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ABSTRACT

In this work the inner wall surface geometry of a two-layer-
wall furnace system is estimated using inverse process method
combined with grey prediction model. In estimating process a
virtual area extended from the inner surface of furnace wall is
used for analysis. The heat conduction equation and the
boundary condition are first discretized by finite difference
method to form a linear matrix equation; the inverse model is
then optimized by linear least-squares error method and the
temperatures of virtual boundary are obtained from a few of
measured temperatures in furnace wall using the linear inverse
model; and finally the temperature distribution of system is got
by direct process and the inner surface geometry of furnace wall
can be estimated accordingly. The result shows that using
inverse process combined with grey prediction model the
geometry can be exactly estimated from relatively small number
of measured temperatures. Moreover, the effects of
measurement error, location and number of measured points on
the estimation for inner surface geometry of furnace wall are
discussed in detail.

INTRODUCTION

In inverse heat conduction problem, if the temperatures at
some appropriate points on the surface or inside the solid are
measured by an infrared optical thermometer or a thermo-
couple, the data can then be used to find the initial values and
boundary conditions or to analyze some significant parameters,
such as thermal conductivity [1], surface heat flux [2]. As for
the estimate of undetermined geometry of the boundary by
inverse process, a general method was first developed in 1986
by Hsieh [3]. This method can also be applied for the estimation
of non-linear geometry. A three dimensional geometry was
successfully predicted by the finite element methods proposed
by Met [4]. In 1997, Huang [5] estimated an irregular boundary
using a boundary element approach by both conjugate gradient
and Levenberg-Marquardt methods.

Grey theory was pioneered by professor Deng in 1982[6].
The key technique for grey prediction is to obtain a new series

from an original series using accumulated generating operation
(AGO), then to form a differential equation and get its solution
from the new series, and finally to obtain the prediction result
for the original series by means of inverse accumulated
generating operation (IAGO). Chen and Tien [7,8] estimated the
prediction model parameters using deterministic convergence
scheme and proposed a method for prediction, namely,
deterministic grey dynamic model (DGDM). There is a transfer
function existing between the input and output series for this
model, so the prediction accuracy can be largely promoted. In
this work, DGDM is combined with the inverse process for
estimating the inner wall surface geometry of a two-layer-wall
furnace in order to reduce the number of really measured points
and promote the work efficiency.

PHYSICAL MODEL AND GOVERNING EQUATIONS
A two-dimensional furnace of two layer walls with different
materials was taken as the system for study in this work, as
shown in Fig.1. The radius of the furnace outer surface, 7, , and
the boundary between the outer and inner layer walls, 7, , are
constant. The radius of the furnace inner surface, 7, , varies
with 0 ,i.e. 7, = f(0), which is the unknown geometry to be
estimated. For establishing a physical model for this work some
assumptions were made as follows:
1. The temperature inside the furnace, 7_" , is at steady state in
long operation period.
2. The temperature at the furnace outer surface is 7, .

3. The surrounding temperature around furnace is 7, .
4. The thermal conductivity are constant, k; and k, for the inner

and outer layer walls of the furnace, respectively.

5. The contact thermal resistance between the inner and outer
layer walls of the furnace is neglected due to their
compactness.

6. The heat transfer coefficient, / , is also constant.
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Fig.1 A two-dimensional system of two layer furnace walls with
a sinusoidal inner surface containing a virtual area.

Therefore, the governing equation for this system can be
represented as follows:
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The associated boundary conditions are given as
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For the boundary between the inner and outer layer of the
furnace walls is
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where T, and T, are the temperatures of the boundaries for the

inner and outer layer walls of the furnace, respectively.
Since the temperature varies periodically for 6 with a
period 27, one can have

T(7,0)=T(,0+2n) 6)

The dimensionless parameters are taken as
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The governing equation and boundary conditions Egs. (1) - (6),
can be transformed into a dimensionless form as the following
by means of Eq. (7).
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99 _ iy 0) r=r =1 (10)
or
T;'h(rbﬂe):];b(rhbe) r=r (11)
kl(aT(r,G)] :ka(aT(F,G)J ren (12)
or ; or )
T(r,0)=T(r,0 +21) (13)

where Bi is Biot number and Bi=0.225,k, =k, /k, =0.125,
r, =0.8 is used in this work.

In the inverse process for predicting the unknown boundary
geometry, #, =7(0) , a virtual area with an inner boundary,
r=r, and r, <r(0),is introduced as shown in Fig.1. The inner
surface of furnace wall has a sinusoidal shape and can be
expressed by the following function.
7(0)=0.6—-0.1sin0 (14)

NUMERICAL METHOD

A. Direct problem

The temperature measurement was not actually performed in
this work. Therefore, it is necessary by the direct problem to get
the temperatures of the outer surface and the inside of the
furnace wall and then provide some temperatures of measured
points for the inverse process. The finite-difference method was
first used to discretize the governing equation and boundary
condition of Egs. (8)-(13). The result was shown as follows:

1 11

) (T =275 +Ti) +r_E(T’*“‘ =T_)
J
1 1
+VQW(T;\/¢—I =27, +7,,.,)=0 (15)
J
T, =1 r=r (16)
kio 1
Tjh,k = 1+k ij—l,k +Wij+l,k r=r (17)
T.,.—-T
J+l.k2Ar J-Lk — —Bl TJ’,\, r= ro (18)
T,-T, (19)

In Egs. (15)-(19), Arand A are the increment in dimensionless
space coordinates; T, is the dimensionless temperature of grid
point (j,k) in which subscript j and k are the jth and kth grid
point in » and 6 coordinates, respectively; The subscript .J
and jb represent the grids at the outer surface, » =7, , and at
the boundary between the inner and outer layer wall, r=17, ,
respectively. As shown in Eq. (17), T, the dimensionless
temperature at the boundary, can be represented by 7)., ,, the

first point temperature of the outer layer wall in the radial
direction, and T}, , , , the last grid point temperature of the inner

layer wall in the radial direction, so the temperature at the
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boundary in the grid can be eliminated from the calculation.
Therefore, the successive matrix operation can be simplified.
The governing equation and boundary condition Egs. (15) - (19)
for heat conduction can be re-arranged into a proper matrix
equation; hence the temperatures for all grid points in the
furnace wall can be obtained by only one calculation. The
rearranged matrix equation with iterative form is shown as
follows:

AT, =D, (20)

nxn nxl

where A is a constant matrix which is a function of the space
increment Ar , AQ and the system properties and can be
constituted by a numerical method and a physical model; T is a
column vector constituted by the dimensionless temperature
field of the discrete points in the system, which is the
dimensionless temperature field of all grid points in this work;
Vector D is a function of the dimensionless boundary condition;
and 7 is the number of linear equation groups after
discretization. The chief aim of direct problem is to solve the
dimensionless temperature field T for all grid points as the
boundary condition and the heat property are known. Therefore,
vector T in Eq. (20) is the unknown for solving in the direct
problem. Its solution can be directly solved by the Gauss
elimination method, and a small number of temperatures from
the temperature field can be used as the measured temperatures
for the inverse process.

B. The deterministic grey dynamic model
If a system consists of an input series U” (1), U (2), ...

and an output series X (1), X'”(2), ....and the input series

can affect the output series through a transfer function, then the
system is a dynamic one. Through the transfer function the
effect of the input series on the output series at some moment
can continue to next several moments. The input series is called
leading indicator by economists and the output series is the
predicted series.

From the research by Box [9], the generalized model for
describing continuous dynamic system can be written as:

(I+&D+..+5, D)X () =g+, D +...+n,D)U@). (21)

where D denotes d /dt ; &, and n, are constants; U and X are

input and output series, respectively. This model is called
transfer function model of (p,q) order.

For prediction by grey model GM(1,1), the original series
should be treated by AGO. Its aim is to reduce the randomness
of series. In this work a prediction method is proposed, which is
called deterministic grey dynamic model, simply denotes as
DGDM(1,1,1). In this model the grey differential equation
GM(p,q) is replaced by the Eq.(21), the AGO of GM(p,q) is
preserved, and the model parameters are estimated by using
deterministic convergence scheme.

Assuming that U” and X are input and output series of a
dynamic system, and (U@ (¢) , X”(¢) ) can be obtained by
means of observation at equal time intervals. For showing the
relationship between variations of X and U, a prediction model
DGDM(1,1,1) is established by the replacement of the U and

X in Eq. 21) by series U™ and X" formed from U'” and
X through 1-AGO, respectively. In DGDM(1,1,1) the first 1
stands for the first-order derivative of 1-AGO series of
X @ geries, the second 1 stands for the first-order derivative of
1-AGO series of U'” series, and the third 1 stands for 1-AGO.
Therefore, the grey dynamic model DGDM (1,1,1) can be
written as:

dx(f) dU™(r)

R + X0 =5, +S,UN@) , t=12.n  (22)

where,

XY= Xx"0 , t=12,..n
i=1

uln=3U0"0 , t=12,..n

i=1
They are the series formed from X and U by 1-AGO,
respectively; R , S, and S, are the model parameters to be
estimated. The first step for DGDM(1,1,1) is to estimate the
model parameter R , S, and S, by deterministic convergence
method. The dX"(f)/dt and dU" (t)/dt are obtained by fitting

X" and U" to a cubic spline curve. The leading indicator
dU" (¢)/dt is further fitted by Fourier series and is integrated,
and then the U™ (¢) is obtained. Finally, the X" (¢) is solved
and is operated by 1-IAGO to get x (s), which is the
prediction values of output series wanted by the present model.
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Fig.2 The schematic diagram for the locations of measured
points and predicted points, and the calculated grid of a furnace
wall with a sinusoidal inner surface.

To verify the appropriateness for application of
DGDM(1,1,1) to the heat conduction problem, as shown in
Fig.2, ten really measured temperatures at outer surface of
furnace wall ( »=1.0 ) are taken as the leading indicator,

U”@), i=12,.,10, and a prediction series taken from the
temperatures at various measured locations under the case with
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a real measurement error, oc=15% , for establishing
DGDM(1,1,1). The predicted results are shown in table 1. It can
be shown that the indirect measurement errors are larger than
the real measurement errors when six points are predicted by
prediction model established from four points data. This
phenomenon can be ascribed to the number of predicted data
larger than the number of data for establishing model and to the
effect of real measurement error, which make the needed
information insufficient and the system characteristics vague.
When the number of data for establishing model is equal to or
larger than the number of predicted data, the accuracy of
prediction is still satisfactory even under the case with
consideration of real measurement error. It is obvious from the
results stated above that the temperatures obtained by
DGDM(1,1,1) can be used as the measured temperatures for
estimating the inner wall surface geometry of a two-layer-wall
furnace in inverse process.

Table 1. The results predicted by DGDM(1,1,1) with a input
series taken from the temperatures at outer surface of furnace
wall ( r=1.0 ) and a prediction series taken from the
temperatures at various measured locations under the case with
areal measurement error, o = +5% .

Prediction | Prediction | Indirectly | Really g0 hercentage
. . ) measured | measured o
location | grid point value value of indirect
r i XO0) X©() | measurement %
0.95 5 0.66981 [ 0.65195 2.74
0.95 6 0.67520 | 0.67360 0.24
0.95 7 0.70204 [ 0.77200 9.06
0.95 8 0.67551 [ 0.74632 9.49
0.95 9 0.59882 [ 0.71609 -16.38
0.95 10 0.51422 [ 0.62700 -17.99
0.9 6 0.71521 | 0.68824 3.92
0.9 7 0.74263 0.77916 4.69
0.9 8 0.77884 [ 0.77618 0.34
0.9 9 0.72756 | 0.71459 1.82
0.9 10 0.70159 | 0.66861 4.93
0.85 7 0.77460 [ 0.79090 -2.06
0.85 8 0.74383 [ 0.73109 1.74
0.85 9 0.67409 [ 0.70117 -3.86
0.85 10 0.63059 [ 0.66026 4.49

C. Inverse problem

In the inverse process for estimating the inner wall surface
geometry of a two-layer-wall furnace, because the boundary
geometry, 7,(0) , is unknown, the area for calculation cannot be
sure so that the inverse process cannot be performed. Therefore
the concept of virtual area is then introduced in this work. As
shown in Fig.l, a virtual area is added in »<r and some
assumptions for this virtual area are made as follows. The
virtual area has the same thermal conductivity, governing
equation, basic assumption, and boundary conditions (except for
the inner boundary of virtual area) as the actual system.
Therefore, the inner boundary of virtual area can be changed as

T.-T, r=r, 23)

v,J
where, 7,=0.2 is used in this work, the subscript v of 7, ,

denotes the grid point at the virtual boundary in the » direction;
T, is the temperature at the grid point (v,j) of the virtual
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boundary. For performing inverse operation, the governing
equation and virtual boundary conditions would be rearranged,
and the virtual system can be represented by the following
matrix equation.

A, T. =B_C,, (24)

nxn ~nxl nxm

where, A is a constant matrix consisting of the thermal
properties and space coordinates; T is a vector consisting of the
temperatures of the measured points; vector C consists of

temperature, T, ,of the discrete points for determination; B is

the coefficient matrix of C; The »n is the number of discretized
linear equations; and m is the number of unknown boundary
conditions.

The inverse model is then optimized by the linear least
squares error method and the optimum of estimated value C,_,
can be got by solving following equation.

C,, =(E'E)'E'T,, =RT (25)

mea mea

where E=A™'B,R =(E"E)"'E’ is called the reverse matrix of

the unknown boundary conditions. In sum, if measured
value T, is given, the optimum of estimated value C,,can be

obtained from the reverse matrix.

The main aim of the present work is to obtain the inner wall
surface geometry of a two-layer-wall furnace. Using governing
equation and boundary conditions consisting of the outer
surface temperature of furnace wall and the estimated
temperature of virtual boundary obtained from Eq.(25), the
temperature field of furnace wall and virtual area can be simply
solved by direct process. The isothermal line, 7'(r,0) =1, in

temperature field is just the inner wall surface geometry of a
two-layer-wall furnace. It should be noticed that when the
isothermal line does not lie on calculated grid points, the exact
locations of isothermal line should be calculated by
interpolation.

RESULTS AND DISCUSSION

It has been shown in section B that the results or the
temperatures in furnace calculated by DGDM(1,1,1) is
satisfactory. Hence the measured temperatures needed for
inverse process can be taken partly from the really measured
temperatures and partly from the indirectly measured
temperatures obtained from a few of really measured
temperatures  through DGDM(1,1,1). To verify the
appropriateness of the present method, it is necessary to discuss
the effect of different numbers of measured points with different
locations on the predicted result for the inner wall surface
geometry of a two-layer-wall furnace.

In practice, the temperature measurement always contains
some degree of error, of which magnitude depends upon the
measuring method employed. Therefore, the simulated
temperature measurement adopted in the inverse problem is also
considered to include measurement errors. For reasons of
practicality, the present study adds a random error noise to the
exact temperature values computed from the direct problem.
Hence, the measured dimensionless temperature, 7T is

mea

expressed as
Trea = T (14 00) (26)

mea
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where T

e 18 the field temperature of the measured points
obtained from the direct process, @ is a random number
between -1 and 1, and o is the standard deviation of the
measurement error.

Fig.3 shows the temperature field of virtual area and furnace
wall with a sinusoidal inner surface, which is obtained from four
directly measured temperatures and six indirectly measured
temperatures calculated by DGDM(1,1,1) at7 =0.95 under the
case of neglecting measurement error. The isothermal
line, T'(r,,0) =1, in Fig.3 is just the inner wall surface geometry
of a two-layer-wall furnace, which is what the present work
wants. Above this isothermal curve is the furnace wall and
below is the virtual area.

A AL
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0.7
" 06
0.5

45 90 135

180 225

0
Fig.3 The temperature field of virtual area and furnace wall with
a sinusoidal inner surface, which obtained from four directly
measured  temperatures and six indirectly measured
temperatures calculated by DGDM(1,1,1) at »=0.95 under the
case of neglecting measurement error.

270 315 360

Fig.4 shows the results predicted from both temperatures of
various measured points and indirectly measured temperatures
calculated by DGDM(1,1,1) at »=0.95 under the case with
measurement error o = +5% , the deviation of estimation for the
inner surface geometry of furnace wall has an increasing trend
due to the number of predicted points calculated by
DGDM(1,1,1) not less than really measured points. When the
number of predicted points calculated by DGDM(1,1,1) is less
than the really measured points, the estimated result is then very
consistent with the result (dotted curve) estimated without using
DGDM(1,1,1)

For studying the effect of measurement error on the
estimation of inner surface geometry of furnace wall, 10 grid
points at »=0.95 are selected, which consist of four points
calculated by DGDM(1,1,1) and six really measured points,
simply denoted DGDM(1,1,1)6-4. The grid points are so
selected that the number of really measured points can be
decreased and the accuracy of estimation is still preserved. The
estimated results are shown in Fig.5 for the measurement error
of 6 =+1% , 3% and +5% respectively. For the case with
measurement etror o =+1% , the estimated geometry has a
slight deviation from the real values. The estimated values are
also increased as measurement error increased to +3%
and £5% . However, the estimated geometry is still quite exact.
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Fig4 The inner surface geometry of furnace wall predicted
from the temperatures of different measured points and the
indirectly measured temperatures calculated by DGDM(1,1,1) at
r=0.95,0 =£5% (N: number of measured points; NF: number
of predicted points).
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Fig.5 The effect of measurement error, o = 0% ,+1% , +3% and
+5% ,on the inner surface geometry of furnace wall estimated
by DGDM(1,1,1)6-4 from measured points of »=0.95.

Fig.6 shows the effect of measured point locations, » =0.95,
0.90 and 0.85, on the estimation of inner surface geometry of
furnace wall estimated by DGDM(1,1,1)6-4 for measurement
error o =15% . It can be found that the estimated result is
better for the measured points most near inner surface and the
estimation deviation would increase with the increase of
distance between the measured points and the boundary to be
determined. For the thicker furnace wall at 45° < @ < 225°, the
estimation deviation is obviously larger than other thinner
furnace wall. These results display that the measured
temperatures decrease as the measured points are farther from
inner surface, in other words, the measurement error is an
important factor for the estimation of inner surface geometry of
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furnace wall. In any case, the estimated result is still quite

precise even for the measured locations much near outer surface.

For studying the effect of measured point number on the
estimation of inner surface geometry, the inner surface
geometry is first estimated by the values calculated by
DGAM(1,1,1)6-4 at r=0.95 for the measurement error
o =+5% . The estimated result is shown in Fig.7 It can be seen
that the estimation deviation is relatively large for
45° <0 <225 due to the farther distance between measured
points and boundary, and the other area has quite well estimated
result. When a row of measured points are progressively added
at »=0.90 and r=0.85, the result is obviously improved for
the inner surface far removed from the measured points.:
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0'3\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\
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0
Fig.6 The effect of measured point location, » =0.95, 0.90, and
0.85, on the inner surface geometry of furnace wall estimated by

DGDM(1,1,1)6-4 for measurement error o = £5% .
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Fig.7 The effect of measured point number on the inner surface
geometry of furnace wall estimated by DGDM(1,1,1)6-4 for
measurement error o = +5%.
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CONCLUSIONS

In this work the inverse matrix method combined with
DGDM(1,1,1) has been shown that it can be successfully used
to estimate the inner wall surface geometry of a two-layer-wall
furnace. It has advantages as follows. The unknown state to be
estimated is first represented by a column vector and the
estimated values can be obtained by only one operation process
in which no assumptions are needed for the function form of
unknown state, and the initially guessed values and iteration
operation are also not necessary. It is quite efficient for treating
unknown conditions with complexity. The accuracy of
estimated values is increased with decrease in distance from
measured points to the inner surface of furnace wall. In the case
with relatively large measurement error, the accuracy of
estimated values can be improved by increasing the number of
measured points. In inverse process, the accuracy of estimation
increases with increase in the number of measured points, and
even in the case with a higher measurement error, the accuracy
of estimation is still able to be preserved if the number of
measured points is sufficient. Although the accuracy of
estimation can be increased by the increase of measured points,
the measurement cost is then increased and the efficiency is
decreased accordingly. Therefore, the DGDM(1,1,1) can be
combined to the inverse process to reduce the number of really
measured points and still preserve the estimation accuracy. The
method proposed in the present work can be applied to the
academic and industrial circles.
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