state ) and one has
(1.2.5) ja(m(a)) =7'(a") and ja(n'(a)) = mw(a")

for a € M,,, where a7 is the transpose of a € M,,. Note that this means
that

p (' (a)) = p(r(a’)) = Tr(pua’) = Tr(pja), Va € M,.
Furthermore, for all a € M,,, we have
Aym(a) = (S5Ja) (S5 Ja) 7(a)
= S5 JaS, ' ((a™)T)
= SpJam’ (pua'p,')
- 5t ((paani))
= m(a),

thus A, is simply given by the identity map in the finite dimensional
case, and can be expressed as A, = p, ® ,0;1. It then follows from the
functional calculus of the modular operator that

AZ: (@)A, = [puapult} ® 1n,
and the modular dynamics (or modular group) o* is given by
(1.2.6) ot (m(a)) = m(pjap,"”)

for all @ € M,,, and t € R. Similarly, for the modular dynamics on the
commutant of A, we have
oi ('(a)) = 7'(p, " ap,),

since A, = A7t and (AY)* = A", for all a € M, and t € R.

© University of Pretoria



P

3

A~ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

1.2. TOMITA-TAKESAKI THEORY 11

We conclude this section with a description of how when given a
composite space, the constituent spaces inherit its cyclic representation
and modular structure. Consider two von Neumann algebras A and B,
and denote by A ® B their algebraic tensor product, this is the space
linearly spanned by finitely many linear combinations of elementary
tensors a®b (a € A,b € B). The space A® B has a natural structure
as a *-algebra with multiplication

(a1 @ by) (ag ® by) = ajas & biby

and involution (a ® b)* = a* ® b*. Similarly A ® B’, where B’ is the
commutant of B, has a natural %-algebraic structure.

DEFINITION 1.2.3. Let A and B be von Neumann algebras with
€ F(A) and v € F(B). A coupling of (A, p) and (B, v) is a state w
on the algebraic tensor product A ® B’ such that

(1.2.7) wla®1) =pla) and w(l®@b) =1(b)

for all a € A, b’ € B’. We also call such an w of a coupling of ;1 and v.
Denote the set of all couplings of p and v by T'(u, v).

REMARKS 1.2.4. In Section [2.3] we will introduce refined versions
of the set of couplings and motivate why couplings can be viewed as
transport plans in our approach to Wasserstein distances.

Note that w is bounded with respect to the maximal C*-norm on
A ® B’ and therefore has a unique extension to a state on A ® B,
which we may call w,,. Therefore the GNS-construction Theorem [1.1.9
applies to w,,, which means that we have a cyclic representation for
(A® B',w) as well, despite A ® B’ not being a C*-algebra in general,
with 7, := 7, |aep and m,(A ® B')Q) dense in $,, where Q := A,
(see for example [39, Theorem 4.1]).

We now define two simple, yet important, examples of couplings
that always exist:

PrROPOSITION 1.2.5. Consider two von Neumann algebras A and B
with p € F(A) and v € F(B). Let (9,,ida,A,) and (9,,idg, A,) be
the cyclic representations of (A, p) and (B,v), respectively.

(1) Let wy : A® A — B($,) be the unital *-homomorphism
obtained by extending the bilinear map

Ax A = B(#®,): (a,d) v ad,

by the universal property of tensor products. Then the diagonal
coupling of p with itself, is defined by

(1.2.8) 0u(d) == (Ay, wald)A,) Vde A A,
ie. O(a®da’) = (N, ad'A,) forallae A anda € A'.
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(2) Let p® v be the linear functional on A ® B’ defined by
(1.2.9) pOV(a®b) = pla)/(b') Va e Ab € B
Then u ® V' is a coupling of 1 and v, called the product (or
trivial) coupling.
PRrROOF. (1) The functional 0, is clearly linear. Since wy is a unital
*_homomorphism on A ® A’, it follows that
51 @ 1) = (A 1-14,) = A = 1,
and for any d =" a; ®a; € A A
du(d*d) = (M@, (d) wa (d)) Ay)
= (@a (d) Ay, wa (d)) Ay)
= lwa (d)) Aull?
> 0.
Thus 9, defines a state on A ® A’. It is a coupling of p and v since
3,08 1) = (A a0 @ DA, = (Ayah,) = pu(a),
and
5#(1 ® CL’) = <Au>wA(1 ® a/)Au> = <Au? CLIAM> = ,u'(a)
foralla € A,a’ € A'.

(2) The functional p ©® v/ : A ® B" — C is well-defined by the
universal property of tensor products, since the map

Ax B'— C:(a, V) — pla)/ (V)
is bilinear. Furthermore yu ® ¢/ is linear, and
porV(1el)=p)y(1)=1

To see that pu ® v/ is positive, consider the inner product space repre-

sentation of :
1o v (@) = pla)/(v)

= (A, al,) (A UA)

= (A, QA (a®@V)A, ®A,)
Va®b € A® B'. Then extending by linearity, it follows that

pov(d) =7, @A,dA, ®N,)), Vde A® B
Thus,
poV(d'd) = (A, @A, d*d(A, @A)

= (d(A, @A), d(Ay @ AY))

= [ld(Au ® A2

>0
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forall d € A® B’. Hence p® 1/ defines a state on A® B’. Furthermore,
i1 ® vV is a coupling of i and v, since by definition

1oV (a@1) = pla)/(1) = pla),
and
poV(1ea)=p)/ () =)
forall a € A,V € B'. O

Let w be a coupling of © and v. To clarify certain points made
in subsequent chapters, we consider multiple (but necessarily unitarily
equivalent) cyclic representations corresponding to a state on a von
Neumann algebra (see Lemma [1.1.8). This requires us to have the
appropriate notations. We assume without loss of generality that (B, v)
is in its cyclic representation, denoted ($,,idpg, A, ), which means that
($,,idp, A\,) is a cyclic representation of (B’, /). Similarly, we assume
that (A, pt) is in the cyclic representation (£, ida, A,).

Let (9w, 7, 2) be a cyclic representation of (A® B',w), i.e. 2 € 9,
is cyclic for m,(A ® B’) and

w = (Q,m, (1))
where for emphasis we write the inner product of £, as (-,-),. This

induces a second cyclic representation (%, 7,7, ) of (A, i) by setting

w ?

(1.2.10) &% = T,(AG 1), T, (a) == my(a®1)|qe and Q,:=Q,
for all a € A, since

(0, (a)) = (Q,m(a®1)Q), = wla® 1) = p(a).
Similarly,

1.2.11) 9% :=7m,(10 BNQ, w5 0) =1,(1 V)]s and Q, = Q,
14 ‘Y:)l/

for all " € B’, gives a second representation (9%, 7%,€,) of (B’,7/). In
particular, £, and $); are (closed) subspaces of .
By the unitary equivalence of the cyclic representations (), idg/, A,)

and (9%, 74, Q,) of (B',V), there exists a unitary operator

(1.2.12) u, 9y — N

defined by

u,U'A, =7 (6)Q,, V' € B'.
More generally, since $), and £ are essentially the “same” through
u,, any operator t € B($),) can alternatively be viewed as an operator

utu* € B($H¥). Then

(1.2.13) 7o) = u,b'u;, Vo' € B
By setting
(1.2.14) () := u,bu}, Vb € B,
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we obtain a second cyclic representation (%, 7% Q) of (B, v) with the
property
T (B) = n4(B').

Let B, € B($),,) be the projection of §,, onto $%, i.e., B, = P* = P?
and

(1.2.15) P, (b)Q =72 (b)S2, Vb € B.

Then, for any a € A, we have that

(1.2.16) Tw(a ®1) € B($Hw),

(1.2.17) P,r,(a®1)P; € B($Y), and
(1.2.18) u, P, (a®1)Pu, € B(9,),

by [45], Proposition 3.1]. That is, we can directly compare the elements
of A to those of B (and B’) as operators on the same Hilbert space.

The foregoing discussion also holds for the couplings ¢ € T'(v,§)
and ¢ € T'(u,§), using appropriate notation for the corresponding in-
duced representations and modular structures. Analogously, denoting
the cyclic representations of (B® C’,1) and (A®C’, @) by (Hy, 7y, V)
and (9, m,, P) respectively, we have

= (¥, my()0),, and @ = (P, m,(-)®),,

where 7y, : BOC" — B($y) and m, : A© C' — B(H,) are *-
homomorphisms. In particular, it follows by restricting the former
cyclic representation that

(1.2.19) oY =71 (Bo Y, 7¢(b) :=my(b®1) and W, := U,

o
gives a third cyclic representation (9%, 7%, ¥,) of (B, v), and that

v v

(1.2.20) 9 ==m(10CNY, 75(d) = myp(1® sy and Ve:=0,

gives a cyclic representation (ﬁ?, ’/ng, Ue) of (C7,¢'). The unitary equiv-
alence of the representations ($,,idp,A,) and (H%,7%,¥,) for (B,v),

v v

is established through the unitary operator v, : £, — $% defined by
v,bA, =¥ (b)V,, Vb € B,
which satisfies

(1.2.21) 7(b) = v,bv}, Vb€ B,

v

from which it in turn follows that 7% (B)’ =« (B’), where we have set

(1.2.22) T (b) := v,bv’, Vb € B.

v

Denoting the modular conjugation for B associated to A, by J,,
while the modular conjugation for B associated to €, is denoted by
Jy, one finds

JJu, =u,J,
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from which it follows that

T, = Jy T 0y
where j¥ = J¥()*J¢ and j, := J,(-)*J, on B(H¥) and B($,) respec-
tively.

1.3. Standard forms of von Neumann algebras

It is commonplace to think of von Neumann algebras presented spa-
tially, i.e. we consider the pair {A, $H} [49]. Even if the von Neumann
algebra A is given as acting on a Hilbert space ), we will see that it has
other privileged representations. As we saw in Section [I.I], the GNS-
construction associated to any von Neumann algebra A with a faithful
normal state p yields a faithful normal representation, and remarkably
such representations are unitarily equivalent.

In this section we show that (A, p) has a canonical representation
on a certain Hilbert space, called standard. This is a particular instance
of the GNS-construction, and it will play a major role in the study of
all normal representations of the von Neumann algebra A, as will seen
in Section [L.5

The theory of standard forms of von Neumann algebras was devel-
oped independently by Araki [9] and Connes [32] in the case of o-finite
von Neumann algebras, and by Haagerup [58] in the general case. See
[50], [59 Appendix A.3] and [78, Chap. 10] for more details on the
standard forms. The reader is referred to [20, Section 2.5.4] for a very
good treatment.

DEFINITION 1.3.1. Let A be a von Neumann algebra and p € §F(A).
We call the GNS-representation m, : A — B($),) the standard repre-
sentation of (A, ) and write

for the GNS Hilbert space.

The standard representation is faithful and normal. The former fol-
lows from the faithfulness of  while the latter follows from Proposition
[[.1.10] In this case we identify A with its image m,(A) C B(L*(A)),
and A is said to be in standard representation on L?(A). Denote the
image of 1 € A in L*(A) by A,, which we use to differentiate between
the operator @ € A and the vector aA, € L*(A). Note that the vec-
tor A, is both cyclic and separating for A. To simplify the notation,
we will sometimes identify @ € A with 7,(a) and write ax in place of
mu(a)z.

DEFINITION 1.3.2. Let $ be a Hilbert space.
(1) A subset P C § is called a cone in $ if

tr € P, YVt >0,z € P.
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(2) The dual of a cone P is the closed cone
P={zeH:(yz) >0, Vye P}

(3) A cone P is self-dual if P = P.
A self-dual cone is closed.

DEFINITION 1.3.3. A von Neumann algebra A C B($)) is said to be
in standard form if A has a representation on a Hilbert space $) with an
anti-unitary involution J on $) (called the conjugation) and a self-dual
cone P C $ such that:

(1) JAJ = A",
(2) Jr ==z, Vo € P.
(3) aJaP C P, Va € A.
(4) JaJ =a*, Yac AN A
We denote by (A, $, J,P) a von Neumann algebra in standard form.

This is the abstract (or axiomatic) definition. The aim of this sec-
tion is to demonstrate the existence of a standard form for any o-finite
von Neumann algebra.

A standard form is unique in the sense that any two %-isomorphic
forms are spatially isomorphic:

PROPOSITION 1.3.4 (Uniqueness of standard forms). If (4, 9, J, P)
and (fl,.‘r:),j, P) are two standard forms, and ® : A — A is a *-
1somorphism, then there is a unique unitary u : $ — $ such that

(1) ®(a) = uau*, Va € A,
(2) J = uJu*, and
(3) P =u(P).
For proof see [58] or [78], Corollary 10.15].

DEFINITION 1.3.5. The natural positive cone P4 in $ associated

with (A, A,) is defined by
Pa:={aJ,al 1 a € A},

where J,, is the modular conjugation corresponding to (A, u) for p €
§(A).

REMARKS 1.3.6. The natural positive cone is self-dual (by [20]
Proposition 2.5.28]), and thus a closed subset. By the universality of
the natural positive cone P, associated to A, the cyclic Hilbert space

and modular conjugation associated to all u € F(A) are the same and
will be denoted

fJA and JA

respectively (see |20, Proposition 2.5.30]). The modular conjugation
J 4 gives a *-anti-isomorphism between A and its commutant A’ defined

by
(1.3.1) jA = JA()*JA : B(.ﬁA) — B(.ﬁA)
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i.e., ja(a) = Jaa*J4 for every a € B($4).

Note that A is a o-finite von Neumann algebra if and only if it has a
faithful normal state (see Theorem [20] 2.5.6]). The GNS-construction
then yields a standard representation for A, i.e., A has a faithful normal
representation on the Hilbert space $4 = L?(A) (by Theorem [1.1.10)).
From Tomita-Takesaki theory we have the anti-unitary involution given
by the modular conjugation and the self-dual cone given by the natural
positive cone, i.e. J = J4 and P = Py, such that A is in standard
form (A, $4,Ja,Pa) (see [59, Appendix A.3]). We summarize this in
the following result:

PrROPOSITION 1.3.7. Every o-finite von Neumann algebra has a
standard form which is unique up to spatial isomorphisms.

We note that faithful normal states are uniquely determined by the
elements of the natural positive cone (see Theorem [20} 2.5.31]). That
is, for each x € P4 the vector state u, : A — C defined by

pala) i= (. az)
is such that p, € §(A). Conversely, for all ;1 € F(A), there is a unique
x € P4 such that pu = pu,.

ExAMPLE 1.3.8. This example briefly recounts a standard form
for the von Neumann algebra M, of n x n complex-valued matrices.
As in Example , any faithful state (necessarily normal in finite
dimensions) on M, is given by

u(a) = Tr(pa)
for all a € M, where p, € M, is some density matrix whose eigen-
values are strictly positive. (When p,, is diagonal with diagonal entries
D1, -+ Pn, We in fact have the conventional and well known represen-
tation D" | \/pie; ® e; of A, as in Example @, but our standard
form is more convenient below for the general case.) However, in the
general theory we do not use this representation directly. We rather
use a standard form, one formulation of which is as follows. Write

Na=C"®;C" = M,,

where elementary tensors in $4 are written in the form x ®, y := xyT
in terms of usual matrix multiplication, for column vectors z,y € C"
and with the row vector yT being the transpose of y. The inner product

Off)A is

(X,)Y) :=Tr(X"Y)
where X* = XT is the usual adjoint of the matrix X € M,. We
represent M, on £, as
A:=M, ®;1,
and its commutant is
A =1, ® M,,
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with 1,, the n x n identity matrix. In this representation we use the
notation m(a) := a ®4 1,, and 7'(b) := 1,, ®, b for a,b € M,. It is easily
shown that 7(a*) = 7w(a)* and 7'(a*) = 7'(a)*, ie., (X,7(a)Y) =
(m(a*)X,Y), and similarly for 7/. Furthermore, the representations
and 7’ of M,, on 4 are normal, in terms of which we have

(@) = Tr(p,a) = (A w(a)A,)

for all a € M,,, where

1/2

Au = p,u € Ha.

The modular conjugation J4 on $4 is given by
Jam(a)A, = 7'(a"))A,
(which is independent of the faithful state ;) and one has
ja(n(a)) = 7'(a”) and  ja(n'(a)) = 7(a")

for a € M,,. It then follows that

1 (w(a)) = p(r(a")) = Tr(pua’) = Tr(p}a)

for all a € M,,.
The natural positive cone is defined (see [20, Definition 2.5.25]) to
be

Pa = {n(a)ja(m(a))1, - a € M,} = {aa" : a € M},

the trace one elements of which give exactly all the density matrices in
M,,, with 1,, essentially serving as a “reference” element of $4. Thus,
M, is in standard form (A, $ 4, Ja,Pa).

Here we use the notation ®; to represent the tensor product M, ®
M, on H, = M, via

(a ®sb)X :=aXbT

for all a,b € M,,.

An alternative but equivalent representation is the “usual” tensor
product 4 = C" ® C" taken as the Kronecker product, but ®, em-
phasizes the bimodule structure inherent to our setting and it is more
convenient for certain purposes, as will be seen in Example . (Also
see [44), Section 2].)

Keeping these points in mind, one can specialize the general von
Neumann algebraic setting above to M,,.

To conclude this example, note that when using the usual tensor
product ® instead of ®y, all the above still goes through, as they are
simply different representations of the tensor product, but the resulting
representation of A, becomes less convenient for our purposes.
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1.4. Module and bimodule morphisms

In this section we discuss the notion of modules over one or two
von Neumann algebras, which is mainly concerned with the study of
normal representations. This notion allows the introduction of the rel-
ative tensor product of a pair of a left module and a right module over
a common von Neumann algebra. We also discuss morphisms between
modules and bimodules. The reader is referred to [33, Appendix V.B],
[16], [72] for further background on bimodules; see also [49], [81), Sec-
tion I1X.3].

DEFINITION 1.4.1. Let A and B be von Neumann algebras.

(1) A left A-module is a Hilbert space & equipped with a left A-
action, i.e. a normal unital *-homomorphism g : A — B(K),
or equivalently, if & has a normal representation of A. We
write 4R to emphasize that K has a left A-module structure.

(2) A right B-module is a Hilbert space $) equipped with a right
B-action, i.e a normal unital *-anti-homomorphism 7 : B —
B(9) (that is, w5 is linear, 7w (b*) = 7 (b)*, but mg(ab) =
m'(b)g7g(a), a,b € B). Equivalently, if $ has a normal anti-
representation of B. We write $)p to emphasize that $ has a
right B-module structure.

(3) An A-B-bimodule is a Hilbert space $) equipped with a left
A-action and a right B-action such that 7(A) and #'(B) com-
mute, i.e.

(1.4.1) 7(a)n'(b)x = 7' (b)m(a)x, Va € A,b € B,x € 9.

In other words, an A-B bimodule is a Hilbert space $) equipped
with normal representation and anti-representation = and 7’
of A and B on §), respectively, which commute. We write 45
to emphasize that §) has a left A-module and a right B-module
structure. We call an A-A bimodule simply an A-bimodule.

Note that, if §) is an A-B bimodule, then we have that 7(A) C 7'(B)’
and 7'(B) C w(A)" in B($)). Furthermore, a right B-module $) means
canonically a B($p)-B bimodule.

REMARKS 1.4.2 (Opposite von Neumann algebra). In literature,
the notion of modules is often equivalently defined in terms of opposite
algebras (see, for example [49], 81],[83]). Given a von Neumann algebra
B, the opposite von Neumann B° is the von Neumann algebra obtained
by reversing the product operation on B, i.e. as a linear space equipped
with a x-operation we take B° to be B, we denote by b° the element in
B° corresponding to b € B, and then define the product on B° by

a’b® = (ba)°, Va,b € B.

It can be shown that the map B — B° : b+ 0° is an anti-automorphism.
From which it then follows that left (respectively, right) B-modules
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correspond bijectively with right (respectively, left) B°-modules. In
particular, an A-B bimodule is a B°-A° bimodule.

An A-B bimodule introduces a link between the von Neumann al-
gebras A and B. It is also referred to as a correspondence between A
and B (see [33], [72]).

An important example of a B-bimodule is the GNS Hilbert space
associated to a faithful normal state on a von Neumann algebra:

PROPOSITION 1.4.3 (Standard bimodule). Let B be a von Neumann
algebra with v € F(B). Then the GNS Hilbert space L*(B) is a B-

bimodule with the structure given by:
1.4.2 7, : B— B(L*(B)) and 7, ;== jgom,
(1.4.2) v =1 :

where T, is the standard representation of B on L*(B) associated to
v (see Definition and jp = Jp(-)*Jp, with Jg the canonical
modular conjugation associated to all v € F(B). The Hilbert space
L3(B) is called the standard B-bimodule.

PrROOF. The map 7, is a unital x-homomorphism, by the GNS-
construction (Theorem. Furthermore, it is normal by Proposition
1.1.10f Thus, L?(B) is a left B-module. On the other hand, the map
7 : B — B(L?(B)) is linear because Jg and the conjugation operation

are both conjugate-linear. Furthermore, we have n/,(1) = Jgl*Jp =
JE =1,

7T/ (b*> = JBT('Z,(b)JB == (JBﬂ',,(b)*JB)* == W;(b)*,

v

and

7 (ab) = Jgm,(b*a*)Jg = Jpm,(b)* JgJpm,(a)*Jp = 7, (b)7,(a),

v

for all a,b € B. So 7/, is a unital *-anti-homomorphism. Since jp and
7, are both normal, it follows that 7/, is also normal. Thus, L*(B) is a
right B-module.

Finally, 7/(b) € B, for all b € B, by Theorem [1.2.1] Thus, for
every a,b € B, we have that m(a) commutes with 7/(b). Then the
space L?(B) is a B-bimodule. O

The standard bimodule can be used to construct other bimodules
and it also plays a central role in the construction of the relative tensor
product.

REMARKS 1.4.4 (Colloquial notation). We now adopt the notation
in which we suppress the representations of the left and right modules,
and we set azx := w(a)x and zb := 7'(b)x, then the condition (1.4.1))
can be expressed as associativity:

(1.4.3) a(xb) = (ax)b, YVa € A,be B,z € .
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By Proposition [1.1.3] the set N, := {b € B : v(b*b) = 0} is a left
ideal of B, from which it then follows that the quotient space n, /N, is
a left B-module. We define a map 7/, : B — L*(B) by

(1.4.4) n,,(b) := Jpn,(b*), Vb € B,

where 7, : B — L*(B) is the quotient map. The anti-representation
7!/, of B on L?(B) satisfies

(1.4.5)  m(a)n,(b) = Jpm,(a ), (b") = Jpny ((ba)") = n;,(ba),

and
(1.4.6)

(m, (@), m, (b)) = (Jemu(a®), Jpmu (b)) = (n,(b%),m.(a”)) = v (ba),
for all a,b € B. Note that 1,(1) =1,(1) = A,.

LEMMA 1.4.5. Let v be a positive linear functional on a von Neu-
mann algebra B. Then

n(ab) = any (b) and n;,(ba) = nj,(b)a
for all a,b € B. In particular,
n,(b) = bA, and n,(b) = Ab,
for allb e B.
PROOF. Let a,b € B. Then
mv(ab) = 7, (a)n,(b) = an,(b),
and
m,(ba) = Jpn, (a”0")
= Jpmy(a*)n, (b%)
= JB7TV<a*)JBJB77V( )
- JBnu(b*)a
=1, (b)a,

by Equations (1.4.3) and (1.4.5). The last part follows as special cases
of the above. O

DEFINITION 1.4.6 (Module, bimodule morphisms). Let A and B
be von Neumann algebras.

(1) A morphism of left A-modules R; and K, is an operator ¢ €
B(81, R2) such that

t(ax) = at(z),Va € A,z € R.

Denote the set of left A-module morphisms by B (4(R1), a(£2)),
and for B (4R, 4R) we simply write B(48).
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(2) A morphism of right B-modules $; and $) is an operator
t € B($1,92) such that

t(yb) = t(y)b, Vb € B,y € ;.

Denote the set of right B-module morphisms by B (($1) s, ($2)5),
and for B (95, 9H5), we simply write B (Hp).

(3) A morphism of A-B bimodules $) and R is an operator t €
B($, R) such that

t(axb) = at(x)b,Ya € A,b € B,z € §.

Denote the set of A-B bimodule morphisms by B (45, 485),
and for B (495, AHp) we simply write B (495).

The Banach dual § of a Hilbert space $) is the set of all continuous
linear functionals f : $ — C equipped with the operator norm:

If[l' = sup |f(z)]

=<1
By the Riesz Representation Theorem (see [65, Theorem 3.8-1}), for

every continuous linear functional f on a Hilbert space $, there exists
a unique vector y € $ such that

f(x) = (z,y) Vo €9,

where (-, -) denotes the inner product on the Hilbert space. This implies
that every continuous linear functional on ) can be represented as an
inner product with a vector from ). Consequently, the Banach dual of
a Hilbert space $ is isometrically isomorphic to § itself:

HEH.
DEFINITION 1.4.7. If $ is an A-B bimodule, then its Banach space

dual § := {z : x € H}, where 7 : H — C : y > (1,y), is a B-A
bimodule by the action

bTa := a*xb*, Ya € A,b€ B,x € 9,

where Z denotes the vector in § corresponding to x € $. We call this
B-A bimodule $) the conjugate bimodule or the bimodule dual to the
original bimodule $).

If there is a bimodule morphism between a bimodule $) and its dual
$, we say that the bimodule § is self-dual.

PROPOSITION 1.4.8 (Self duality of the standard bimodule). For a
von Neumann algebra B with v € §(B), the standard bimodule L*(B)
is self-dual under the correspondence: x* <+ T, Yz € L*(B).

PROOF. Denote the representation and the anti-representation of
B on L?(B) by 7 and 7', respectively. Consider the Banach space dual
L?(B) of L*(B) and a map

r:L*(B) — L%(B) : v — .
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Clearly, r is bijective. Since (ax,y) = @ {(x,y), for all z,y € L*(B) and
a € C, then r is a conjugate-linear map. Define an inner product on
L?(B) by

(r(z),r(y)) = (2.9) = (y,z) Yo,y € L*(B).
Thus r is isometric.
Define a map ¢ :=r o Jg : L?(B) — L%(B), i.e., 1(x) = Jpx, where
Jp is the modular conjugation associated to (B,r). Then ¢ is unitary
since r and Jp are respectively conjugate linear and anti-unitary, and
is bijective since r is bijective and Jp is isometric.

Define themap7: B — B (LQ(B)> by 7(b)z := w(b*)x = r (7 (b*)x).

Then 7 is an anti-representation of B on L?(B), since
T(aa+b)z =r(w(aa” +b")x)
=r(ar(a”)r + w(b")x)

= an(a)z + 7(b)z
+

and

for all a,b € B,z € L?(B). Similarly, the map ' : B — B <L2(B)>
given by 7/(b)z := 7' (b*)x = r (7'(b*)z) defines a representation of B
on L?(B).

The mutual commutativity of 7(B) and 7/(B) follows from that of
7(B) and 7'(B):

bza = 7(a)m' (b)T = 7(a*)7'(b*)x = 7' (b*)7(a*)x = a*zb*,
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foralla,b € B,z € L*(B). Thus, L?(B) is a B-bimodule. Furthermore,
since L?(B) is itself a B-bimodule, we have

av(z)b=a (Jpz)b
= b*Jpra*
— b (Jpady) Jpz
= b* Jpax
= Jp(Jpb*Jp)ax
— Tpa(Jab Jp)z
= Jp (azxd)
=1 (axb)

for all a,b € B,z € L*(B). Thus, ¢ is a bimodule morphism. Conse-
quently, L?(B) is self-dual. d

PROPOSITION 1.4.9. Let A and B be von Neumann algebras in
standard form. Then

(1) B(L*(A) 4) = A.
(2) B(gL?*(B)) = B'.
PROOF. (1) Let a € A, then for all b € A and x € L*(A),
a(xb) = aja(b)x
= ja(b)az (since ja(A) = A’, by Theorem
= (ax)b.
Thus a € B(L*(A) ,). Conversely, suppose that a € B(L*(4) ,),
then for all b € A and x € L*(A),
a(xb) = (ax)b
= aja(b)x = ja(b)ax.
Thus aja(b) = ja(b)a for all b € A. It then follows that
a € ja(A) = A. Hence B(L*(A) ,) = A.
(2) Let a € B, then a(bx) = b(ax) for all b € B and x € L*(B).

Thus, a € B(gL?*(B)). Conversely, if a € B(gL?(B)) then
a(bz) = b(ax) for all b € B and z € L?(B). Thus,

ab = ba, Vb € B,

and a € B'. Together, we have B(zL?*(B)) = B'.
U

PRrOPOSITION 1.4.10. Let A and B be von Neumann algebras, and
let R1, Ry be left A-modules and $1, H2 be right B-modules.

(1) If a € B(a(R1),4(R2)), then a* € B(a(R2), a(R1)) and a*a €
B(a(R)) =A.
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(2) Ifb € B((H1)5, (92)5), then b* € B((H2)5, (91)5) and b*b €

B((91)5) =

PrROOF. By the definition of the adjoint of an operator, if a €
B (R, Rs) and b € B ($1,92), then a* € B (R, Ry), b* € B($H2,$1) and
a*a € B(R,), b*b € B(91).

(1) If a € B(A(ﬁl),A(ﬁg)) then
(a"(bx), y) g,

bz ay>ﬁ2
Z b*(ay)>ﬁ2
z,a(by)) g,
a’x,b'y) g,
= (b(a” x)a?J),ql,
for allb € A, x € Ry, and y € K. Thus,
(1.4.7) a*(xb) = (a*x)b,Vb € A,z € Ry,

and a* € B(4(82), a(R1)). By (1.4.7), we have
a*a(bx) = a*[b(ax)] = bla*(az)] = b(a*ax)

for all b € A and z € R. Thus, a*a € B(a(R1)) = A, by

Proposition [L.4.9)2).
(2) Denote the anti-representations of B on $); and £, by 7} and

b, respectively. If b € B ((91)5, (92)5),
(b*(za), y)m = (az, by)f)2

=
=
=
= (a’

= ((b"2)a, y)s, »
forall a € B, x € $,, and y € ;. Thus,
(1.4.8) b*(xa) = (b*x )a Vb € B,x € 99,
and b* € B((92)5, ($1)p) . By (1.4.8), we have
b*b(xa) = b*[(b:p)a] = [b*(bx)]a = (b*bx)a

for all « € B and = € $;. Thus, a*a € B(($1)s) = B, by

Proposition ([1.4.9)(1).
U
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1.5. The relative tensor product of bimodules

In this section we discuss the construction of the relative tensor
product for a pair consisting of a right B-module $ and a left B-module
K, which will depend on the choice of a faithful normal state v on B. In
essence, relative tensor products are algebraic objects. However, there
are subtle differences between the operator algebraic approach and a
purely algebraic one. In the context of operator algebras, the require-
ment that the output of the construction be a Hilbert space equipped
with a certain mathematical structure causes analytical obstructions
[75]. For example, the relative tensor product of an arbitrary pair of
vectors does not make sense unless we are in the very special case of
atomic von Neumann algebras [81]. As a consequence, in general, a
purely algebraic approach to their theory is insufficient. Fortunately,
von Neumann algebras have a sufficiently simple representation theory
to allow a reformulation of relative tensor products in algebraic terms
[75].

The relative tensor product for Hilbert spaces over commutative von
Neumann algebras was defined by Sauvageot [74]. Connes generalized
the construction to the noncommutative case [33, Appendix V.B|. The
reader is referred to [49], [75], [81) Section IX.3] and [83] for further
background.

DEFINITION 1.5.1. Let B be a von Neumann algebra, v € §(B),
$ be a right B-module and K be a left B-module. Denote the rep-
resentation and anti-representation of B on & and ) by 7g and 7y,
respectively.

(1) Define a subset of $) by
D (H,v):={z€H:|xb] <C.ln, ()|, b € B for some C, > 0}.
For each z € © (9, v), we define a map L,(x) : n,(B) — $ by
(1.5.1) Ly, (x)n,,(b) := ab = my(b)x, Vb € B.

The elements of © (§),v) are called left B-bounded vectors.
(2) Define a subset of R by
/

D' (R,v) = {y € & byl < CylnB)]l b€ B for some C, > 0}.
For each y € ®' (R, ), we define a map R,(y) : n,(B) — & by
(1.5.2) R,(y)n,(b) := by = ma(b)y, Vb € B.
The elements of ®' (R, v) are called right B-bounded vectors.

Note that B-bounded vectors depend on the choice of the faithful
normal state v on B. For the cyclic vector A, associated with (B,v),

if v € © (9, v), then
L,(x)A, = L,(z)n,(1) = 21 = m(1)z = x.
Similarly, R, (y)A, = mx(1)y =y, for all y € D’ (R, v).
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PROPOSITION 1.5.2. The sets © (9,v) and D' (], v) are dense sub-
spaces of $ and R, respectively.

We do not give a proof but we refer the reader to |49, Lemma 2.3],
or [81], Lemma IX.3.3].

We now collect a few facts about ® (9, v) (respectively, ®' (R, v))
and L, (respectively, R,):

PROPOSITION 1.5.3. Let B be a von Neumann algebra, v € §(B),
$H be a right B-module and K be a left B-module.

(1) Ve e ®(9,v), L,(x) € B(L*(B)g,Hx5).
(2) Vy € ©'(R,v), R,(y) € B(sL?(B),5R).

PROOF. (1) Let x € © (9, v), then for all a,b € B and o € C,
L (@) [oy(a) + 1, (8)] = Lu(x)i(aa +b)
= z(aa + b)
= o(za) + xb

= aL,(x)n,(a) + L, (x)n,(b),
and
Ly, (), ()] = [Job]] < Colln, (b)]| for some C, > 0.

The latter follows from the definition of ® (9, v). Thus L,(x)

is a bounded linear operator on 7., (B). Since 7., (B)A, =
L?*(B) it then follows that L,(x) has a bounded linear exten-
sion, which we also denote be L,(z), on L?(B), i.e. L,(z) €
B(L?*(B),$). Furthermore,

(Lo (@), (a)] b = (za)b = z(ab) = L, (), (ab) = L, (z) [n,(a)d],
forall a,b € B, by Lemma Thus, L,(z) € B(L*(B)5,93B).
(2) That R,(y) € B(L*(B), R), for y € ®' (R, v), follows similarly
to the proof in the first part of this proposition. Furthermore,
a R, (y)n.(b)] = a(by)
= (ab)y
= Ry (y)m(ab)
= Ry (y) [an, (b)]

for alla,b € B, by Lemmall.4.5| Thus, R,(y) € B(gL?*(B), pR).
U

Note that x € © (9, v) if the map bA, — b extends to a bounded
operator L, (z) : L*(B) — $. Similarly, y € @’ (&, v) if the map bA, —
by extends to a bounded operator R,(y) : L?(B) — K. The subspaces
D ($H,v) and ' (R, v) are defined to ensure that the operators L, (z)
and R,(y) are indeed bounded.
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PROPOSITION 1.5.4. Let B be a von Neumann algebra, v € §(B),
$ a right B-module and K a left B-module.

(1) For all z1,z5 € © (9, V),
(z1,22) = v (Ly(21)" Ly (2))
and
Ny (Lu(21)" Ly (22)) = Ly (21)" 22.
(2) For all Y1, Y2 € Ql (ﬁ7 V);

(1,92) = v (B (Ru(y1)" Ru(y2)))
and
m, (38 (R (1) Ru(2))) = Ru(y1)"y2.

PROOF. (1) Ifxl, T9 €D (5’:), V) then Ly<$1), L, <$2) eB (LQ(B)B,ﬁB)
by Proposition and thus L,(z,)* € B($9p,L*(B)g) by
Proposition[l.4.10] It follows by Proposition[l.4.9|that L, (z1)*L,(z2) €
B(L*(B)g) = B. By Lemma [1.4.5, we have

v(Ly(z1)"Ly(2)) = (A, Ly (21)" L (22)Ay)

= (551,552%

and by Lemma [1.4.5
My (Lo (21)" L (22))

L (Il) LV(IQ)AV
Ly(x1)" Ly (2)m;, (1)
L,

(131) T2,

for all 1,29 € © (9, v).
(2) If y1,y0 € D' (R,v) then R,(y1)*R,(y2) € B(sL*(B)) = B,
by Propositions [1.4.9 and [1.4.10, By Lemma [1.4.5] we have
v (jp (R (y1)" Ry (y2))) = V' (Ry(y1)" Ru(y2))
= (A, Ru(y1)" Ru(y2)Ay)
= (R (yl)m( ) By (y2)As)
= (Y1, Y2) ,
and by Lemma using 7,(1) = A, and JgA, = A,
1, (78 (Ru(11)" Ru(y2))) = Jpis (Ru(y1)" Ry (y2)) " 1,(1)
= Jp [Jp R (y1) Ry (y2) Jp] (1)
= R, (y1)" R (y2)n. (1)
= R,(y1) Y2,
for all y1,y2 € D' (&, v).
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Recall that to every sesquilinear form on a complex linear space
there corresponds a Hilbert space through a standard construction:
we first factor out the null space of the form, and then complete the
resulting quotient space with respect to the norm corresponding to the
form (see the proof of Theorem [1.1.9)).

LEMMA 1.5.5. Let B be a von Neumann algebra, v € §(B), $ a
right B-module and K a left B-module. Denote the anti-representation
and representation of B on $) and K& by my and g, respectively.

(1) The sesquilinear form B : D (9,v) © 8 — C given by
(1.5.3) B (21 @ y1, 82 @ y2) := (y1, 7x (Lo (21) Lo (22)) y2) ¢

s positive semi-definite, and so defines a semi-inner product
on ® (H,v) ® R. Denote the Hilbert space associated to the
form B wvia a quotient by H ®, K

(2) The sesquilinear form B': $© @' (R,v) — C given by

(1.5.4) B (11 @y1, 12 @ya) := (w1, 7 (j5(R, (1) Ru(y2))) T2)

1s positive semi-definite, and so defines a semi-inner product
on $ © D' (R,v). Denote the Hilbert space associated to the
form B’ via a quotient by $H ®!, R.

(3) The restrictions of the sesquilinear forms defined in parts (1)
and (2) to © (9,v) ©D' (R, v) coincide. Moreover, the Hilbert
spaces associated to these forms are isomorphic.

PROOF. In order to simplify the notation, we set

Vi=9H04K,
X =9 (H,v)ORK,
Y =909 (&v), and

Z:=9(H,v)0D (R ).
Let N:={z€ X : B(z2,2) =0} and N':={z €Y : B'(2,2) = 0}.
(1) Let z:=2®y € D (H,v) ® K, then
B(z,2) = (y, ma (Lo (2)" Lu(2)) y)
= (Y, Lu(2)"Ly(2)y) 4
= (Ly(2)y, Lo(x)y),

= Lo (=)yll5
> 0.

Thus, the sesquilinear form B is non-negative.
Let n : V. — V/N be the quotient map, then the form B
induces an inner product on the quotient space V/N given by

(n(z1),n(29)) := B(z1, 22), V21,20 € X.
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Denote the Hilbert space completion of V/N with respect to
the norm corresponding to the inner product (-,-) by ) ®, &,
ie.

H @, R:=nX)=n(D(H,v)ORK).
(2) Let z =2z ®@y € HOD (R v), then

B'(2,2) = (z, 75 (j8(Ru(y)" Ru(y))) ),
= (z,2j8(R,(y)" Ru(y))) 4
= (7, R, (y)" R, (y)x)s
= (Ry(y)z, R,(y)7)

= | R (y)=l%
> 0.

Thus, the sesquilinear form B’ is non-negative.
Let ' : V.— V/N’ be the quotient map, then the form B’
induces an inner product on the quotient space V/N' given by

(' (21),1 (22)) := B' (21, 22), V21,20 € Y.

Denote the Hilbert space completion of V/N' with respect to
the norm corresponding to the inner product (-,-)’ by $ ®' &,
ie.

He,R=nY)=07H 0D (K)).
(3) For all 21,29 € © (H,v) and y1,y2 € D' (R, v

), we have
B (21 ®y1,02 @ y2) = (1, Ta (Lo (1) Ly (22)) Y2)

= (Y1, Ro(y2)m (Lo (21)" Lo (22))) ¢

= (Ru(y2) 1, Lo (21)"22)

= (n, GB(Ru(y2)"Ru(y1))) , Lo (1) 22)
= (Lu(z)n, (GB(Ru(y2) Ry (11))) , 22)
= (m (JB(RV( 2)"Ru(y1))) o1, 32)

= (21,75 (B(Ru(y2)" R (y1)
= <$17 7T.Fj (JB(RV(ZA)* V(QQ)
=B (21 @y, 12 @) .

)* x2>y‘)
)

Ry (1))
R ) ZE2>5

Then ZNN = Z N N, since
2€ZNN <= z€Z and B(z,2) =0

< 2€Z and B'(z,2) =0
< z€ZNN'.
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For all z € Z, we have

In(2)II* = (n(2), n(=))
(2,2)
(2,2)
"(2),1'(2))

= [l (2)]I*.

Similarly, (with the role of z replaced by z; — 2z in the above
calculation), if n(z1) = n(z2), it follows that 1'(z1) = 1'(22),
for all z1, 29 € Z. Thus, the map

Uon(z) :==1'(2) (z € Z)
defines an injective norm-preserving map from n(X) to /(Y),
and it is surjective by definition. Since n(X) = $H ®, & and

n'(Y) = $H ®], R, then Uy extends uniquely by boundedness to
an isomorphism U from ) ®, R to H ®/, K.

(n
=B
B
=

g

DEFINITION 1.5.6. The relative tensor product of a right B-module
$ and a left B-module 8 relative to a faithful normal state v on B is
the Hilbert space

H®,R

associated to the positive sesquilinear forms defined in Lemma [1.5.5]
We define z ®, y as the image of x ® y for x € $H and y € R, but
with either z € ©($,v) or y € ©'(K,v), under the respective quotient
maps.

PROPOSITION 1.5.7. Let B be a von Neumann algebra, v € §F(B),
$ a right B-module and K a left B-module. If x € $ and y € K, with
either x € D(H,v) ory € D'(R,v), then:

(1) The relative tensor product H®, R is a B(Hp)-B(pR) bimodule
with the actions given by

a(r®,y)b=(ar)®, (yb)

for all a € B(9p), b € B(gR).
(2) If a € B(HB) and b € B(pR), then there exists a unique
bounded operator a ®, b € B (9 ®, K) such that

(a®,b) (z®,y) = (azx) ®, (by).
The map
B($Hp) ® B(pR) = B(H @, 8) : (a,b) = a®, b
extends canonically to an injective x-homomorphism.

For proof see [49], Corollary 3.4] or [81], Corollary IX.3.18].
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REMARKS 1.5.8. The bimodules 4$p and gR¢ are correspondences
in the sense of Connes and their relative tensor product

(498) @, (BRe)

is a composition of correspondences, i.e. it is an A-C' bimodule.

PROPOSITION 1.5.9 (Associativity). Let B and C be a von Neu-
mann algebras with v € F(B) and & € F(C). If H, R and £ are
respectively a right B-module, a B-C' bimodule and a left C-module,
then

(D@ R) @ L=H®, (R L)
as B(Hp)-B(sL) bimodules.

For proof see [49 Theorem 3.6] or [81], Theorem IX.3.20].

REMARKS 1.5.10. Canonical isomorphisms:
A(H®, L*(B)), = a9 = 4 (LX(B)®, 9),
The standard bimodule is the “identity” bimodule.
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CHAPTER 2

Dynamical systems and transport plans

The mathematical formulation of the physicist’s often crude
experience leads in an uncanny number of cases to an amazingly

accurate description of a large class of phenomena.
—Eugene Wigner, 1960.

In this chapter we introduce the main mathematical object of con-
cern in this thesis, namely a dynamical system. Our main method of
studying systems will be through optimal transport plans between sys-
tems on von Neumann algebras. This can be thought of as an extension
of classical probability theory. A discussion of the original motivation
for classical optimal transport, as well as its modern applications, can
be found in the books by Villani [86), [87].

The reader is referred to [41], [42] and [43], for a noncommutative
version of optimal transport as used in this thesis which is mainly based
on the latter. Our approach simultaneously extends the notion of clas-
sical transport between probability measures [21], 29, 86|, as well as
transport between quantum states [41l, 45], to optimal transport be-
tween dynamical systems on possibly different von Neumann algebras
[42), [43]. Much of the framework of [41] was in fact already set up in
terms of multiple von Neumann algebras, although the case of distance
functions between states on different algebras was not treated there.

Detailed balance is a form of microscopic reversibility and is inti-
mately related to equilibrium [5), 26, [44), 146, (48], (64, [66]. A number of
conditions called quantum detailed balance (QDB) for quantum Markov
semigroups (QMS) have been proposed in the literature to distinguish,
among invariant states, those enjoying reversibility properties. Roughly
speaking, all of these conditions are based on a notion of dual or ad-
joint [18]. We adopt a particular formulation of QDB with respect to
reversing operations, the so-called standard quantum detailed balance
conditions, discussed and developed in [47, [48].

We start the chapter by giving a preliminary description of dynam-
ical maps and the various kinds of duals of such maps in Section [2.1]
This will be extended in Section to a form general enough for our
approach to Wasserstein distances. We formulate the theory of optimal
transport plans in the noncommutative case in terms of von Neumann
algebras in Section [2.3] In Section [2.4] we discuss how one can obtain
an extended or generalized version of a property on a dynamical system

33
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34 2. DYNAMICAL SYSTEMS AND TRANSPORT PLANS

from another system. This allows us to compare a possibly complex
system with a simple or well understood system via transport plans,
to analyze the former and learn more about its properties. In Section
2.5| we discuss quantum detailed balance and related duals of systems.

A key notion will be that of a dual of a system, which will play a
central role in the definition of the types of Wasserstein distances to
be introduced in Section 3.1l We will define three kinds of such duals.

2.1. Dynamical maps

The dynamical maps in this thesis will be given by unital positive
linear maps (u.p. maps, for short) between von Neumann algebras.
In quantum physics one is generally interested in unital completely
positive (u.c.p.) linear maps, but our mathematical framework (and
indeed that of [42] and [43]) works for u.p. maps. In addition, for
certain kinds of detailed balance, we want to be able to view reversing
operations, which are not completely positive in the noncommutative
case, as a form of dynamics as well. We therefore need to cover merely
positive maps in our framework.

A central notion for us will be that of a dual of a given dynamical
map. The different kinds of duals for dynamical maps are introduced
and some of their basic properties demonstrated, with special interest
in modular dynamics and KMS-duals which will play an indispensable
role in Chapters [3] and [4]

DEFINITION 2.1.1 (Dual of a map). Let A and B be von Neumann
algebras with p € §(A) and v € §F(B). Given a u.p. map £ : A — B
satisfying v o E' = p, its dual (w.r.t. pand v) E' : B' — A’ is defined
by

(2.1.1) (A, aE'(V)A,) = (A, E(a)V'A,), YVae AV € B,
where the vectors A, and A, are cyclic for A and B, respectively. We do

not include p and v in the notation for the dual, as it will always be clear
from context, and would make the notation unnecessarily cumbersome.

REMARKS 2.1.2. The existence of such duals is non-trivial, however
according to [1, Proposition 3.1], the (x-algebraic) dual £’ exists and
it is a u.p. map satisfying

poFE =V and E":=(E) =E,
where y/ := pojs € F(A) and v/ := v o jp € F(B’). Under the given
assumptions, the maps E and E’ are necessarily normal, i.e., o-weakly
continuous. If £ is a u.c.p. map, then so is E’. The reader can refer to
[1] for the theory behind such duals, also summarized in [45] Section
2].
Note that the dual condition ([2.1.1]) can also be expressed as

(2.1.2) WaE' () = v(B(a)l)
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for all a € A and ¥’ = B’, where u € F(A) and v € F(B).

), is

DEFINITION 2.1.3. A reversing operation 6, for the pair (A, p
= 0u(a)",

a x-anti-homomorphism 6, : A — A (i.e., 6, is linear, 6,(a")
and 6,(aja2) = 6,(az2)0,(a1)) such that

HZ:idA and pof, =p

We will need an appropriate definition for reversals of a dynamical
map between von Neumann algebras, which we formalize as follows.

DEFINITION 2.1.4. Let 6, and 6, be reversing operations for (A, )
and (B,v), respectively. If E : A — B is a u.p. map such that
vo FE = p, then we define:

(1) the KMS-dual of E (w.r.t. p and v) by
E° I:jAOE/OjBIB—)A,

where E’ is the dual of E.
(2) the (0,,0,)-KMS dual of E by

“:=60,0E%00,:B— A,

in terms of the KMS-dual E° of E. One could write E%-f

instead of £, but 0, and 6, will always be clear from context.
(3) the 6,-KMS-dual of a u.p. map o : A — A such that poa = p

by

T i=0,0a%00,: A= A,

in terms of the KMS dual a” = jaoa’ojs: A — A. The 0,-

KMS dual is also denoted by of, but the reversing operatlon

will always be clear from context.

LEMMA 2.1.5. Consider a map E as in Definition |2.1.1.  Then
E has a Hilbert space representation as a contraction K : $,, — 9,

defined by
KaA, = E(a)A,, Va € A,

similarly E' is represented as the contraction K* : §, — 9, and E°
is represented by the contraction JAK*Jp : ), — H,.

PrOOF. That K is well-defined follows from v o E' = u (which
implies that v (E(a)*E(a)) < v(E(a*a)) = p(a*a) by Kadison’s in-
equality). This implies that E’ is represented by K*, since

(A, aE'(V)A,) = (A, E(a)V'A,)
= (A, E’(b’)aA ) = (AL, V' E(a)A,)
— (E'(V)" Ay, aby) = ((V)"Ay, E(a)Ay)
{
=

(V)" Ay, Kal,)
K*(V)"Ay, al\),
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foralla € A,V € B'. Thus, E'(V')*A, = K*(V')*A, for allt/ € B’, from
which it then follows that E’ is represented by K*. This in turn means
that E? is represented by JaK*Jp:

(A, aB (D)) = (a™Ap, JaE" (j(b)" Ay)
"(JB(0))" A, Jaa™Ay)
K* (JgbJg) Ay, Jaa™A,)
a*A,, JaK*JgbA,)
A, adsK*JgbA,)
for all a € A,b € B. Thus, E7(b)A, = JaK*JgbA,, for allbe B. O

=
= {
=
= {

PROPOSITION 2.1.6. Let A be a von Neumann algebra with p €
S(A), and 0, the reversing operation for (A, ).

(1) For any x-automorphism T4 on A such that o1y = p, we
have
Th=jaoTy' oja,
where ja = Ja(-)*Ja with J4 the modular conjugation associ-
ated to (A, p). Furthermore,

-1
TA—TA.

(2) The reversing operation 0, for (A, p) is KMS-symmetric, i.e.
07 =0,
ProOF. Consider the cyclic representation (£),,id4, A,) of (A, p).
(1) Let U be a unitary operator on §),, such that UA, = A, and
Ta(a) = UaU™, Va € A.
Then, by the definition of the dual of a map, we have
(A, amy(a)A) = (A, UaU"d'Ay)
= (A, aU*d'UA,) ,
for all a € A and o’ € A’, since U*A, = A,. Thus,
h(a) =U*d'U = jao7, ojald), Va' € A,
since UJy = J4U (see [20, Corollary 2.5.32(c)]). Hence
TG =jaoThoja=T4",
by the definition of the KMS-dual, and j% = id 4.

(2) Let ©, : £, — $, be an anti-unitary operator with @i =1
and ©,A, = A, such that

0(a) = ©,a76,,

ie. 0,(a)\, =0O,a*A,, for all a € A. Then, analogous to part
(1) above, the dual of , can be expressed as

0.(d') =0,d"0,, Vd' e A
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from which we have
07 (a)A, = jac b, 0ja(a)A,
= Ja0O,Jaa" A,
= J30,a*A,
=0,a"A,
= Ou(a) Ay,
for all @ € A, since J40, = 0,J4 by [45] Proposition 6.4].
O
PROPOSITION 2.1.7. Let A, B and C' be von Neumann algebras with

uw e FA), veFB), and £ € §(C). For the u.p. maps £y : A — B
and Fy : B — C satisfying vo E1 = p and £ o By = v, we have

(E2 o) El), = Ei o) Eé,
(Eyo EV)7 = EY o EF
and
(EQ O E1)<_ = E{_ e} Eé_
PRrOOF. Let (A, u), (B,v) and (C,&) be in the cyclic representa-
tions (9,,1ida, A,), ($9,,1dp, A,) and (¢, ide, A¢), respectively. Then
(A, a(Ey 0 B ) (<)) = (A¢, By 0 Er(a)c'Ag)
= (A, Er(a) Ey()A,)
= (A, aBq (E5(c) Ay
for all @ € A and ¢ € C'. Thus, (E; 0o Ey)" = E} o Ej, since A, is

cyclic and separating for A. By the definition of the KMS-dual, we
have EY = jy 0 Ej o jp and EJ = jp o El, o jo, which give

EfoEJ =jao EjoFE}ojo
=jao (Eyo Ey) o jo
= (Fyo Ey)7,
since jg o jp = idg. Furthermore,
Ei oEy =0,0FE] o ES o0
= 0,0 (Ez0 Ey)7 0 b
= (Ey0 Ey)7,
since 0% = idp. O

PROPOSITION 2.1.8. Let 6, and 0, be reversing operations for (A, p)
and (B, v), respectively, and E a u.p. map as in Definition|2.1.1. Then

(1) The KMS-dual E° = (jpo Eo3j,) is a u.p. map such that
pokE°=v and E’° :=(E’)° =E.
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(2) The map EX = (0,0 E06,)” is a u.p. map satisfying
poET =v and (ET)"” =E.

PRrROOF. Let (A, i) and (B, v) be in the cyclic representations ($,,,ida, A,,)
and ($,,idg, A,), respectively.

(1) Since the dual E' : B" — A’ of F is a u.c.p. map such that
poE =1 and (E') = E, then E7 = jy0 E' o jp is itself
u.c.p. (see [15, Proposition 2.6.4]), and

poFE’ =pojsoFE ojg=py'oFE ojg=1v0jp=r.
It follows from Lemma 2.1.5] that
(A d'jao E' o jp(b)A) = (a" Ay, JAE (j (b)) Au)
= (E'(jp(0)) Ay, Jaa"Ay)
= (K"jp(b) Ay, ja(a')A,)
= (JpbA,, Kja(a)A,)
= (JpbA,, E(ja(a’))Ay)
= (E(ja(a)" JpbAy, JpA,)
= (A, JgE(ja(a’))" JpbA,)
= (A, jpo Eoja(a)bA,),
for all @’ € A" and b € B. Then
(2.1.3) (jpoEoja) =jaoE ojp=E",
and consequently
(E7)" = (jac E' o jp)” = jgolipo(E) ojaloja=(E) =E

since j2 = id4 and j% = idp.
(2) Since the the reversing operations ,, and 6, are KMS-symmetric,
by Proposition [2.1.6{2), we have

ET=0,0E°06,=(0,0E00,)°
by Proposition [2.1.7] Furthermore,
poET =pob,0E% 06, =pok’0l,=vob,=v
since p o E° = v. Finally,
(EC)"=0,0(E7)00,=0,0[0,0FE00,)°]" 0b, =E,
since GZ =idy and 0% = idp.

U

As a consequence of Lemma [2.1.5] we have the following result on
the marginal states of a transport plan:
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PROPOSITION 2.1.9. For p € §(A) and v € §F(B), consider the u.p.
map E : A — B given as in Definition |2.1.1. Then
p(a"d) = p(a*a),
V() = v(b*D),
p(a”E' (b)) = v (E(a)"d)
and
W (@ E'V)) = p(E7(b)a),
forallae A, ' € A, bV € B and b € B.
PrRoOOF. By Lemma the maps FE, E' and E? have Hilbert

space representations given by K, K* and JoK*Jpg, respectively. It
then follows that

p(a”a")y = (a'A,,d' A,y = (Jaal,, Jaal,) = (al,,al,) = p(a*a),
V() = A, BA) = (J5bAy, JubA) = (bA,,bA,) = v(b°D),

1 (@ B'()) = (ahy, E'(B)A,)
= (al,, K*bA,)
= (Kal,,bA,)
= (E(a)A,, bA,)
= v (E(a)b),
and
(@ E' (V) = (a'Ap, E'(V)A)
= (Jaal,, K*JgbA,)
= (J4K*JgbA,, al,,)
= (E?(b)A,, al,,)
= 1 (E7(b)a),
foralla € A, o’ € A’, b€ B and I/ € B’, where we have used the facts
that JaA, = A, and JgA, = A, from Tomita-Takesaki theory. O

When dynamical maps are given by the modular dynamics, we fur-
ther have that the corresponding state is invariant (in the sense of
(1.2.4])). In this special case, we have the following result:

PROPOSITION 2.1.10 (Modular dynamics). Let A be a von Neu-
mann algebra with p € F(A). Consider the associated modular auto-

morphism group o* = {0} : t € R} given by (1.2.3). Then
(2.1.4) (o) =o' and (o) = (of)"" =0,
for allt € R, where i/ :== poja € F(A).

© University of Pretoria



P

3

A~ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

40 2. DYNAMICAL SYSTEMS AND TRANSPORT PLANS

Proor. By Tomita-Takesaki theory we have
_ it —1\t —i it\*
A=A, and (A))7 = (8,1)" =4," = (4))

iz Iz

for all t € R. It follows from ({1.2.3) that
(o) = A ()AL = o,
for all t € R. By Proposition [2.1.6(1), we have

(o) = o (o) i = A1 OA = ()" () (8) " = o
for all ¢ € R. Furthermore,

/

(of)" =jac(of) 0 ja= (o))",
for all t € R, again by Proposition and since j4 = id 4. O

The dynamical maps introduced here will be extended in the setting
of dynamical systems in the next section where instead of considering
a single u.p. map at a time we consider an indexed class of all such
maps on a given von Neumann algebra.

2.2. Dynamical systems

In this section we introduce dynamical systems on von Neumann al-
gebras and their various kinds of duals, extending the notions discussed

in Section 2.1

DEFINITION 2.2.1. A dynamical system is given by A = (A, o, i1, k),
where A is a von Neumann algebra, u € §(A) and k = (ky, ..., kq) with
ki,...,kq € Aforsomed € {1,2,3, ...}, while a consists of the following:
Let T be any set. To each v € T corresponds a set Z, and generalized
dynamics a,, on A, which is given by a u.p. map

ap, A=A
for every z € Z,, such that

HOCOy,, = [t
for all z € Z, and v € Y. We then write

a = ()yer -

REMARKS 2.2.2. (i) We will refer to dynamical systems sim-
ply as systems. We view Z, as a set of “points in time” in an
abstract sense. Each «,, is viewed as dynamics, so A is really
a set of dynamical systems on A, indexed by v, and all leaving
the state p invariant.

(ii) We do not assume any structure, for example semigroup struc-
ture, on Z,. In part this is because we do not need any struc-
ture, but also since in applications, we want to allow for dy-
namics that may not have semigroup structure.
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(iii) Lastly, k serves as “coordinates” for the system, in terms of
which a quadratic cost of transport from one system to another
will be defined. We do not place any restrictions on the choice
of k, for example, k1 = ko is allowed.

We also define the dual o, the KMS-dual a” and the §,-KMS-dual
a through

2.2.1 o = (o), o, = (a,,)” and o, = (a,.)",
( 2 ) z ) v,z )

v v,

for all z € Z, and v € T, generalizing the dynamical maps given in

Section 2.11

DEFINITION 2.2.3 (Duals of a system). Let A be a system.
(1) The dual of a system A is defined to be

A/ e (AI,O/,IU//,]{;/>
where A’ is the commutant of the von Neumann algebra A,

W= poja € F(A"), and k' = (ki, ..., k) = (ja(k}), ..., ja(k})).
(2) The KMS-dual of a system A is defined to be

A% := (A%, u, k).

Furthermore, A is said to be KMS-symmetric if a® = a.
(3) We say that A is reversible if there is a distinguished

Ay z = 9A

for some v € T with Z, = {z} a l-point set, where 64 is a
reversing operation for (A, 11). The reverse of A is then defined
as
AT = (A a7, 1, k).
The KMS-dual of a system which will play a key role in one of the
types of Wasserstein distances to be introduced in Section [3.1]

For the remainder of this chapter, we fix T, the Z,’s, and d, i.e.,
they are the same for all systems.

REMARKS 2.2.4. The following notational convention will be used:
A will denote (A, a, i, k), as in the definition above, and similarly we
write
B:=(B,8,v,l) and C:=(C,v,{,m).
Denote the collection consisting of all systems by

2.

Our Wasserstein distances will be defined on 2. Notationally, however,
it will be convenient to allow systems without coordinates as well (the
case d = 0), written as (A, a, i), though they will not be viewed as
members of 2. This is needed to formulate certain conditions related
to transport plans, involving modular dynamics, more conveniently in
the definition at the end of this chapter.
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PROPOSITION 2.2.5. For any reversible system A, we have that the
duals A’, A° and A are themselves systems, i.e., A', A7 AT € A,
with

(A') = (A7) = (A“)" = A.
Furthermore, they satisfy
(A/)U: (AU)/7 (A/)(— — (A(—)/’ and (A(-)O': (AU)<—.
PROOF. Given a system A, then A" = J4AJ, is a von Neumann

algebra, and p/ = po js € F(A'), by Theorem [1.2.1] By the definition
of the dual map, we have

i o0 (a) = (A, ! (0)A) = (A d/a(D)A,) = (A d'Ay) = (),

for all a’ € A’, since « is unital. By the definition of KMS dual of «,
we have

poa’ =po(jacd oja)=pod ojs=pojs=up,
and by the definition of §-KMS dual we have
Iuoof_:MO(HAOOzJOHA) :[ZOOZUOQAZ#OHA:M’

since 1o fa = p. Thus, we have A’ A7, A< € 2. It is easily seen that
(A’) = A, since (/) = a. Similarly, (A°)° = A and (A©)" = A,
since (a”)? = () = «, by Proposition [2.1.8]

Furthermore, we have
()7 =jao (') oja
= (jaoa’ 0ja)
= (a7),
by . Consequently,

()T =0p0(a)7 00
=0p0(a”) 0,y
=(fao0a’o QA)/
= (")

by Proposition 2.1.7 Similarly,

(a?)T =0a0(a”) 0fa
= (0pa0a”00,)”
= ()%,

by Proposition 2.1.7, The required results then follow. |

Given any system A, the condition {kj,....,k}} = {ki,...,kq} will
at times become relevant. This condition will be needed in proving
faithfulness of an asymmetric metric. For later convenience, we give
this condition a name:
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DEFINITION 2.2.6. A system A is said to be hermitian if

{ky, ... k;} ={ki, ..., ka}.
Note that the set {ki, ..., kq} is only required to be closed under the

involution operation but individual elements need not be self-adjoint,
i.e we may have kf # k; for 1 =1,2,....d.

DEFINITION 2.2.7. The coordinate algebra M of a system A is the
von Neumann subalgebra of A generated by {ki, ..., kq}. Similarly, N
will denote the coordinate algebra of B.

Note that a hermitian system is one whose von Neumann algebra
has a finite *-subalgebra, while a coordinate algebra is a finitely gen-
erated von Neumann algebra of a given algebra. Thus, a coordinate
algebra is hermitian.

DEFINITION 2.2.8. Two systems A and B are said to be isomorphic
if there is a *-isomorphism ¢ : A — B such that

toa=pfor, vor=p and (k) =1;

fori=1,...d.
For all intents and purposes isomorphic systems are the same, but
possibly represented differently.

2.3. Transport plans between systems

In this section we formulate a noncommutative version of the opti-
mal transport plan problem in terms of von Neumann algebras. This
can be thought of as an extension of the classical probability theory,
and at the same time an extension of transport between states.

We begin with a brief account of the classical optimal transport
problem which is cast in terms of probability distributions by defining
a transport plan and a suitable cost function. In this case a transport
plan w from one probability measure p (on a space X) to another v
(on a space Y') is simply given by a coupling of the two measures, i.e.
a probability measure on X x Y such that

wlUxY)=plU) and w(X xV)=v(V),

with the following interpretation: w(U x V) is the “amount” of probabil-
ity transported from U C X to V C Y. In particular, w(U xY') = u(U)
says that everything in U ends up in Y, while w(X x V) = v(V) says
that V ends up full when X is emptied, since Y has the same total
volume as X, namely 1.

The cost function is taken as the usual distance squared in R?,
giving the following cost of transport from one probability measure to
another on some closed subset X =Y of R%:

(2.3.1) I(w) = /X = ylPaue.g)
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where w is a transport plan from one probability measure i to the
other v, i.e. w is a coupling of the two measures. The goal is then to
optimize the cost of transport by finding the minimum of I(w), for a
given pair (i, v), the square root of which then defines the quadratic
Wasserstein distance Wy between p and v, i.e.

(2.3.2) Wa(p,v) = inf I(w)"?,

giving a metric on an appropriate set of probability measures. This is
a specific but important case of the optimal transport problem.

We are interested in obtaining a noncommutative extension of the
case where X is a bounded set, ensuring that the coordinate functions
x +— x;, in terms of x = (z1, ..., x4), are bounded. We replace these co-
ordinate functions by elements k1, ..., kg € A of a von Neumann algebra
A. The k; are then bounded operators, which is why this corresponds
to bounded X. In this approach the closest analogy to the classical
coordinate functions would be to assume that the k; are self-adjoint,
but for our development this is not actually needed, though we do ul-
timately need a weaker version of this (see Definition [2.2.6) to obtain
faithfulness of the Wasserstein distance (see Corollary [4.2.4))

A direct translation of the classical cost function c(x,y) := ||z —yl?
above, for the same algebra rather than different algebras, is then

d
c=) [k®l-10k>c Ao A,

=1

where 1 denotes the unit of A and |a|? := a*a for a in any *-algebra.
The cost of transport plan w expressed on A ® A (instead of A ® A’)
would then be given by

I(w) = w(c).

However, the noncommutativity of A makes this direct translation un-
tenable. The cost will be formulated more rigorously below.

We will now make use of the assumption that the systems A and
B are equipped with “d-dimensional coordinate systems” expressed as
k = (ki,...,kq) and = (I, ...,14) respectively, where k; € A and [; € B
for i =1,2,...,d. Instead of what we have above, for the cost I(w) for
any transport plan w from A to B, we heuristically propose to use

(2.3.3) I(w)=w (Z k®l-1® (SVZISV)IQ)

i=1

in terms of the coordinate systems of choice, in analogy to the classical
transport cost for a transport plan w between two measures on the same
bounded subset X of R?. Here S, : $, — $, : bA, — b*A,, b € B is
the conjugate linear (and typically unbounded) operator from Tomita-
Takesaki theory associated to v € §(B).
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REMARKS 2.3.1. (i) Note that the cost function now appears

to have a dependence on v, which is clearly different from the
classical case. Notice also that for abelian B, finite dimen-
sional or not, one has S,0*S, = b for all b € B. In this way
the classical cost ED can be recovered as a special case of
the form in @ , at least for the case corresponding to a
bounded subset X of R%. For the case of finite dimensional
or abelian von Neumann algebras, the formulation in ([2.3.3))
is sufficient. However, for more general von Neumann alge-
bras S, can be unbounded, leading to technical complications
which we can circumvent (see Section by an alternative
approach containing in finite dimensional and abelian
von Neumann algebras as special cases.

(ii) As in the classical case, Wasserstein distance is obtained as
the minimum of the square root of the cost. Of course, as
opposed to the case of Wasserstein distance between measures
on the same space X, is also set up to provide costs
and consequently distances between systems on different von
Neumann algebras. This is of central importance to our aims,
allowing one to analyze a system by comparing it to simpler
or well understood systems, including those on other algebras.
The inclusion of the operator S, ensures that we get the usual
metric properties, in particular the triangle inequality and zero
distance between a system and itself.

The starting point of our technical development is the definition of
a transport plan, extending the X x X case in the classical theory.

DEFINITION 2.3.2. Given two systems A and B, we write

AwB
to express that w € T'(u, v) (see Definition [1.2.3]) and
(2.3.4) w(awz(a) @) = w(a® B, (b))

forall a € A,V € B, z € Z, and v € T, in which case we call w a
transport plan from A to B.

REMARKS 2.3.3. (i) The reason for including the dual of a
system, in particular the commutant of the von Neumann al-
gebra, is to alleviate obstacles due to noncommutativity. This
is what ultimately allows one to obtain the usual metric prop-
erties for Wasserstein distances, specifically the triangle in-
equality and zero distance between a system and itself. It is
at the core of the bimodule approach to Wasserstein distances,
and serves as the key to the mathematical foundation of this
project.
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(ii) The notion AwB was introduced in [45] under the name “bal-
ance” as an extension of certain detailed balance conditions.
The latter would be formulated in terms of B = A, with (8
being some variation on the dual o/ of a;, while w is a specific
state; this will be reviewed in Section [2.5] At the same time it
extends the notion of a joining in ergodic theory, which allows
one to study certain qualitative and structural aspects of dy-
namical systems, essentially by comparing different systems.
The reader is referred to [52], for classical joining theory, and
[11], 38, [39], 40] for the noncommutative version.

Both these points are relevant in this project as well. How-
ever, we take the (optimal) transport point of view in this the-
sis, hence we refer to AwB as transport from A to B, rather
than as balance. A special case of this was used in [41], specifi-
cally for modular dynamics (from Tomita-Takesaki theory), to
obtain symmetry of Wasserstein metrics on states.

(iii) If the state w is only required to satisfy the coupling property
, then it is called a transport plan from p to v as in
Definitions [1.2.3] and 2.3.2L The set of all of these is denoted
by T'(u,v). This is in fact a fairly direct extension of classical
transport plans, a nice discussion of which, including why it is
thought of as transport, can be found in the introduction to
[86].

In defining a Wasserstein distance from one system A to another
B as the square root of the infimum of the cost over an appropriate set
of transport plans from A to B, one option is to use the full set of all
allowed transport plans. But there are further refinements that can be
made to this set of transport plans, that can for example ensure sym-
metry of the resulting Wasserstein distance. The sets of transport plans
relevant to us are defined as follows as in [43], refining [42] Definition
3.5] with a corresponding change in notation and terminology.

DEFINITION 2.3.4. Let A and B be two systems.

(1) The set of transport plans from A to B is denoted by
T(A,B) :={weT(uv): AwB}.
(2) The set of modular transport plans from A to B is
T,(A,B) :={weT(A,B): (A d" nw(B,d",v)},
where the condition (A, o*, p)w(B,c”,v) means
w(of'(a) @) =w (a@at”/(b’)) , Vae AV € B',t e R,

and o* and ¢” denote the modular groups associated to p and
v, respectively.
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(3) The set of KMS transport plans from A to B is
Too(A,B) :={weT,(A,B): A°wB?}.

Note that the transport plans do not depend on the coordinate systems
k and [. Furthermore, we always have p ® v’ € T,,(A,B), and

T,,(A,B) C T,(A,B) C T(A,B).

The conditions A°wB? and (A, o*, u)w(B,c”,v) will collectively be
referred to as the modular balance condition.

A transport plan w € T'(u,v) from p to v can be represented as a
channel (u.c.p. map) E, from A to B via the following:

DEFINITION 2.3.5. For any w € T'(p,v), a channel E,, : A — B is
defined as the unique function such that

(2.3.5) wla®lt)=10,(F,(a) V), Yae A b € B,

ie. w=46,0(FE,0idg): A® B — C, where ¢, is given as in
Proposition [1.2.5]

REMARKS 2.3.6. It is well known in quantum physics, in particular
in the context of quantum information, that a transport plan corre-
sponds to a channel, although the terminology “transport plan” is not
standard in this context, nor the interpretation as transport (as an
analogy to the classical case). See in particular [29] for the finite di-
mensional case, as is typically used in quantum information. A general
form of this correspondence was discussed and used in [11], [45], making
use of [I]. In the context of transport plans, this of course means that a
transport plan can be represented as a u.c.p. map, as has been pointed
out by [36]. In this way a transport plan can indeed be viewed as a
dynamical map from one system to another, in the conventional quan-
tum mechanical sense. The relevant technical details will be reviewed
in Section 3.1l

In the classical case the correspondence between couplings of prob-
ability measures and Markov operators was studied in a special case
(for couplings of a measure with itself) in [21], and more generally
in [13), [68], though it does not appear to be widely used in classical
optimal transport.

We state the following result without proof:

THEOREM 2.3.7. In terms of the representation machinery built in

Section[1.3, in particular , we define a linear map
(2.3.6) E,: A= B:awujy my(a® 1)ig,u,

where g, @ 9, — N 15 the inclusion map, and Ly, o — Ny its
adjoint. Then E, is a well-defined normal and completely positive map
satisfying the properties:

Ew(l) =1, HEWH =1, and vokE, = p.
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See [45] Theorem 3.2], for proof.
There is a one-to-one correspondence between transport plans and
channels:

PROPOSITION 2.3.8. For all w € T(u,v), there exists a unique
u.c.p. map E,: A— B with vo E, = u, such that
(2.3.7) wla®lt)=106,(E,(a)®0), Yae AV € B.
Conversely, for any linear map E : A — B, there is a linear map
wg: A® B" — C such that
wg =06,0 (E®idp) € T(u,v).

We omit the proof of this proposition. The proof can be found in
[45] Proposition 3.4].

REMARKS 2.3.9. The result above provides a close connection be-
tween elements of T'(u, v) and channels F : A — B satisfying vo E = p.
The map E,, in this condition necessarily exists and is indeed forced
to be unital and completely positive. All this is demonstrated in [45],
Section 3]. The state J, (see Proposition generalizes the so-
called diagonal state associated to a probability measure, but can also
be viewed as an abstract version of the maximally entangled state of a
quantum state with itself. In this way Definition provides a gener-
alization of the (finite dimensional) Choi-Jamiotkowski duality between
channels and states as used in quantum physics [29], 56, [61], to a von
Neumann algebra framework.

PROPOSITION 2.3.10. For systems A and B, let w € T(u,v), and
consider the u.c.p. map E,, : A — B given by Proposition[2.53.8. Then:

(1) The linear functional defined by
w'i=6d,0(E,0idy) : B ®A—C,
where E! : B — A’ is the dual of E,,, satisfies
W ®a)=wla®l), YVae AjY € B’

and W' € T(V',1').
(2) The linear functional w’ : B ® A" — C defined by

w(b®a) :=0,(El(b)®d), Va' € A')b € B,

where E% := jso E! ojp: B — A is the KMS dual of E,,, is
a transport plan from v to p, i.e. w” € T(v, u).
(3) The linear functional w< : B® A" — C defined by

wT(b®ad)=0,(ES(b)®d), Va' € A'be€ B,

in terms of Definition [2.3.9, i.e., E,« = E, is a transport
plan from v to p, i.e. w& € T(v, pn).

PRrOOF. For any w € T'(u,v), there is a unique map E, : A — B
such that v o E,, = p and satisfying (2.3.7), by Proposition [2.3.8|
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(1) By the definition of the dual of a u.p. map (see Definition
and Proposition we have
W' ®@a) =06, (E,(b)®a)
= (A, E;(b')a/\l»
= (Ay, Eu(a)b'A,)
=0y (Eu(a) ® V)
=w(a@®),
for all a € A and V' € B’. In particular, we have
VO 1) =wleb)=1(Q)
and
W(l®a) =wla®1l)=pu(a),

forall a € A and ¥ € B’. Thus, ' € T(V, ).
(2) By the definition of the KMS-dual of a map (see Definition

2.1.4 and Lemma[2.1.5]), we have
w(b®1)=0,(EJb) ®1)
= <AM’ EZ(b)Au>
— (A, JAK:TgbA,)
= (K} JpbA,, A,,)
= (JpbA,, K,A,,)
= (JgbA,, E,(1)A,)
= (A, bA,)
= v(b),
and
(18 d') = 6,(E2(1) © d)
= (A, EJ(1)a'Ay)
= (A, d'Ay)
=/ (a’),
for all @ € A" and b € B. Thus, w’ € T'(v, ).

(3) By the definition of the (6,,,6,)-KMS dual (see Definition|2.1.4)
and Proposition [2.1.8] we have

Wb ®1) = 0,(ES(D) 1)
= <Aw E:;_(b)Au>

a0
= v(b)
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and
wT(l®d)=0,(ES(1)®d)
= (A, E5 (1)a'Ay)
= u(d’)
for all «’ € A" and b € B. Thus, w* € T'(v, p).
U

For our purposes, a channel E, has two uses. Firstly, we have AwB
if and only if w € T'(u,v) and

(2.3.8) E,oo,=py.0E, V2€Z,,veT,
by [45] Theorem 4.1], which we also write simply as F, o a = 5o E,,.
This is often a convenient way to verify AwB. Secondly, E,, will allow
us to define transport cost while avoiding the complications mentioned
above, due to the unboundedness of S, (see Definition (3.1.1]).
PROPOSITION 2.3.11. For systems A and B, let w € T'(,v).
(1) Then

(2.3.9) AuwB & B'WA' & BWwA”,

where W' and w? are respectively defined in terms of E,, = E,

and E,o = EZ, via the correspondence in Definition [2.3.5

w’

(2) For reversible systems A and B, we have
AwB & BTwTA".
Note in addition that if w € T(A,B) for reversible A and B,
then O o B, 0 0a = E,,, hence Ef = E, and w™ = w’.
PRrOOF. If we let w € T'(u, ), then there is a unique map E,, : A —
B such that v o E,, = u, by Proposition [2.3.8
(1) Since j4 = id4 and j% = idp, it follows that
Eye 0By, =aj, 0w & Ejof], =aj, oL
02 0B = jaoa, 0 L ojp
& B of,, =d,, o,
& (Byo,:) = (Buz o B
& Eyoay; =Py 0 Ky,
by Proposition m The result then follows by .
(2) Since 63 = id4 and 6% = idg, then
ESofl,=a, oB <000 ofg==0r0a;, 0E]ols
& Ejof] . =ag 0 E]
< Eyoay, =Pz o0 Ly,

by Proposition [2.1.7] The result then follows by (2.3.8).

& jao ko
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Furthermore, if w € T'(A, B) for reversible A and B, then
Ew © QA = QB o Ew

since the reversing operations 5 and g are part of the dy-
namics; thus g o £, 0 0p = E,, since 04 = idg. Then

E:)_ZQAOEZO@B = (QBOEMOQA)U:E:;
by Proposition since 3 = 0 and 6§ = fg. Hence
Ef = E7, from which w® = w’ by Proposition [2.3.§|
U

REMARKS 2.3.12. Since (0}')” = ¢",, by Proposition [2.1.10} then

the modular condition (A, ", n)w(B,o",v) can also be written as
(A, 0", 1)’w(B,o"”, ).
Indeed, for all t € R, we have
(A, 0", u)°w(B,o",v)? <= EZood", =0",0FE]
< o/oE,=FE,o0}
— (A, " pw(B,d",v).

Hence, if the modular dynamics are included in A and B at the same
index value in T, then the modular condition becomes redundant in
T,(A,B). Similarly, for any s-automorphism 74 of A such that ot =
u, we have 7 = 7, by Proposition .

If for each pair (v, z), it holds that «, . and 3, , are either both
*-automorphisms, or both KMS-symmetric, i.e., af , = a, . and 37 , =
Bu,z, then

T,(A,B) =T(A,B)
given that the modular dynamics are included in A and B as above.

2.4. Extending dynamical properties by optimal transport

In this section we give a conceptual exposition of the basic features
of our main mathematical framework, and motivate our approach to
Wasserstein distances. We use the same notation as in previous sec-
tions, where A and B represent systems, but we will omit their coordi-
nates k£ and [ since we are not discussing Wasserstein distances in this
section.

Given a property which a system may possibly have, we aim to
define an extended or generalized version of this property for a system
A, by requiring A to satisfy

AwB

for some system B which does satisfy the original property. In other
words, for two systems A and B with B satisfying some given property,
the problem is then to find an w € T'(u,v) such that AwB holds,
in which case A satisfies a generalized extension of the property. In
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particular, our goal is to define extensions of detailed balance conditions
in this way. Keep in mind that A is the system that we actually want
to study.

Note that when w is a product state, AwB is trivial, in which case
A does not inherit any of the properties of B in a weak form. To ensure
that the condition AwB is nontrivial and indeed as strong as possible,
we are going to frame this approach as an optimal transport problem.
Wasserstein distances will deliver optimal transport plans, which in
our approach are viewed as the strongest cases of the condition AwB.
This optimization and Wasserstein distances will be discussed in more
detail in the next chapter. Wasserstein distances quantify deviations
from detailed balance, and in Chapter |4] we establish bounds on such
deviations.

Of course, one may as well instead consider

ByA,

which gives an alternative way to extend properties from B to A, by
viewing it as an optimal transport problem from B to A. The two
points of view are complementary, but not equivalent. It will indeed be
seen later on that the Wasserstein distances involved are not necessarily
symmetric. We are going to motivate this transport plan interpretation
by viewing it as a refinement of the transfer of probabilities in A itself
during each step in time.

We point out that unitality and invariance can be viewed as dual
properties, in the following sense: Assume that two linear maps E :
A— Band F: B — A’ satisfy

(A, aF(V)A,) = (A, E(a)V'A,), Ya € AW € B'.

If voE = p, then setting &' = 1, we see that F'(1) = 1, since A, is cyclic
and separating for A. The converse is trivial. Similarly for po F' = v
versus F/(1) = 1, by the fact that A, is cyclic and separating for B in
terms of its Hilbert space.

PROPOSITION 2.4.1. The two basic properties satisfied by the u.p.
map « in A = (A, «a,p), namely invariance (i.e. poa = p) and
unitality, which are dual to one another, can respectively be expressed
as

AwB and BYA,
if B= (B, ,v) is taken as a 1-point system (i.e. B =C).
PROOF. Since B is a 1-point system, we necessarily have that
w=pov and Y =vou,
which means that the condition AwB merely says

poa(a)/ () =w(ala) @) =w(a® F(Y)) = pa)/ )
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foralla € Aand V' € B’ =C, i.e., poa = u. On the other hand By A
says

v(b)p' (@) = vo Bb)u'(a) = ¢ (B(b) ®d') = ¢ (b@ a'(a’)) = v(b)u' o o/ (d),

for all «’ € A" and b € B, expressing p/ o o/ = y/ which is dual (and
equivalent) to (1) = 1. The latter can be seen from the following:

o (d) = (A, (a')A,) = (A, a(l)a'A)
so a(1l) =1 gives ' o o/ (a’) = p/(a’). Conversely, p' oo/ = 1 gives
(1) A, d'Ay) = p/(d)) = (A, d'Ay)

so a(1)*A, = Ay, as A, is cyclic for A’. Hence (1) = 1, since A, is
separating for A. O

In terms of transport between A and B, this means that transport
from A to a single point expresses state invariance, while transport
from a single point to A expresses unitality of a. In the classical case
where A consists of a finite number of points, one can in fact identify
the 1-point system as an arbitrary point in A, as will be seen in Chapter
Bl

By replacing the 1-point system by a general B, we in effect lift
transfer of probabilities to or from a single point, to a more general
form of transport to or from B. The condition AwB then refines state
invariance, while Bi) A refines unitality. This refinement of these two
dual properties each places further restrictions on A, determined by
the properties of B.

By enforcing optimal transport through a Wasserstein distance,
these refinements are made as strong as possible, quantifying how
strongly the properties of B are reflected in A. This can then be
used to define generalized versions of properties of B in an arbitrary
system A. An instance of which will be given in the Section [2.5 where
the property of interest is detailed balance.

PROPOSITION 2.4.2. If A is a system, then Ad, A, where d, is the
transport plan from A to itself (see Proposition . Conversely, if
A and B are two systems with (A, ) = (B,v) such that Ad,B, then
A =B, ie a=p.

PROOF. From the definition of the dual, it follows that
du(a(a) ® a') = p(a(a)d’) = plad/(d')) = du(a @ o/ (a'))

for all a € A and o’ € A’. Conversely, by the uniqueness of the dual,
for all a € A and @’ € A’, we have

A6B = d,(a®d(d)) =d,(a(a) ®d) =6d,(a® pB'(d))
= d(d) = f'(d)
— o =f.
Thus, A = B. O
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When A and B are systems on the same observable algebra, and
the Wasserstein distance is a (typically asymmetric) metric, then the
extreme case of zero distance means that A = B, i.e., A has all the
properties of B. Other cases are typically weaker versions of this ex-
treme case, which can for example provide weakened forms of detailed
balance in A.

Placing restrictions on a system A through (optimal) transport to
or from a “model system” B, is a natural generalization of probability
transfer involving individual points in a classical system. When B is
assumed to satisfy some form of detailed balance, this provides a way
to formulate extensions of this detailed balance condition in A. As
this is done in a very structured way, it has the potential to provide
classes of systems having sufficient structure to include natural, yet
mathematically accessible, non-equilibrium systems.

Note that as AwB and By A relate to two different properties of
A, namely poa = p and a(l) = 1 respectively, we would not expect
perfect symmetry between the two situations, even classically. This is
indeed what is found. In particular, our Wasserstein distances turn out
to typically be asymmetric, since the two directions relate to different
(though dual) aspects of dynamics.

For simplicity, in the examples of this thesis the case where B is a
classical system on a finite set of points will be emphasized. On the
one hand this simplifies calculations involved, but it also simplifies and
clarifies how to identify detailed balance type properties consequently
appearing in A.

2.5. Quantum detailed balance

In this section we discuss some points around quantum detailed
balance (QDB) and related duals of dynamical maps. The origins of
quantum detailed balance can be found in papers [5), [7, 26}, (64, [66]. We
focus on only one form of detailed balance, namely standard quantum
detailed balance with respect to a reversing operation, as defined and
discussed in [47, [48]. This provides background to how we connect
detailed balance and Wasserstein metrics in Chapters [3] and [4]

We continue with the notational convention of previous sections, in
which A and B denote dynamical systems. Note that the coordinates
k = (ki,....kq) and 1 := (l,...,13), where k; € A and [; € B for
1 =1,2,...,d, will not play a role in this section, since we do not yet
consider Wasserstein distances.

We start with a brief review of classical detailed balance by giving
its formulation in our framework through examples in finite dimensions.
The most basic classical system satisfying detailed balance is given by
the following:
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EXAMPLE 2.5.1 (2-point system). Consider the 2-dimensional clas-
sical algebra B of complex-valued functions on a two point set. Note
that in this case the von Neumann algebra is given by

pec- ([ bnec)

consisting of “column vectors”, with pointwise (or entrywise) multipli-
cation as its product and entrywise complex conjugation as the adjoint.
The standard form (in the sense of Tomita-Takesaki theory) of B is

(B) ;:{[lg 602} by, bQEC},

where 7 : B :— B(C?) & M,(C) is a representation of B on C%. We
sometimes simply write B instead of 7(B). A faithful (and necessarily
normal) state v on B is represented by

v=[v1 1] with vy, vy >0,

i.e., v(b) = vb in terms of the usual matrix multiplication. The cyclic
and separating vector for B is given by

and
v(b) = (A, m(b)A,) = bivy + bavs
for all b € B. Furthermore, we have v(1) =14 + 1, = 1 and
v(b*b) = b*bv = |by|*vy + |by]*rn > 0, Vb € B.
Consider a Markov chain on B given by the transition matrix

(2.5.1) O:= [Z 7:;‘] where r,s€[0,1] and 7:=1—7r, §:=1—3s,

where the entries r,7,s and s are viewed as transition probabilities
between the various pairs of pure states (namely the two points in the
2-point system), i.e. r is the probability for the transition from state
2 to 1, while s is for the transition from state 1 to 2, and so on. Note
that the sum of entries in the same row is one, indicating that whenever
a transition occurs the “particle” ends up in one of the two available
states. The dynamics are expressed in terms of this Markov chain. In
the Schrodinger picture, in which the time-evolution is carried by the
states, we have

O() = vO = [y ] [

»w N

} = [(Fry + s1o) (rin + S)].

W 3
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In the Heisenberg picture, in which the time-evolution is carried by the
observables, we have

T r||b 7by + b
flb) = Ob = [s s} [bj = {sbi +§bj '

Note that (1) =1, since r + 7 = s+ § = 1, and thus § is unital.
In terms of this, detailed balance is defined by

TV = S,

which says that the probability of flow from point 1 to point 2, is the
same as from 2 to 1. Note that invariance, i.e. v o 8 = v, is satisfied
precisely when the detailed balance condition holds: for all b € B,

vofB(b)=v() <= 0=v(0—-1)b
< 0= (svp —rv1)(by — by)

<~ TV = Sls.

Hence we have a system B = (B, 3,v). We interpret B as a system
with a single classical spin. For the dual B’ = (B’,/, ) of B we have
B’ =B,V =v and

0= B(a)b— af'(b) = Bla)b — F'(b)a = [8 — F')(ab)

for all a,b € B, by commutativity. It then follows that 8’ = [, thus
B’ = B expressing detailed balance.

For classical algebras on a set of finite number of points we have
the following:

EXAMPLE 2.5.2 (Classical Markov chains). Represent the von Neu-
mann algebra A of complex-valued functions on m points as A = C™,
viewed as column matrices. Then A is an algebra with involution (and
indeed an abelian von Neumann algebra) by using coordinate-wise op-
erations; for example the involution is given by taking the complex
conjugate of each entry. We label the points 1,...,m.

A standard form of A is obtained by representing the entries of
a € A along the diagonal of an m x m matrix acting on $H, = C™, or
simply letting A act coordinate-wise on $)4, so essentially we have A
in standard form. In this case we have A’ = A and j, : A — A is the
identity map (see Examples and , hence not relevant in this
example. Similarly, we take the von Neumann algebra B of functions
on n points to be in standard form on $Hg = C".

We consider Markov chains on these m and n point sets, respectively
given by the m X m and n X n transition matrices

a = [oyg| and B = [B],
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where
m
(2.5.2) apg > 0 and Zapq =1,
q=1

and similarly for 3. Note that a,, is the probability for a transition to
occur from point p to point gq.

The states ;1 and v on A and B respectively, are represented as row
matrices

p=[m o pm] and v=[wv - ],

with g, > 0 and g4 + ... + p, = 1 and correspondingly for v. These
are assumed to be invariant, that is

pa = and vp =v,

in terms of the usual matrix multiplication, i.e., y o a = pa. Corre-
spondingly « acts on A through usual matrix multiplication, a(a) =
aa, hence we have a system A = (A, a, ).

The system B = (B, 3, v) is said to be in detailed balance, when

VT/BTS - Vsﬁsm

for all r,;s = 1,...,n, i.e., the transfer of probability from point r to
point s, is the same as from s to r. This is a strictly stronger property
than invariance, except for n = 2, in which case the two properties are
equivalent (cf. Example [2.5.1]).

In the current representation, the dual (from Section of A is
the system A’ = (A, a/, u) with o given by

L
0y = —L0gp, Vp,q=1,...,m.
P

The latter follows from the requirement that u(ac/(b)) = p(a(a)b) for
all a,b € A, which is equivalent to

0= Z Npapa;qbq - Z JqClqpapDq

p,g=1 p,g=1
m
= D [0y — 11g0gp] apb
= HpCpy — HqOgp| Qplq;
p,g=1

for all p,q = 1,...,m. This tells us that A’ is the time-reversal of A.
Detailed balance of B can thus be expressed as ' = 3.

We are interested in defining detailed balance conditions and ex-
tensions thereof for a quantum system A. As was seen in the examples
above, for a classical Markov chain A the dual system A’ is exactly the
time-reversal of the dynamics in the classical sense. Detailed balance
of a classical Markov chain A is therefore given by

(2.5.3) A=A
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However, in the quantum or abstract noncommutative setting, this
condition no longer makes sense, as we have o/ : A" — A’ as op-
posed to a : A — A, with A" # A. Therefore a direct mathemat-
ical translation of to the quantum case does not appear pos-
sible. Consequently one has to explore other options to define quan-
tum detailed balance. This has lead to a range of possibilities be-
ing proposed and studied over the past five decades. This includes
[5, 7, 8, 26, 37, 44, 47, 48, 64, 66, 67, 73], to mention only a
few of the papers. Although our main concern is to develop a gen-
eral approach which can ultimately extend such conditions into the
non-equilibrium realm, we nevertheless hope that our approach may
also shed some light on possible alternative quantum detailed balance
conditions and their meaning. Indeed, there is still some uncertainty
about the best way to approach quantum detailed balance, as has been
pointed out in [73), [76].

There is in fact an alternative dual, the KMS-dual, of «, denoted
by a® : A — A, which does map from A to A, giving us the system
A% = (A,a% p). If Ais abelian, j4 is the identity map, hence

a’ =d,

which indicates that at least in some ways the KMS dual is a natural
mathematical extension of time-reversal of the classical Markov chain
to the general noncommutative framework. However, that does not
necessarily mean that A = A is a physically sensible definition of
quantum detailed balance (also see Example in relation to this).
Nevertheless, the KMS dual does appear in what are known as standard
quantum detailed balance conditions, one of which is defined below in
terms of reversals of systems.

DEFINITION 2.5.3. A reversible system A is said to satisfy 04 -sqdb
if
AT =A
where A© = (A,a",u) is the reverse of A and 6 is a reversing
operation for (A, u) given by Definition [2.2.3]

REMARKS 2.5.4. As in Section 2.2 one has o™ = (a™)" = a,
and consequently AT := (A7) = A. In this respect note that

Oy = 0Oa,

i.e., A“ has the same reversing operation as A, since 03 = 5. We
aim to connect our Wasserstein distances to 6-sqdb.

ExAMPLE 2.5.5. Consider a system A = (M,,«, ) on M, with

a and p represented directly on M, instead of on the standard form.
Then

a’(a) = o/ (a”)T,

© University of Pretoria



P

3

A~ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

2.5. QUANTUM DETAILED BALANCE 59

with both these duals expressed in this representation, simply because
JM,®1, 1s given by transposition (see Example . Assuming that p
is given by a diagonal density matrix and taking the reversing operation
6 on M, to be transposition (this is a standard choice), we consequently
have o = /. In this case 6-sqdb is therefore expressed by

A=A
i.e., & = «a, emphasizing the similarity of #-sqdb to the classical case

(2.5.3). The condition A? = A instead says 6 o o’ o § = «. Essentially
ja and 6 cancel in 6-sqdb.

?

REMARKS 2.5.6. For more on 6-sqdb, refer to [18, [47, [48]. Here we
simply note that #-sqdb can be expressed in terms of transport plans
(or balance) as set out in [45] Corollary 6.7]. The same is in fact true of
usual detailed balance of a Markov chain, as was discussed for example
in [85] Section II] and [44) Section 3], though from a conceptually
different point of view and without connecting it to ideas from optimal
transport.
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CHAPTER 3

Wasserstein distances

Ordinary language is too poor, it is too vague, to express relationships
so delicate, so rich, and so precise. This, then, is a primary reason
why the physicist cannot do without mathematics; it furnishes him
with the only language he can speak.

— Henri Poincaré, 1913.

We intend to define Wasserstein distances from one dynamical sys-
tem A to another system B in analogy to quadratic Wasserstein dis-
tance between probability measures on R, while also taking the dy-
namics of the systems into account. Due to the dynamics and non-
commutativity, such distances are typically not symmetric, i.e., the
distances from B to A may differ than those from A to B. However, it
will be seen that one can define various versions of these Wasserstein
distances, including symmetric versions.

Classically, there are two broad approaches to Wasserstein distances
between probability measures. The one is through transport plans, and
the other by viewing transport as a dynamical process. In this thesis
we consider a quantum extension of the transport approach, simultane-
ously extending the theory to distances between systems, rather than
just states.

For a classical treatment of Wasserstein metrics of order 2 in terms
of a dynamical formulation, see [12], and for the corresponding non-
commutative version, or quantum Wasserstein metrics see [23), 24, 25].
In some other approaches to Wasserstein distances via transport plans
(in the special case of states, rather than systems), W (u, ) = 0 and
the usual triangle inequality are not obtained. See for example [54]
and [36], even though the latter follows a similar approach to cost as
in this thesis. It should be noted that these papers nevertheless man-
age to make progress on their applications, and indeed [51] has pointed
out that a lack of the usual metric properties is actually of some value
in certain contexts. A nice discussion and enlightening illustrations of
the obstacles to metric properties for quantum Wasserstein distances
via transport plans can be found in [6]. In our approach, however,
the triangle inequality holds even for Wasserstein distances between
systems.

In Section [3.1] we formulate the cost of a transport plan between
systems, as well as define the quadratic Wasserstein distance functions.

61
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The rest of the chapter is dedicated to proving the metric properties
of these distance functions with the triangle inequality demonstrated
in Section [3.2] and symmetry in Section We conclude the chapter
with a discussion of the metric properties in Section

We continue with the notation from Sections and [2.3] again
fixing T, the Z,’s, and d for all systems to be considered.

3.1. Cost of transport

In this section we give a noncommutative formulation of the cost of
a transport plan between systems, and also introduce the quadratic
Wasserstein distance functions. As we only consider the quadratic
case in this thesis, we henceforth simply refer to Wasserstein distances
(should they not yet be shown to be metrics) and Wasserstein metrics.

A more rigorous formulation of cost for transport, containing the
ansatz cost in as a special case, is given below making use of
the Choi-Jamiotkowski duality (see Proposition[2.3.8)). The channel E,,
corresponding to a transport plan w € T'(A, B), defined in Section ,
allows us to define transport cost while avoiding the complications due
to unboundedness of the Tomita operator S,:

DEFINITION 3.1.1. Let A and B be two systems, then the cost of
a transport plan w € T'(A, B) is defined as
(3.1.1)

d
Iap(w) =Y [u(kik:) + v(L) — v(Eo(ks)'L) — v(IFEu(k:))]
i=1
in terms of the coordinate systems k := (ki,...,kq) and [ := (Iy,...,lq)
of A and B, respectively.

REMARKS 3.1.2. To apply this in practice and particular examples,
one should keep in mind that the k£ and [ appearing in the cost function,
and ultimately in Wasserstein distances, are viewed as “coordinates”
measuring particular aspects of A and B respectively. In particular,
they may be chosen to be relevant observables in A and B. In addition,
for every p one can aim to choose k, and [, to measure corresponding
quantities in A and B, say spin in some direction of a particular spin
site in each, in order for the difference between k, and [, in (2.3.3)) to
have a sensible physical meaning.

In general S,0*S, is affiliated with B’, but it may be unbounded,
hence not contained in B’. For cases where we do have S,0*S, € B’,
the form of the cost above is in fact equivalent to the form used in
(2.3.3)). But unlike the latter, only refers to bounded operators,

thus avoiding complications even when some S,![;S,’s are unbounded.

An important formula related to cost of transport, expressed in
terms of the representation machinery built in Section (1.2 in particular

(1.2.10) and (1.2.11)), is the following:
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PROPOSITION 3.1.3. For allw € T'(p,v), a € A and b € B,
752 ()2 — w3 (D)QUIE = p(a”a) + v(bb) — v(Eu(a)'b) — v(b"Eo(a)

where || - || is the norm of the Hilbert space ,,.
PROOF. Let w € T(u,v), a € A and b € B, then

Iy () = w2 ()2 = (72 (), 77 (a) Q)+ (b)Q m (b)Q>

— (w2 (a)2, m ( Q>w — (m(b)

63

We evaluate each of the terms above in turn. By the coupling property

of w, we have
(m2(a)Q, 72 (a)Q) = (mu(a ® 1), m,(a ® 1))
= (4 m(a"a®1)Q),
=w(a'a®1)
= p(a*a),

w

and
(m (0)2, 7 (b)), = (M (1 ® b)Q, 7, (1 R b)S2),,
(Q,m,(1® b)),
w(l®b*b)
=v(b*D).
Making use of the projection P, of §), onto ¥, we have
<7rl°j(a)§2,7r‘:(b)9> = (m(a)Q, Py ( Q>
<7r ), P, u,bu] Q>

= <uVP,/7TN( )UV[UVQ]7b[ VQ]>W

= <uZPV7r:j(a)ul,Ay, bAV>
= (E,(a)A,,bA,)
= (A, E,(a)"bA,)

= v(E,(a)"D),
by Theorem [2.3.7] from which we get
(me (b)Q, 7 > = (m%(a)Q, m (b Q>w
= v(E,(a)*b)
=v(b"Ey(a)).

g

REMARKS 3.1.4. It follows that an equivalent, but more suggestive
formulation of cost of transport, in terms of the cyclic representations
(He 7@ Q) and (H¥, 7, Q) of (A, u) and (B, v), respectively, inherited

wo o vty
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as in (1.2.10) and (|1.2.11)) from a cyclic representation (), 7, 2) of
(AG B, w), is

Iap(w) = [k —m 0|,

where we have written
d
m(k)Q = (72 (k) .., 7 (k) Q) € @D $
i=1
while || - || denotes the norm of @7, 9, i.e.

d
Iap(w) =) lImy (k)Q — (L)
i=1

This starts to give a more intuitive idea of why we expect to obtain
distances from this cost. Indeed, the triangle inequality of our Wasser-
stein distances below follow from this form of /5 g(w) along with the
relative tensor products. On the other hand, is useful in relation
to symmetry, as well as the consequences of zero Wasserstein distance
in Chapter [4

With the transport cost in hand, we can now define Wasserstein dis-
tances from one system to another. The cost Ia g(w) does not depend
directly on the dynamical maps o and (3, but they do play a central role
in determining the allowed transport plans, namely T'(A, B), T,(A, B)
or T,,(A,B), and enter the definition of Wasserstein distance via this.
The specific distance functions we study in this thesis, will collectively
be called Wasserstein distances.

DEFINITION 3.1.5. Given a set 2 of systems as in Section we
define the Wasserstein distance W on 21 by

3 1/2
(3.1.2) W(A,B): we%x(liﬁB)IA,B(w) ;

the modular Wasserstein distance W, on 2 by

(3.1.3) W,(A,B):= inf Inp(w)"?

w€eTy(A,B)
and the KMS Wasserstein distance W, on 2 by
(3.1.4) W,e(A,B) = inf Irp(w)'?

wETyq(A,B)
for all A,B € 2, in terms of Definitions [2.3.4] and [3.1.1]

These are also called Wasserstein distances of order 2, or quadratic
Wasserstein distances. Since we focus exclusively on the quadratic
case in this thesis, we do not include a subscript 2 as is standard in the
classical case.
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DEFINITION 3.1.6. Given A, B € 2, an optimal transport plan for
W,o(A,B) is any w € T,,(A, B) such that

]A’B(u})l/2 = WUU(A, B)

We say that optimal transport plans for W,, always ezist if they exist
for W,,(A,B) for all A,B € 2. Correspondingly for W and W,.

LEMMA 3.1.7 (Existence of optimal transport plans). Optimal trans-
port plans always exist for the Wasserstein distances W, W, and W,

Proor. We prove it for W,,. The other cases are similar but
simpler. Without loss (see for example [39, Proposition 4.1]) we can
view each element of T,,(A,B) as a state on the maximal C*-tensor
product A @uax B'. Consequently T,,(A,B) is weakly* compact. By
the definition of W, there is a sequence w, € T,,(A,B) such that
IaB(wy)Y? = W,e(A,B), and necessarily having a weak* cluster point
w € T,,(A,B) due to compactness. As a result, w is an optimal
transport plan for W,,(A,B), by the following approximation:

Given € > 0, there is a ¢ such that

‘IA’B(M(]) - WU’G'<A-7 B)2‘ <€

for all ¢ > go. Furthermore, there exist b}, ..., b/, € B’ such that

LA, — bFA || < e,

fori=1,...,d, where [; € B with [ = (Iy, ..., 1) a coordinate system for
B, as B’A, is dense in $),. In addition there is a ¢ > ¢y such that

|wy(k; @ b)) —w(k; @ b)) < e
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for i = 1,...,d. Then using and ( - we find

Ian(w) - Lan(w;)| <2 Z (05 B () = v Bu (k)|
- gg (L, (B (ki) — Bu(ki))A,)|
= 22; (Ll = VA, (B, (ki) = Eo(ki))Ay) |
n Qi (A, (B, (ki) — Eo(Kk:)biA,)]
. 4§ It — ¥ A ]
+22|wq i @) — w(k; @ 0)]

< 452||k:i|| + 2de.

=1

Consequently,

d
|IA,B(W) - WO’O’(A7 B)2| < 452 ||k72|| + 2d6 + €

=1

for all £ > 0. U

This lemma is of some independent interest, since it says that the
Wasserstein distance is always reached by some transport plan. We
note that optimal transport plans in general need not be unique.

ExAamMPLE 3.1.8. In , take A = B, p = v and k; = [; for
i = 1,...,d. Assume that the dynamics of A is trivial (i.e., there is
none, or each is taken as the identity map). Let F' be any von Neumann
subalgebra of A containing {k;, ..., ks} such that o}'(F') = F. Consider
the unique conditional expectation Fr : A — F such that po Er = p;
see [80] and [81], Theorem IX.4.2]. Then wp defined from Er through
trivially delivers Ia a(wr) = 0 simply because Er(k;) = k;. This
is true for any such F', hence in general multiple transport plans give
the optimal cost 0. A simple instance is where y is tracial, in particular
when A is abelian, in which case o* is trivial and the condition o} (F') =
F' is automatically satisfied.

We remind the reader of some terminology:
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DEFINITION 3.1.9 (Metric space; metric). A metric space is a pair
(X,d), where X is a set and d : X x X — R is a distance function (or

metric) on X i.e. for all z,y,z € X we have
(M1) d: X x X — [0,00) (Non-negativity)
(M2) d(z,z) < d(x,y) +d(y,z) (Triangle inequality)
(M3) d(z,y) = d{y.z) (Symmetry)
(M4) x =y = d(z,y) =0 (Definiteness)
(M5) d(z,y) =0 = x =1y (Faithfulness).

The following table defines some related terminology:

(M1) | (M2) | (M3) | (M4) | (Mb)
Metric v v v v v
Pseudo-metric v v v voox
Asymmetric metric v v X v Y
Asymmetric pseudometric | v v X VA

The Wasserstein functions W, W, and W, are real and non-negative:

PROPOSITION 3.1.10. For all A,B € A and w € T(A,B), we have
that In g(w) > 0. Consequently,

0<W(A,B) <W,(A,B) <W,,(A,B)
for all A, B € 2.

PRrROOF. That Ip g(w) > 0 follows directly from Proposition
and Remarks Alternatively, since by Kadison’s inequality E,(a*a) >
E,(a)*E,(a), we have

(3.1.5) p(a*a) + v(b*b) — v(E,(a)*b) — v(b*E,(a))
p(lal?) + v (0°b = E,(a)"b — b E,(a))

v (Ey(|al? >+u(\b— L(0))?) = v (|Bu(a)])
=v (b= E.(@)") +v (E.(a]*) — [E.(a)])
(!b— a)l’)

I\/ I\/

for all a € A and b € B. The required result then follows, since
T,-,(A,B)CT,(A,B) CT(A,B).
O

In the rest of the sections of this chapter we proceed to prove the
main metric properties of the distance functions W, W, and W,,. The
proofs are similar to those appearing in [41] and [42] Section 3] for
systems on the same von Neumann algebra. Much of the framework
of [41] was in fact already set up in terms of multiple von Neumann
algebras, although the case of distance functions between states on
different algebras was not treated there.
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3.2. The triangle inequality

In this section we intend to show that the Wasserstein functions W,
W, and W,, satisfy the triangle inequality. To do this we make use of
the natural bimodule structure of the GNS Hilbert spaces £, and £
of the transport plans w and v, respectively, and their relative tensor
product

H = f.)w Xy ~6¢-
Denote the cyclic representations of (A ® B’ w) and (B @ C',¢) by

(D, T, Q) and (9Hy, Ty, ¥), respectively. As in ((1.2.10) and (1.2.11]),

denote the cyclic representations that the pairs (A, 1) and (B, v) inherit
by restriction from that of (A ® B',w) by (9%, 7%, Q) and (9%, 7Y, Q),

o s v s
respectively. Similarly, (9%, 7%, ¥) and (ﬁw,ﬂg,\ﬂ) denote the cyclic

vy vy

representations of (B,v) and (C, ), respectively, inherited from that
of (Be® ' v).

PROPOSITION 3.2.1. Forw € T(u,v), consider the cyclic represen-
tation ($y,m,,Q2) of (A©® B',w). Then 9, is an A-B bimodule with
the structure given by

To,(a) (= Tu(a®1) |5z and mg (0) := 7 (1 @ jp(b)) |ng
and writing
axb = mg,, (a)mg (b)x = my(a @ jp(b))x,
foralla€e A, be B and x € 8.

PROOF. Since 7, is a unital *-homomorphism, it follows that the
map

Ta, : A= B(®,) a— m,(a®1)

is also a unital *-homomorphism, and it is normal by [11, Theorem
3.3]. Thus $,, is a left A-module. Similarly, the map

T, B = B(H,) : b= m,(1® jp(b))

is a normal unital x-anti-homomorphism, from which it follows that $,,
is a right B-module. Finally,

a(xd) = g, (a)my (b)x
=m,(a® 1)7,(1® jp(b))x
= Tu(1® jp(b))Tu(a® 1)z
= Ty, (b)ms, (a)z
— (an)b

forallae A, b€ B and x € §,,. O
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The correspondence between channels and transport plans allows
us to compose transport plans w € T'(u,v) and ¢ € T(v,£) to obtain
a transport plan w ot € T'(u, &) defined through

Ewod} = E¢ e} Ew-

Of interest is how this transport plan is related to the relative tensor
product of the A-B and B-C bimodules §), and £),, respectively. So
we set

Y i=wo
and consider the relative tensor product § = 9, ®, $,. The relative
tensor product § is itself an A-C' bimodule, and contains the vector

(3.2.1) P :=Q®,V

which can be taken as the cyclic vector in the representation (), 7, ®)
of (A® ', p). This representation can be obtained from the bimodule
$ using the not necessarily cyclic representation m of A ® C” defined
through

m(a® )z :=azjc(d), Vz € .
By restriction one then obtains that

(322) 9, =7m(AC)P CH and 7, (t) :==7(t) |, V€ ADC".
That this indeed provides a cyclic representation for (A®C", ¢), follows
from [44], Corollary 5.7]. In turn this induces a cyclic representation
(95,77, @) of (A, 1) by setting

(32.3) 97 =m,(A01)® and 7)(a):=m,(a®1)|ge, Va € A

n
Similarly,

(324) 97 =7m,(10C)P and 75(d) =7, (1® c’)\ﬁg, Ve e ',

gives a cyclic representation (97, 7/, ®) of (C,£').

The main technical point in proving the triangle inequality is the
following lemma, which is a key (and we presume well-known) feature of
the quotient construction of the relative tensor product. An embedding
is a structure-preserving map that allows one space to be represented
within another; in the case of Hilbert spaces, this map is an injective
isometry. In this context, the embeddings of §), into ), and $),, respec-
tively are identified in the relative tensor product $ = ., ®, $,. This
is precisely the reason that the relative tensor product is the natural
setting to prove the triangle inequality.

LEMMA 3.2.2. Let w € T(p,v), ¥ € T(v,§) and H = Hy @, Hy-
Then

(3.2.5) L (2 (D)) = 1y (7Y (B)V), Vb € B,

where t, : Hy, > H:x— 2R,V and iy : Hy > H:y— QR,y are
the embeddings of 9., and £, into §, respectively.
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PROOF. Given any b € B, write x = 7¥(b)Q € 9, and y =
7l (b)V € $Hy. From the definition of L, (z) (see (1.5.1)), we find that
L,(z) = m)(b)u,

in terms of the unitary operator u, given by (1.2.12)), since for any
d € B, using 7% (V') = u,b'u}, we have

Ly (), (d) = Wﬁa(d)w

\_/\_/\_/

£
<

.
oy}

—
&
I>

Hence, L,(x)*L,(x) = uln¥(b*b)u, = b*b, L,(Q)*L,(x) = 1*b = b, etc.
From the bilinear form used in the quotient construction of the relative
tensor product (see [81, Proposition 1X.3.15 and Definition 1X.3.16]),
and using the left B-module structure of §),, one finds that

() = tp Wl = (@), (@) = (@), () = ((¥), ()
+ (b (), t(y))

= (2@ ¥,z ®, V) — (@, ¥,Q,y)

— 0@y ¥) + (02, 4,20, y)

(W, Ly (2)" Ly ()W), = (¥, Ly, (2)" L, (Q)y),,

= (U, Lo ()" Ly (2) W), + (y, Lo ()" Lo (Q)y),,

= (7, b*b\lj>¢ (W, 0 > <y7b\l'>¢+ <Z/ay>¢

(U, b*b\11>¢ — (U, b y(b)q%

— () (0) ¥, 00)  + (my (D)W, T (DY),

<\If b*b\If> — (bW, 00),, — (U, b°0V) , + (b¥,0V),,
since (b*bW, \Il)¢ = <7T¢,(b*b ® 1)V, ¥),, etc. O

The second fact we need is the following lemma.

LEMMA 3.2.3. Let w € T(p,v), v € T(v,€) and $ = 9, @, Hy. If
@ =wo (defined via E, = Ey o E,, as in Section , then

(3.2.6) L (14(a)Q) = 7% (a)®, Va € A,
and
(3.2.7) Ly (W?(C)W) =7 (c)®, Ve e C,

with ® = Q®, ¥ as in [(3.2.1).
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PROOF. Let x € 5§l°j C 9. Then, for all a € A, we have

b (1 (a)x) = [7(a)z] ®, ©
=[my(a®1)r]®, ¥
=ar®, Vv
—rpa@1) (28, V)
=mp(a) (z @, V)
by . In particular, we have ¢, (7%(a)Q) = 7%(a)®, for all a € A.
Let we : 5’)? — Y)? be the unitary equivalence of the cyclic rep-
resentations (ﬁ?,ﬂg,,\lf) and (97,75, @) of (C', &) given by wed ¥ =
T4 ()@, for all ¢ € C" (cf, ) Consider the modular conju-

gations Jg and J§ associated to (1, ¥) and (¢, ®), respectively, but

restricted to the von Neumann algebra C. Then JZ = nggw’g , from
which it follows that

ﬂg:jgowgojg

where j& = JS()*JS and j& = JE(-)*JE are defined on B(£¥) and
B($¢) respectively. Furthermore, we have

wgwg () =7i()
=m,(1® )P
= ®jo()
= Q®, [Wjc(d)]
=Q®, [mp(l® )Y

=0®, [ng (c’)\If}
for all ¢ € C, by (3.2.3). It follows that wey = Q ®, y, and
JEQ®, y) = we g (2 ®, y)
= we ey
= Q®, Joy
for all y € 5’)?. Consequently,
w () = 9@, [7 (0]
= Q&, [Jéng (io(e) Jéy]
= Jg|Q@, T (1@ jo(c") ]

=J& [Q ®y (ng)c*]
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forall ce C and y € 5’)?. In particular, we have

Ly (W?(C)W) = JG [Pc]
= Jémp(1® jo(c?))®
= Jémg(jo(c)) JEP
=7 (c)®,
for all c € C. O
PROPOSITION 3.2.4. For all A,B,C € %,
W,0(A,C) < W,o(A,B) + W,,(B, C).
Similarly for W and W,.

Proor. We prove it for W,,. The other cases are similar but
simpler. For w € T,,(A,B) and ¢ € T,,(B, C), we define ¢ := wo ¢
through E,.y := Ey o E,,. Since

E,oa,,=FEyoE,oaq,,
=FEyofB,.0E,
=Y. 0 EyoE,
= Yo,z © By,

it follows that A¢C, by (2.3.8). Similarly, A C and (A, 0", p)p (B, 0%,§).
Together, we get ¢ € T,,(A,C). Using Remarks [3.1.4] and applying

L, and ¢y, componentwise to elements of direct sums, we have

Inc(p)? = ||ni (k)@ — mg (m)2 ||,

o (2 0) =10 ()|

o (RS (R)Q) — 10 (R D) + 1 (W DOW) — 1 (2 ()0 )
(

< e (mER)Q — Q) |, + wa (meyw —a¢ (m)w)

o

-

I

= Iap(W)"? + Inc¥)"?

< [[ms 0 - m2 9|, +|

UV — ¥ \IJH
w W = |

where we employed the triangle inequality in <@?:1.6, | - ||@;J>, ap-
plied Lemmas [3.2.2] and [3.2.3 and used the fact that ¢, and ¢y pre-
serve the inner products. Now take the infimum on the left over
all ¢ € T,,(A,C), which includes the compositions w o ¢ for all
w € Ty(A,B) and ¢ € T,,(B,C), followed in turn by the infima
over all w € T,,(A,B) and ¢ € T,,,(B, C) on the right. O

Note that the role of §, ®, £, is to ensure that the “middle term”
coming from the difference between 7% (1)Q2 and 7% (1)¥ via embedding
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into @le(f)w ®, $y), indeed disappears. Exactly this point of the
triangle inequality tends to run astray in other transport plan based
approaches to the Wasserstein distance. See in particular [36], which
in turn built on [54]; also see [55] Footnote 4].

3.3. Symmetry

To obtain symmetry of a Wasserstein distance, we are going to
use a restricted set of transport plans from one system to another.
This is where the modular balance condition of the allowed transport
plans becomes important. A suitable path to symmetry is provided by
KMS-duals. We note that only W, is symmetric, while W and W, are
typically asymmetric, because KMS-duals play a key role in the proof.

Note that there is an asymmetry between AwB and Bw’'A, since
these conditions relate to two different properties satisfied by A, namely

(3.3.1) poa=p and «o(l) =1,

(see Section , in particular . This boils down to AwB be-
ing equivalent to B'w’A’, by Proposition 2.3.11] rather than to Bw'A.
The set of transport plans 7'(B, A) need not consist of the reversals
of the transport plans T'(A,B). In particular, the optimal trans-
port plan from B to A need not be the reverse (i.e., the dual) of
the optimal transport plan from A to B. Consequently, we can typ-
ically expect W(A,B) # W(B,A). If both A and B satisfy de-
tailed balance, then AwB and Bw’A are equivalent, which will ensure
W(A,B)=W(B,A).
We have the following properties of dual transport plans:

PrROPOSITION 3.3.1. Let A, B € 2.
(1) For allw € T(A,B), we have

weT,(AB) — ' e€T,(B A" < w’ €T,(B?,A°%).
If, in addition, A, B € 2A are reversible then
weT,(AB) <— w™ €T,(B7,A7)
(2) For allw € T,(A,B), we have
weT,,(AB) <— W €T, ,(B,A') <— w’ €T,,(B,A)
If, in addition, A, B € 2 are reversible then
weT,,(A,B) < w™ =w’ € T,,(B,A).
PRrROOF. For any w € T'(u,v), we have
WeTW, ) and w?,w™ € T(v,p)
for all A,B € 2, by Proposition [2.3.10}
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(1) It follows from Proposition that

EZ o (0y)7 = (01)7 o E (Eyoop)” = (0 0 E,)°
E, o0l =0/ 0E,

(Eyo U#), = (02/ © Ew)/
E, o (0f) = (a}) o E,

/

/ v /
E oo/ =0, oF,,

[

for all t € R, where the last equivalence follows by Proposition

2.1.10, Thus, for all A, B € 2, we have
weT,(AB) << W eT,(B A") < w” €T,(B7,A°)

by Propositions [2.2.5, and [2.3.11[(1). For reversible systems
A B € 2, we further have

weT,(AB) — w™ e€T,(B7,A7),
by Proposition [2.3.11{2).

(2) The following equivalence relations hold
AWB° — (B°) W (A%) <= (B')7w (A)
and

A°wB? <= (B?)’w’ (A7)° <= Buw’A,

for all w € T,(A, B), by Propositions [2.3.11{and [2.2.5| Hence,

weTy,(AB) & W e€T,,(B A') «<— w” €T,,(B,A),

by the definition of KMS-duals and Proposition [2.3.10, For
reversible systems A, B € 2, we further have that w™ = w?,
again by Proposition [2.3.11l The required result then follows.

g

PROPOSITION 3.3.2. For w € T(A,B), the following statements
are equivalent:
(1) weT,(A,B).
(2) K Al = AVK,, Vt € R,
(3) K,Ja = JpK,.
(4) u(aEZ(D)) = v (E,(a)b) Yae€ A, be B.

PROOF. Let (A, p) and (B, v) be in standard form on Hilbert spaces
9, and 9, respectively. For w € T'(u,v), denote by K, the Hilbert
space representation of the unique map E,, such that v o E, = p as in
Lemma 2.1.5]
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(1) = (2): By (2.3.8)), we have E, oo}’ = 0/ o E,, for all t € R,
since w € T,(A,B). Then
K,Alah, = Kol (a)A,
E, (07 (a) A,
= 0 (Ew(a))
= A"E,(a)A,
= A'K, al,

v

for all @ € A and t € R, by Lemma [2.1.5, Hence KwAjf = A"K,, for
all t € R, since A, is cyclic and separating for A.

(2) = (3): If K,A® = A'K,, for all t € R, then K,A/* =
AY2K, by [78, E. 9.23]. Then, for all a € A,
K'WJACL/\u = KMJASMCL*A#
= KwAll/za*Au
= APK,a*A,
= APE (a)*A,
= AY2S,E, (a)A,
= JBEUJ<(I>AV
— JpK,al,,

since S, = JAA}/2 and J3 = 1. Hence K,J4 = JgK,, since A, is
cyclic and separating for A.
(3) = (4): If K,J4 = JpK.,, then
JaK: = JaK:Jg = Ja(JpK,) Jp = Ja(K,Ja) Jp = K Jp
since J4 =1 and J3 = 1. It then follows that
E(D)A, = JuK:JgbA, = K2bA, = E.(b)A,,
for all b € B, by Lemma [2.1.5] Then, by (2.1.2)), we get
v(Eu(a)b) = p(aky (b)) = p(aE (b))

forall a € Aand b € B.
(4) = (1): For all a € A and b € B, we have

p(aEZ (1)) = v (Eu(a)b) = p(ak (b)),

by hypothesis and the definition of E/ (see (2.1.2])). From which it
follows that EZ(b)A, = E/ (b)A,, for all b e B, since p € §(A). Thus
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EZ = E/,, since A, is cyclic and separating for A. Then
Ego (o)) = El 00",
, /
_ <agt o Ew>
N\
= (Ew o 0515)
= ol 0 E,
= (0})" o E,
by Propositions [2.1.10/and [2.1.7, Hence w € T, (A, B). d

The basic properties of duals given in Propositions [2.1.9]and [3.3.2]
allow us to prove the following lemma in terms of the KMS transport
plans of Definition|3.1.5 which subsequently leads to symmetry of W,,,.

LEMMA 3.3.3. For any p € §(A) and v € F(B), we have
||7T:j(a)Qw — ) (0) = Hﬂ_;ﬂ (0)Qe — Wwa(a)Qw”Hw"

I

for alla € A, b € B and w € T,,(A,B), where w” € T,,(B,A) is
determined by E,,- = E. For emphasis we have written §2, for the
cyclic vector appearing in a cyclic representation associated to w, and
similarly for we.

PROOF. For any w € T,,(A,B), we have that w” € TW(B,A) by
Proposition [3.3.1} It therefore follows from Propositions [3 2.1.9
and [B.3.2] that

H
Ne)

I (@) — 7 (D)5 = p(a*a) + v(bD) — v(E.(a)D) — v(b*E,(a))
=v(b°b) + pla*a) — p(EZ(b) a) — pa” E(D))
= v(b°b) + p(a*a) — p(Eur (0)70) — p(a” B (b))
= |75 (0) e — 7 (a) Qe |20

foralla € A, b e B. O

A transport plan has the same cost as its duals:
PROPOSITION 3.3.4. For systems A and B, letw € T,(A,B). Then
(332) IA7B(w) = IB’,A’(WI) = [BU’AU (w"),

where ' € T,(B'; A’) and w” € T,(B?, A%). For reversible systems A
and B, we have

IA7B<(JJ) = IB<—7A<— (w“),
where w< € T,(B<, A%).

PROOF. Given any w € T(A,B), then
weT,(AB) < J eT,(B A") < w” €T,(B7,A°)
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for all A, B € 2, by Proposition Furthermore,

M-

Ipar(W) = ) W/TE) + p/ (K7h:) — /(B () K;) — 4 (k5 B (1))

=1

M=

(L) + p(ki ki) — p(kf B (L) — p(ES (L) k)]

1

7

M-

[k ki) + v (L) — v(Ey (ki) ) — v(l Eu (k)]
A,B(W)>

by Propositions [2.1.9 and [3.3.2] Similarly, Ige oo (w”) = Ia B(w).

For reversible A and B, we have that w € T,(A,B) if and only if
w* € T,(B~, A7), by Proposition [3.3.1] Similar to above, it follows
that [B‘—,A‘— (QJ(_) = [A7B(w). |

7

~

PROPOSITION 3.3.5. For all A,B € 2, we have
W,e(A,B) = W,,(B,A).

Proor. It follows from Lemma |3.3.3| and Proposition [3.1.3] that
for each w € T,,(A,B) there is an w” € T,,(B, A) such that

InB(w) = Iga(w),

while (w?)? = w because (E7)° = E,, giving a one-to-one corre-
spondence between T,,(A,B) and T,,(B, A). The required symmetry
Wyo(A,B) = W,, (B, A), for all A,;B € 2, then follows from Defini-
tion of W,,, since we retain equality in taking the infima over
T50(A,B) and T,,(B, A) on the left and right, respectively. O

3.4. Metric properties of Wasserstein distances

Zero cost between a dynamical system and itself can always be
attained by using a maximally entangled state as the transport plan.

PropPOSITION 3.4.1. For the Wasserstein functions W, W, and
Wy, in Definition |3.1.5, we have

W(AA)=W,(AA)=W,,(A,A)=0
for all A €.

Proor. Note that for w = 4, we have E, = idu, from which
w € T,-(A, A) follows trivially by the test in ([2.3.8]). Consequently

W(A,A) = W,(A,A) = W,o(A,A) = [5 a(6,) =0
by (B-L1). 0
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That cost, and consequently distances, between a system and itself
is zero appears to be a simple point, but it is subtler than one may
initially expect. The key aspect of this is illustrated as part of the next
example.

ExaMPLE 3.4.2. Consider the standard form of M, as described
in Example [1.3.8, Note that we can respectively identify A ® A’ with
M, ®s M,, and 7(a) ® 7’(b) with a ®, b, via the normal representations
7 and 7’. Furthermore, the latter mutually commute since

m(a)w’ (bT) X = m(a)ja(m(b)) X
= Ja(m(b))m(a) X
=7'(b")7w(a) X,
ie. (aX)bT = a(X0b7), for all a,b € M,, emphasizing the bimodule
structure inherent to our setting. To see that our setup indeed leads to

W (A, A) = 0 for the von Neumann algebra M,,, consider the entangled
state w = 0, of u and 4/, defined on A ® A’ by

Oula ®s b) == (A, (a @, b)A,) = TT(P;I/QCLPL/%T)
for a,b € M,. This is a pure state, since the vector A, € 4 is a pure
state of the composite system, reducing to p and p' respectively, and

in this sense we view J,, as a maximally entangled state of 1 and p'.
Note that for a,b € M, we have

Sim(a) Sum(b)A, = Sim((ba)*)A,

=T (pﬂbapftl) A,

= puba,oljl/2

= pu (ban)/) ;"

= [pu®:p,"] (ban)/?)
= A, (bap,/?)

1/2

= bap),

= bp,l” (0 Pap,”)

=7'((p Pap,*)T)m(b) A,
(see Example |1.2.2)), and hence S;7(a)*S, = W’((pﬁl/zap,l/Z)T) e A,

which is the first key point of this example. Furthermore, S,m(a*)S, A, =
m(a)A,, therefore

0u(|m(a) = Sym(a’)S,|%) = 0.

Hence §,, € T'(j1, 1) is a transport plan having zero cost. This is what
makes W (A, A) = 0 possible, concluding this example.

THEOREM 3.4.3. The functions W and W, are asymmetric pseu-
dometrics, while Wy, is a pseudometric.
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PrOOF. That W is real and non-negative follows from Proposition
3.1.10l Furthermore, W satisfies the triangle inequality and is definite,
i.e. W(A,A) =0, forall A € A, by Propositions|3.2.4/and [3.4.1] Thus,
W is an asymmetric pseudometric. Similarly, W, and W,, are asym-
metric pseudometrics. Moreover, W,, is symmetric, by Proposition

3.3.5} thus it is in fact a pseudometric. O

The remaining metric property, faithfulness, namely when zero
Wasserstein distance between A and B implies that they are in fact
the same system (at least up to isomorphism), will be returned to in
the next chapter (see Corollary . In the sequel we study relevant
properties of these Wasserstein pseudometrics and take initial steps in
showing how the general theory of these pseudometrics can be used to
study the structure and properties of systems. This is what we turn to
next.
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CHAPTER 4

Properties and implications of Wasserstein
distances

Our experience hitherto justifies us in believing that nature is the
realization of the simplest conceivable mathematical ideas.
— Albert Einstein, 1954.

In this chapter we derive properties of Wasserstein distances rele-
vant to the structure and characteristics of systems. These properties
include symmetries related to dualities of systems. The symmetries
along with the metric properties, in particular the triangle inequality,
allow us to easily find simple bounds on how far a (quantum) system is
from detailed balance, in terms of its Wasserstein distance from other
systems satisfying detailed balance (Section . The idea is that these
other systems will typically be chosen as well-understood or simpler,
even classical, systems. This opens the door to analyzing a system via
simpler systems. In addition (Section we also study implications of
Wasserstein distances for the structure of systems, focussing in partic-
ular on the case of zero Wasserstein distance. The goal is to show that
Wasserstein distance can give us information about common structure
in two systems.

We continue with the notation from the previous chapters, again
fixing T, the Z,’s, and d for all systems to be considered.

4.1. Bounds on deviation from detailed balance

The Wasserstein pseudometrics W, and W,, have the following
symmetries with respect to the three types of duals of systems intro-
duced in Section [2.2] and discussed in Chapter

THEOREM 4.1.1. For all A,B € 2, we have
W,(A,B) =W, (B A") =W, (B?,A%).
For reversible systems A and B, we in addition have
W,(A,B) =W,(B“,A7).

The corresponding results also hold for W, which can be written as
W,o(A',B') = W,,(A,B) etc., due to the usual symmetric property of
W,, (see Theorem .

81
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PROOF. Given any w € T,(A,B), we have ' € T,(B’,A’) and
w? € T,(B?, A%) such that

IaB(w) = Ip a/(W') = Ige a- (W),
by Proposition |3.3.4] Consequently, by the definition of W,, we have
W,(A,B) =W, (B A") =W,(B?7, A7),

since we retain the equalities in taking the infima over the sets T,,(A, B),
T,(B’,A’) and T,(B“, A%), respectively (as in the proof of Proposition
3:35). For reversible A,B € 2, we have g a«(w™) = Isp(w).
Thus, W,(B,A%) = W,(A,B).

The case of W,, is very similar. For instance, if w € T(A,B)
and A,B € 2 are reversible, one has w € T,,(A,B) if and only if
we € T,,(B,A7). Consequently, W,,(B*,A“) = W,,(A,B), but
by Proposition [3.3.5, W,,(B*, A7) = W,,(A~,B"). Similarly for
the other two dualities. 4

This result along with the basic metric properties in Theorem |3.4.3|
lead to simple consequences for quantifying and bounding the deviation
of a system from satisfying a detailed balance condition, in terms of
the Wasserstein distance of the system from another system which does
satisfy some detailed balance condition.

For the next result, recall Definition [2.2.3|(3), and Definition [2.5.3|

COROLLARY 4.1.2. Consider reversible systems A and B. If B
satisfies Og-sqdb, then

W, (A, A<) < 2W,(A,B) and W,(A",A) < 2W,(B,A)

and
Woo(A, A7) < 2W,,(A,B).

PROOF. By the triangle inequality (from Proposition and

Theorem [4.1.1))

W,(A, A7)

IN

W,(A,B)+ W,(B,A")
W,(A,B) + W,(B7,A")

= Wo(A,B) +W,(A,B)

=2W,(A,B),
by Theorem [4.1.1 Similarly for the other cases. U

REMARKS 4.1.3. Keep in mind that A~ = A would tell us that A

satisfies #a-sqdb. This condition indeed follows from W, (A, A*) =0
if A is a hermitian system whose von Neumann algebra A is generated
by the coordinate system k, i.e. {k},....k3} = {ki1,...,kqa}, as can be
seen from [42] Theorems 3.9 and 3.10] and [41], Section 6] as well as

the arguments used there. Those papers do not explicitly cover W,
as defined in this thesis. Similarly for the other cases in the corollary
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above. For W, and W,, we in fact discuss this from a more general

point of view in Section (Theorem and Corollary (4.2.4]).

Since we do not have corresponding symmetries for W (from the
proof of Theorem it is clear that the modular dynamics and KMS
duals played a key role in obtaining those symmetries, and W simply
does not have the required structure built in) we only have the triangle
inequality

WA, A7) <W(A,B)+W(B,A")
and similarly for W(A*, A). However, the central point remains the
same, namely to be able to bound the deviation of A from detailed
balance in terms of its Wasserstein distance from another system.

EXAMPLE 4.1.4. Applying the corollary when B is classical, i.e., B
is abelian, we take the reversing operation of B to be the identity map,
in which case B& = B/, and 6g-sqdb simply says that B’ = B (refer to
Section ich generalizes detailed balance of a Markov chain (see
Examples 2.5.1 and [2.5.2). Thus we have the deviation W, (A, A7)
of A from @a-sqdb bounded in terms of its distance W, (A, B) from a
system B satisfying the usual classical detailed balance. Similarly for
W,(A<,A).

When both A and B are classical, the triviality of the modular
dynamics gives W, = W. Hence the inequalities for W, can be stated
as

W(A,A") <2IW(A,B) and W(A' A) <2IW(B,A).
We note that W is not symmetric in general (see [42] §5.2 and 5.3]
and [43] §4.3]), even for classical systems. To ensure the usual metric
symmetry, W, still has to be used.

Conclusion. The various inequalities above illustrate that consid-
ering a set of systems which are at most some specified Wasserstein
distance away from a given system B satisfying a detailed balance
property, sensibly relates to the deviation (as measured by Wasserstein
distance) of systems in that set from detailed balance. In addition, we
can choose B to be simple or well understood, say some appropriately
chosen classical system. In this way we can obtain what we expect to
be sets of non-equilibrium systems A having structure close enough to
detailed balance to make them amenable to further analysis.

4.2. Zero Wasserstein distance and common structure

In order to shed light on issues regarding the structure of a system
A, we turn to the implications of zero Wasserstein distance in relation
to common structure in the two systems. Our basic result in this
regard is stated as Theorem below. This in fact boils down to a
generalization of the faithfulness of an (asymmetric) metric d, namely
the property that d(z,y) = 0 implies # = y, which was not discussed
in the previous chapter. We leave the case of non-zero Wasserstein
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distance, which appears to much more involved, for future work. Again
modular properties and KMS duals play a key role, hence our strongest
results will be for W, and W,,.

This is intimately related to the coordinates of a system, in partic-
ular the corresponding coordinate algebra (Definition , and the
hermitian condition (Definition of a system will also become
relevant. In [41], [42] the latter was needed as part of the proof of
faithfulness of an asymmetric metric. This will now be obtained in a
generalized form for W, and W,,.

We need the following lemma extending a basic technical point from
[41, Lemma 6.3].

LEMMA 4.2.1. Consider systems A and B, with A hermitian. Let
M and N be the coordinate algebras of A and B respectively (see

Definition [2.2.7). Assume that there is an w € T(A,B) such that
Iang(w) = 0. Then the restriction of E, to M is a normal unital
x-homomorphism
Esly: M — N
and E,(k;) =1; fori=1,...,d.
PrOOF. As in (3.1.5),

pkiki) + v(lil) — v(Ey(k:)"l) — v(l; By (ki)

= v (|l = Bu(k)[*) + v (Eu([kil) — | B (k)]
foralli=1,...,d, due to Ip g(w) = 0. Thus

v(|li — Bu(k:)[?) =0 and v (E,(|ki|?) — |Eu(k:)|?) =0
for all i = 1,...,d, since E,(|k;|*) > |E.(k;)|> by Kadison’s inequality.
Since v is faithful, the former implies that
while the latter implies that
Eo(kki) = Eu(ki)" Eu (ki)

)

foralli=1,....d.
Setting

A, ={a€ A:E,(a"a) = E,(a)"E,(a)}
it follows from [28, Theorem 3.1] that A, is a (norm closed) subalgebra
of A and that
(422) Aw = {CLQ cA: Ew(alag) = Ew(al)Ew(aQ) for all a; € A}

Since A is hermitian, we have ky, ..., kq, k7, ...,k € Ay, so A, contains
the unital *-algebra M, generated by {14, k1, ...,kqs}. Moreover, since
E,, is positive and therefore preserves the involution, we see from (4.2.2))
that E,|a, : Mo — N is a unital *-homomorphism. As FE,, is normal
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(i.e., o-weakly continuous) and M, is o-weakly dense in M, the lemma
follows, simply because the maps a; + ajas and as — ajay are o-
weakly continuous by [20, Theorem 2.4.2]. O

Note that this lemma is applicable when W (A,B) = 0, due to the
existence of an optimal transport plan in Theorem |3.1.7, which indeed
led to A = B for the case of A = B and k = [ in [42, Theorem 3.10].
However, to make any appreciable further progress in our current more
general context, we need the additional structure of modular and KMS
transport plans in the definitions of W, and W, .

To formulate our results below more succinctly, we are going to use
the notation «afy to refer to the restrictions (afas)v,. = .| and
E, o« to refer to (E, o a),. = E, o a., etc., for all z € Z, and
v € T, in line with Definition 2.2.1] Le., we are going to suppress v
and z in our notation.

Also recall that a x-isomorphism from one von Neumann algebra to
another is a linear map that is one-to-one (injective), onto (surjective)
and preserves all algebraic structure (see Definition [2.2.8).

THEOREM 4.2.2. Let A and B be hermitian systems such that
Wy(A,B) = 0. Then there is a *-isomorphism tap : M — N be-
tween the coordinate algebras of A and B, uniquely determined by
tag(ki) =1; fori=1,..,d, such that
(4.2.3) E,oaly=p0oian
for any optimal transport plan w € T,(A,B).

PROOF. By Proposition there is an optimal transport plan
w € T,(A,B) such that W,(A,B) = I5p(w)"? = 0, from which it
follows that W, (B?, A?) = Igo a«(w?)/? = 0 by Theorem {4.1.1] Since
IaB(w) = Igoas(w?) = 0, by Lemma we have normal unital
x-homomorphisms

taB:=FE,y: M — N and tgoac:=E)|y:N— M,
necessarily uniquely determined by
LA7B(]{1') = ll and LBU,AG(Z,L') = ]{51

for all ¢ = 1,...,d. From this it is easily seen that 1o g and tg- ac are
each other’s inverses:

LAB © lBo Ac (lz) = ll and lBo Ao © [/A,B(ki) = kz
for all i = 1,...,d, meaning that

LAB O lBo Ac = idNo and lBo A OLAB = idM(]?

where My and Ny are the unital x-algebras generated by {14, k1, ..., kq}
and {1,101, ..., 14}, respectively. Thus, 1o g 0 tgs ac = idy and tge av ©
taB = idjs, by o-weak continuity. Hence ¢ g is indeed a *-isomorphism
from M onto N.
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Now E, o aly = [ oap follows directly from E, o a = o E,,
which is part of the definition of T,(A,B); see (2.3.8) and Definition

234 O
In particular (4.2.3)) tells us (by applying tgo ac from the right) that
(4.2.4) Bln = E,oaly o tpe as,

showing that f|y is determined by «ly;, while aly, is at least con-
strained by |y. This clearly illustrates our main point about common
structure in the dynamics of the two systems when W, (A,B) = 0.

Below we show how isomorphic systems can be identified inside A
and B in Theorem |4.2.2| when additional assumptions are made. In
particular, in Theorem we did not assume that (M) C M, i.e.,
that (M) is contained in M, or that S(N) C N, hence we could
not necessarily restrict the systems A or B to systems on M and N
respectively.

COROLLARY 4.2.3. Assuming that a(M) C M, then in addition to
Theorem [4.2.9's assumptions, it follows that B(N) C N and

LAB© Oé|M =fo LA B-

Consequently we can restrict all the structures in A and B to M and
N respectively to obtain isomorphic systems M and N respectively.

PRroOF. This follows directly from Theorem and 1o B = Eu|m
in its proof. Keep in mind that v oap = v 0 E|ym = pt|m- O

This is a very clear cut case of common structure in A and B. It
suggests that when we aim to analyze a system B by comparison to
simple or well understood systems, one strategy would be to choose
each of the former as a system A with A generated by A’s coordinates
ki,...,kq. For W,(A,B) = 0, this corollary then implies that

Bl =tapoaoiy,

giving a precise expression of how A is contained in B, and how the
properties and behaviour of A are consequently reflected in that of B.
Theorem [£.2.2] can be viewed as a weaker version of this situation.

To show explicitly how Theorem [4.2.2] relates to the faithfulness
of an asymmetric metric, we state the following special case of this
corollary:

COROLLARY 4.2.4. Consider two hermitian systems A and B, where
A is generated by ky,...,kq and B by ly,...;lq. If W,(A,B) =0, it then
follows that A and B are isomorphic.

Note that the relationship between «|y and 5|y in Theorem m
and Corollary is not symmetric, as may be expected from the
lack of symmetry of the asymmetric pseudometric W,. To attain a
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symmetric relationship, we of course need to resort to the (symmet-
ric) pseudometric W,,. One can indeed expect that the requirement
Wyo (A, B) = 0 may place stronger restrictions than W,(A,B) = 0 on
a, given 3, simply because by definition we always have W, (A, B) <
W,s(A,B).

COROLLARY 4.2.5. Let A and B be hermitian systems such that
W,o(A,B) =0. Then

E,oaly=0oias and EJof|ly=aoipa

for any optimal transport plan w € T,,(A,B), in which case w’ €
To0 (B, A) is also optimal.

PROOF. By Proposition W, is symmetric, and therefore it
follows that W, (A,B) = W,,(B, A) = 0. Thus W,(A,B) = W,(B,A) =
0, since 0 < W,(A,B) < W,,(A,B) by Proposition [3.1.10] As in the
proof of Theorem for any optimal w € T,,(A,B), we have that
w? € Tyo (B, A) with /s g(w) = I a(w”) = 0. Sow? is indeed optimal.
Now we can simply apply Theorem to both directions. O

More generally, for any optimal transport plan, including the case
of W, the condition E, o a = 8 o E,, implies a relation between A and
B which can be viewed as a weaker condition than an isomorphism
between systems. This is the case even when the systems are not
hermitian or the Wasserstein distance being used is not zero. Theorem
and its corollaries simply state strong forms of such a relation.

The general case can possibly be fruitfully viewed from the perspec-
tive of normal u.c.p. maps as morphisms, or, in keeping with the bi-
module approach, from that of Connes’ correspondences as morphisms.
This will not be pursued here, but see [33 Appendix V.B| and [45]
Section 5| for background on this matter, as well as [11] in relation to
dynamical systems with automorphic (i.e., unitary) dynamics.

What is needed in addition to our development above, is a fitting
notion of the “size” of E,(A) in B, or of Ey(B) in A, in particular for
optimal transport plans (for any of our Wasserstein distances) w from
A to B or ¢ from B to A. This is relevant, simply because

B(Ewu(a)) = Eu(a(a))
for all a € A, hence « and the transport plan w determines the be-

haviour of 5 on E,(A). The role of different optimal transport plans,
when not unique, may also be of interest.
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CHAPTER 5

Examples

How is it possible, with a finite number of symbols and small number
of rules of manipulation, to create infinitely many thoughts?
— Noam Chomsky, 2022.

We now clarify our transport approach to Wasserstein distances
further by illustrating its main features with finite dimensional systems.
In this context the transfer of probabilities are easy to follow, making
the setup in Section particularly transparent. We also illustrate
how extended or refined detailed balance conditions are obtained, and
find their various formulations.

Section treats simple conceptual points used in the examples,
in terms of classical systems, each on a finite number of points. A
very specialized case of this is treated in Section [5.2, in which explicit
calculations can be performed and simple formulas for appropriately
chosen Wasserstein distances are obtained. Section [5.3] focusses on
transport between a spin 1/2 (quantum) system and a single classical
spin system, with special interest in detailed balance conditions and a
Wasserstein distance.

5.1. Extending probability transfer to or from a point

As in Example 2.5.2] consider two classical systems A = (4, a, p)
and B = (B, 3, v) whose dynamics are given by classical Markov chains
on m and n point sets, respectively. We assume that B satisfies detailed
balance, i.e., 5/ = 8. The total transfer of probability from the whole
of A to a single point ¢ in A, can be written as

(5.1.1) Zﬂpapq = Hq;
p=1

which simply expresses the invariance pa = p. On the other hand, the
transfer of probability from a single point p in A to the whole of A, is

(5.1.2) Z HpQpq = Hp;
q=1

which expresses a(1l,,) = 1,,, where 1,, is the column with 1 as all
m entries. In Section [2.4] we pointed out that AwB generalizes the
condition ([5.1.1)), being viewed as probability transfer from A to B,

89
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instead of from A to a single point in A. We interpreted AwB as a
refinement of pa = p. Similarly, Bi)A was interpreted as a refinement
of unitality. This will now be seen concretely for the current classical
systems.

A coupling w from p to v can be represented as

w:[wll Wl Win wmn],

with wy, > 0, in terms of which the conditions

n m
E Wpr = p and g Wpr = Uy
r=1 p=1

express the coupling properties of w. Note that in this finite context,
the coupling w says exactly that the portion w,, of the probability p,
of point p in A, is transported to point r in B, with the coupling condi-
tions above expressing the total transport from p and to r respectively.
Then

a(a)by
w(a(@) ®b) =w : = Zwmamath

a(a)b, P.a,r

and similarly
w(a® B'(b) = wysagfBl,br.
q,r,S

For w to be a transport plan from A to B, written AwB or w €
T(A,B), requires the further condition w (a(a) ® b) = w(a ® F'(b)),
expressed by

m n ) n v,
(513) prrapq = qusﬁsr = qusy_ﬂr&
p=1 s=1 s=1 s

which when summed over r gives exactly (5.1.1). Hence (5.1.3)) is
clearly a refinement of (5.1.1)).

Essentially the probability p, of p in A is split into n “compart-
ments” having probabilities wyz, ..., wpy, respectively, with the transition
probability a,, to ¢ in A then acting on each of these compartments.
The sum of the probabilities transported from the r’th compartment
of each of A’s points to ¢ by «, is then required to be given by the
total transport by ' from ¢’s compartments to point r in B.

Paraphrasing this, the transport from r to ¢ by «, is equal to the
transport from ¢ to r by #’. The analogy with detailed balance is clear.

In this way « is required in some measure to adhere to rules laid
down by 3. In the one extreme case where

wepov=[mr - ],

no restrictions are placed on a by AwB. In the other extreme, with
(A, 1) = (B,v) and w the diagonal measure associated to f, i.e., wy, =
i, While w,, = 0 for p # ¢, the condition AwB forces a = . The role
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of a Wasserstein distance W (A, B) is to optimize this to determine how
much of, or to what extent, B’s behaviour is reflected in that of A.

Analogously for the transfer of probability from a single point p in
A to the whole of A, versus By A. The latter acts as a refinement
of the dual property a(l,,) = 1, i.e. pa’ = p (or ' oad/ = p/ in
the general abstract notation), instead of pa = p. As above, By A is
expressed by

n m m IJ/
(514) Z wrpﬁrs = Z ¢sqa;p = Z ¢squ_papqa
r=1 q=1 q=1 4

the sum over s of which gives the transfer of probability from a single
point p in A to the whole of A,which indeed simply expresses (5.1.2)). In
the paraphrased form as above, says that the transport from p to
s by 3, is equal to the transport from s to p by o’. Again this requires A
to adhere in some degree to some aspects of B’s behaviour, the extent
of which will be measured by the Wasserstein distance W (B, A).

To clarify the connection to the case AwB, we can without loss
of generality use the dual transport plan w’, which in this context is
simply the reverse of a transport plan w from A to B, namely

/

/ /
o W e ],

/— / . e .
W—[WH W nm

where w;., = w,,, with Bw'A therefore expressed by

m M n
(5.1.5) qus—papq = prrﬂrs.
q=1 ﬂq r=1

Note that there is an asymmetry between AwB and Bw’A. This boils
down to AwB being equivalent to B'w’A’; rather than to Bw'A (see
Proposition . The set of transport plans 7'(B, A) need not con-
sist of the reversals of the transport plans T'(A,B). In particular, the
optimal transport plan from B to A need not be the reverse (i.e., the
dual) of the optimal transport plan from A to B. Consequently, we
can typically expect W(A,B) # W (B, A). If both A and B satisfy de-
tailed balance, then AwB and Bw’A are equivalent, which will ensure
W(A,B)=W(B,A).

5.2. An explicit example

In order to do explicit calculations easily, we consider the example
in the previous section for the case m = 4 and n = 2. This example
also illustrates how an appropriate Wasserstein distance can be chosen,
and the low dimensions allow us to find a simple formula for it, which
in turn sheds light on its role.

Let both the systems A and B be given by Markov chains as in the
previous section, where we take A to be the composite of two 2-point
systems, while B is a 2-point system. In the case of A, the indices
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in a,, refer to the points of its 4-point set {1,2} x {1,2} labelled as
follows in terms of the original 2-point set {1,2} :

1=(1,1), 2=(2,1)

3=(1,2), 4=(2,2).
For B on the other hand, we adapt the notation for the transition
matrix as follows:

B = [Z g} with r,s €[0,1] and 7=1—7r, §=1—s.
Recall that due to v8 = v, B necessarily satisfies detailed balance,
namely

mr = 1sS.
We interpret A as a system consisting of two classical spins, and B

as a single classical spin. Natural “coordinates” measuring these spin
values are therefore

1 1
klz—{ 1}@12 and k:2:12®—[ 1]

21 —1 21 —1
for A, where 15 is the column with 1 as both entries, and
1 1

for B. This will define the Wasserstein distances from A to B, and
from B to A; see Section [2.3]
We assume that the cost weap for a transport plan w € T'(A, B) is

given as in (2.3.3)) by the cost matrix
CAB — ‘k’l X 12 — 14 ®l’2

from systems on A to systems on B (here S,I*S, = [, since B is
abelian), which in transposed form (for typographical convenience) is

¢y =(0,1,0,1,1,0,1,0).

(In this section we often write row matrices as tuples to clearly delineate
the entries). This cost measures the square of the difference in the value
of the “first” spin in A and the spin in B. Lower cost should therefore
correspond to transitions from the set {2,4} to the set {1,3} and vice
versa in A, in order to conform to transitions between 1 and 2 in B.

A convenient parametrization of the set T'(u,v) of transport plans
w from p to v for this cost matrix, is

w = (f1 = Y1, Y2, M3 — V3 Vas Vis H2 — V2, V35 Ha — Ya),

where 0 < ; < p; for v =1,2,3,4, and
M1 — 71+ 72+ p3 — 3+ Y4 = 1.

This is convenient, since the cost of the transport plan is then given by

weap = V1 + Y2 + V3 + V4,
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the minimum of which over all w € T'(A, B) is the squared Wasserstein
distance W (A, B)2.

Any w € T(A,B) is described by the further conditions in (5.1.3),
expressed by

(H1aag + p30se) + (—y10u2 + Yot — Yaise + Yaua) = oS + YT — s)
(p1a1g + praass) + (—y1004 + Y20os — Ya33a + Yaua) = pas + (T — 5)

and

(p20o1 + pacur) + (V1001 — Y201 + Y3031 — Yaar) = pur + 11 (7 — s)
(poas + pracug) + (V10013 — Yooz + Y3033 — Yauaz) = p3r + 3(7 — ),

which we now view as an extended or generalized detailed balance
condition. Due to the invariance pua = p, there are other equivalent
ways of stating these conditions, however, the form above emphasizes
transitions in A from the set {1,3} to the set {2,4} in the first two
conditions, and vice versa in the last two. This generalized detailed
balance condition is trivial when w = p ® v, though, and is therefore
not of much use as it stands. We need to quantify how strong it is,
which is where the cost and Wasserstein distance come into play.
In particular, zero cost wcap = 0 corresponds to the conditions

(5.2.2) M1012 + 3032 = 428, 1004 + [I3Qi3s = [14S
and
(5.2.3) Holio1 + [aQyy = 1T, foQia3 + flyQly3 = 3T,

which in our picture therefore give the form of the generalized detailed
balance condition in A closest (in terms of our chosen cost) to the de-
tailed balance in B. We note that these conditions are indeed satisfied
by a multitude of systems A and B, hence zero cost can indeed be
reached, in this case for the uniquely determined transport plan

W = (Ml) 07 M3, 07 Oa Ha, Oa M4)

It is also clear that in this example B is uniquely determined by A
when wcap = 0. In particular, p; + pus = vy.

In the latter, we obviously have W(A,B) = 0. However, more
generally for any A and B in this example, W gives us bounds on how
far the generalized detailed balance condition is from the optimal form

(5.2.2) and (5.2.3)). To see this, a simple definition of the deviation

from this optimal form can for example be taken as

[ = |pmoag + pgosy — pas| 4 |pang + psorss — fias|
+ |poar + paun — par| + |poces + pacus — psr|
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from which we clearly see that
f<a+F—s)W(A, B)

[ AT+ 3W(A,B)? ifr+s<1
T 4(r+s)W(A,B)? ifr+s>1.

For the special case

r+s=1
this bound takes the simple form
f<A4AW(A,B)%.

Because of the signs in front of the 7;’s in the conditions for w €
T(A,B) above, this is not necessarily a very tight bound, though. A
version of all this for each of the individual terms in f can also be
written down.

Perfectly analogous results are obtained for transport from B to A,
in terms of o instead of «v, and W (B, A) instead of W (A, B). We note
that Bw'A can also be expressed via A'wB (see Chapter 4] ).

To be clear, the cost matrix from B to A is obtained by simply
swapping the roles of A and B. That is,

CBA:|Z®14_12®k1|2a

while the parametrization of the set T'(v, u) of transport plans w from
v to pu becomes

w' = (11 = V1,715 Y25 2 — V2, 13 — V3 V35 V4, Ha — Va)-

We then have equal cost in the two directions, w'cpa = weap.

For zero transport cost from A to B, the condition AwB is ex-
pressed by and . On the other hand, for zero transport
cost from B to A, the condition Bw'A is expressed by

(56.24) oz tau=agp+ oz =71 and g + a3 = @y + oz = s.
That is, the transport conditions AwB and Bw’A place different re-
strictions on A, which means that W (A,B) and W (B, A) are in gen-
eral not simultaneously zero; for given (A, i) and B, the values W(A,B) =

0 and W (B, A) = 0 are respectively reached on different sets of a,,’s.
In other words, there are A and B such that

(5.2.5) W(A,B)=0 and W(B,A) #0,
as well as A and B such that
(5.2.6) W(A,B)#0 and W(B,A)=0.

For example, in the case ay,, > 0 for all p and ¢, transform a such that
Qi > €, Qi3 = Q3 — €, flaQal H> laiyy — (i€ and fiacrp3 >
facrog + pie, while all the other ay,’s are left unchanged. Then, for

small enough |e], (2.5.2)), (5.1.1) and (5.2.4]) are preserved, but (/5.2.3))

is not. So even if AwB and Bw'A both hold initially, then after this
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transformation only Bw’A continues to hold. In particular, in the case
of the unique couplings w and w’ (determined by v = ... = 74 = 0)
which can respectively lead to W(A,B) = 0 and W (B, A) = 0, only
the latter still holds after the transformation.

The cost matrix

cap=ki®L— L+ |kholy— 1,1

can similarly be studied, and as may be expected, leads to a weak
form of the usual detailed balance condition g4 = pyq; between
the point (1,1) and (2,2) in A.

5.3. A simple quantum example

To get an impression of our framework for quantum systems, specif-
ically in relation to detailed balance conditions, we take a brief look at
a Wasserstein distance between a very simple spin 1/2 system and a
2-point classical system.

Let B be as in Section [5.2] In this section the quantum system
A = (A, a, ) will be defined directly on M,, instead of in standard
form (also see Example [2.5.5)), with

A= My, ala)=\UyaU, + S\UZGUW and p(a) = Tr(p,a)

for all @ € A, in terms of the unitary and density matrices

1

a=[3 &) e[
respectively, with n,o € R, 0 < A < 1 and A=1-—\ Itis then
elementary, though somewhat tedious, to deduce the results below.

With transposition in the given basis serving as a reversing oper-
ation 6, A satisfies #-sqdb (Example [2.5.5| gives a definition sufficient
for this example) for any values of 1, ¢, and A. However, depending on
certain Wasserstein distances from A to B, the former can have an ad-
ditional property, which may also be interpreted as a form of detailed
balance, as will be discussed below.

Taking the coordinates (as in Section for A as the Pauli spin
matrices,

(1 0 1101 110 —i
kl—ﬁ{o —11”“2—5{1 01”{3_5{@' 0}’
and again using ((5.2.1)) for B, also setting I3 = [, then via ([2.3.3)) and
(3.1.2) for d = 3, the condition W(A,B) < 1 implies that r +s > 0

and
(5.3.1) Asing 4+ Asin g = 0.

In fact, if AwB for w # p®vr, and we assume r+s > 0, then (|5.3.1])
follows. However, W(A,B) < 1 implies all of this, and this inequality
can indeed be attained on certain sets of systems A and B.
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To see the significance of ((5.3.1]), consider any density matrices X
and Y for A. Let

a*(X) = \U,XU; + U, XU,
express the action of « in terms of X. Set
Vxy = Tr(a*(X)Y) — Tr(XY).

One then finds that Vxy = Vi-x if and only if or Im(XyYy5) =0
holds, where the latter refers to entries of the matrices X and Y.

For pure states X and Y, this has a simple interpretation: If the
physical system is currently in the state X (with u now viewed as
a “reference” state, rather than necessarily being the state in which
the system finds itself), then Tr(XY") is the probability for the system
being found to be in state Y when measuring an observable with Y as
an eigenstate at the current time. Correspondingly for Tr(a*(X)Y),
but one step into the future, when the system is in state a*(X). Hence
we can heuristically think of Vxy as a flow of probability from X to
Y during one step of time evolution of the state X. The condition
Vxy = Vyx tells us that this flow is the same in both directions, i.e., it
can be viewed as a form of detailed balance, at least between pure states
X and Y for which ITm(Xs;Y72) # 0. The condition Im(X5;Y32) = 0, on
the other hand, describes a small set in the Cartesian product of the
set of spin 1/2 pure states with itself, in the sense that the condition
can cease to hold due to an arbitrarily small change in either of the
states X or Y.
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