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Abstract

Risk management in banking necessitates computationally intensive risk metric calcula-
tions, particularly through scenario analysis. This process is often time-consuming and
costly. Numerical techniques, such as Chebyshev methods, can mitigate these burdens by
enhancing calculation efficiency and reducing complexity.

This study evaluates the application of Chebyshev numerical techniques in risk calculations,
specifically focusing on counterparty credit risk due to its relevance and increased impor-
tance post the 2007-08 financial crisis. Using adaptations from open-source libraries such
as MOCAX Intelligence, trials were conducted on representative instruments and portfo-
lios. Key metrics, including credit value adjustment and potential future exposures, were
computed.

The findings reveal that Chebyshev techniques significantly reduce computation costs (1%-
10% of current costs) and enhance calculation speeds while maintaining acceptable accuracy
for risk management. Thus, Chebyshev numerical methods substantially improve the effi-
ciency of risk metric calculations within the banking sector.
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List of Terms

credit risk —refers to the possibility that a debtor may default on payments or contractual
obligations. Often one thinks of lending risk where the amount owed is known in
advance.

market risk - results from the short-term movement of market prices . It can be linear,
stemming from exposure to changes in variables such as stock prices, interest rates,
foreign exchange rates, commodity prices, and credit spreads.

counterparty credit risk — represents a combination of market risk, which defines the
amount being owed, called exposure (this amount is unknown in advance is dependent
on market factors) and credit risk, which defines the credit quality of the counterparty
in transaction.

value at risk — is denoted by VaRi_,(7), and when VaR;_,(7) = X it says “we are
(1 — ) percent confident that we will not loose more than X units of currency in the
next 7 days”, see Section 3.1.2.

derivatives (finance) — in finance, a derivative is a financial contract whose value is
derived from the performance of an underlying asset, group of assets, or benchmark.
These underlying assets can include: stocks, bonds, commodities, currencies, interest
rates and market indices.

derivatives (maths) - in mathematics, a derivative is a fundamental concept that rep-
resents the rate at which a function changes at any given point as its input changes.
The derivative of a function at a particular point is the slope of the line tangent to
the graph of the function at that point.

over-the-counter — are financial contracts that are traded directly between two parties,
outside formal exchanges.

expected tail loss — or expected shortfall (ES) measures the average loss that occurs in
beyond a certain confidence level. This provides a more comprehensive view of risk
by considering the severity of losses beyond the Value at Risk (VaR) threshold.

LIBOR and JIBAR - LIBOR is a benchmark interest rate at which major global banks
lend to one another in the international interbank market for short-term loans. The
LIBOR is used as a reference rate for various financial instruments, including loans,
mortgages, and derivatives. The benchmark interest rate used in South Africa is called
the JIBAR. Global efforts are underway to address weaknesses in current benchmark
rates and transition to more robust alternatives, often referred to as near risk-free
rates.

prime lending rate - is the interest rate at which commercial banks charge their most
creditworthy customers. This rate is often used as a benchmark for various loan
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products, including mortgages, personal loans, and credit cards. The prime rate is
influenced by the central bank’s monetary policy and is typically set a few percentage
points above the central bank’s repo rate (the rate charged to commercial banks).

real world and risk neutral - In the real world measures, the question is what is the
actual probability of an event, and this is often estimated using historical data. In
the risk neutral measure, we calculate the risk-neutral (or market-implied) probability
from market observables (market prices or rates that imply risk factor levels).
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 Background

1.1.1 Risk Management in Banking

Traditionally, risk management in the banking sector has focused on credit risk as the
main function of lending. Credit risk refers to the possibility that a debtor defaulting on
payments or contractual obligations. This default risk varies by jurisdiction and should
be evaluated throughout the lifetime of exposure. For example, with bonds, the bond
holder must examine the maturity of the bond and the credit risk profile of the bond issuer.
Consequently, this process involves assessing the probability of default (PD), expected
exposure (EE) and the recovery value or loss given the default (LGD).

Banking services evolved from merely lending to include trading more sophisticated finan-
cial instruments, mainly found in merchant banking, such as trading currencies, stocks,
bonds (corporate and sovereign debt), commodities, futures, and derivatives, which led to
the advent of market risk.

Market risk results from short-term of market prices movement. It can be linear, stemming
from exposure to changes in variables such as stock prices, interest rates, foreign exchange
rates, commodity prices, and credit spreads. Alternatively, it may be non-linear, arising
from exposure to market volatility, such as in a hedged position or derivatives. Over the
past two decades, quantitative risk management techniques have been extensively applied
to measure and manage market risk.

Market risk gained prominence with J.P. Morgan’s introduction of RiskMetrics™ and the
value at risk (VaR) concept in 1992, published by Zangari [44].

This focus was prompted by significant market risk-related losses in the 1990s (e.g., Bar-
ings Bank) and subsequent amendments to the Basel I capital accord in 1995 [40], which
permitted financial institutions to use proprietary mathematical models to calculate their
market risk capital requirements. Market risk considerations have significantly driven the
development of the value-at-risk approach to risk quantification.

VaR is defined as a probabilistic measure of the market risk for a portfolio with fixed
holdings, considering its future market value as a random variable.

Page 1 of 100
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VaR metrics depend on:

e the distribution of the random variable, and

e the portfolio’s current market value.

Various metrics such as the standard deviation of profit and loss (P&L) and the 95th-
percentile of loss fall under VaR. A VaR measure assigns these metrics to portfolios based on
models that link computation to interpretations. Early VaR measures evolved from portfolio
theory and capital adequacy computations as documented by [16] and [17], respectively.
Key debates about VaR include the assumptions of distribution, volatility estimation, and
correlation measurement. [3] highlight that VaR, understood as a percentile, is not a
coherent risk measure. They introduced requirements for coherent risk measures, leading
to expected tail loss (ETL), also known as conditional value-at-risk (CVaR) or expected
shortfall (ES), which satisfies properties such as monotonicity, sub-additivity, homogeneity,
and translational invariance. For counterparty credit risk, we have a VaR like risk metric
called potential future exposure (PFE).

Counterparty Credit Risk (CCR)! represents a combination of market risk, which defines
the exposure, and credit risk, which defines the credit quality of the counterparty in trans-
actions (often derivatives transactions)[19]. Market risk can be mitigated by entering into
an offsetting contract. However, unless this is done with the same counterparty as the
original position(s), counterparty risk is generated. Beyond default, deterioration in credit
quality can cause mark-to-market losses due to increased future default probabilities, which
generates counterparty risk.

Counterparty risk, traditionally seen as credit risk between over the counter (OTC) deriva-
tive counterparties, has become crucial since the global credit crisis? (GCC) highlighted its
significance. The main metric of counterparty risk is credit valuation adjustment (CVA),
which can be defined as the difference between the fair value of a derivative without counter-
party default risk and the fair value of the same derivative considering the potential default
of the counterparty. There are various other valuation adjustments collectively known as
X-valuation adjustments (XVAs), where the “X” is place holder?.

Historically, institutions have limited this risk by dealing only with sound counterparties,
but the crisis revealed that even highly rated entities could pose substantial risks. Many
banks accounted for counterparty credit risk well before the global financial crisis by taking
“reserves” against potential future losses. Based on historical data, these reserves remained
relatively stable . This method treats CVA as a statistical estimate of expected counter-
party risk losses, similar to a loan loss reserve, and is not marked-to-market but estimated
actuarially.

Regulatory pressures have since attracted increased attention to counterparty risk across all
financial institutions. In particular, since the 2008 financial crisis , capitalization for CVA
has become increasingly important as a risk management tool for financial institutions.
This is because most losses emanate from CVA (deterioration in credit quality or widening
of spreads) rather than from actual defaults.

LOr simply counterparty risk

2also refereed to as the global financial crisis

3The ’X’ can represent various terms such as debit, collateral, funding, margin, capital, among others.
See Section 3.3
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CVA is generally charged with uncollateralized or partially collateralized trades with a
counterparty at the trade or portfolio level to mitigate the risk of default and is marked-to-
market regulatory. However, banks are also required to hold capital to cater to CVA losses

The Basel Committee on Banking Supervision (BCBS) defines CVA risk as the risk of losses
arising from changing CVA values in response to changes in counterparty credit spreads and
market risk factors that drive the prices of derivative transactions and securities financing
transactions (SFTs) [41]. Tt is a requirement that all banks involved in covered transactions
calculate their capital requirements for CVA risk in both the banking and trading books.

1.1.2 Generic risk engine process

Figure 1.1 the typical process involved in modern risk calculations in which the Chebyshev
interpolants can fit. The steps are:

1. Input collection: This entails the collection of trade and portfolio information: specific
trade information, trades, positions or units, counterparty details, valuation models
model selection.

2. Engine preparation: Curve mapping and selection of stochastic models for underlying
risk factors. These could include stock prices, commodity prices, currency exchange
rates, credit quality, interest rates and various related sensitivities and parameters.

3. Scenario Generation: Risk factors scenarios are generated or loaded for various poten-
tial outcomes based on the driving stochastic processes or appropriately representative
time-series.

4. Pricing: For each node of the scenario matrix, the portfolio or trades within must be
priced given the prevailing inputs and parameters at that node. This implies that the
average pricing time is multiplied by the number of scenarios considered.

5. Special modelling : Collation of valuations or exposures such as positive, negative,
expectations, discounting, etc.

6. Risk metric computation: Various risk metrics can then be computed, such as CVA,
XVA , PFE, VaR, ES (simulation based approaches), initial margin models (IMM)*
and capital charge .

In general the pricing step tends to be a bottleneck in the process flow. This is because
pricing models may take a long time to run or the models my reside elsewhere, say the front
office system, or may not be readily accessible to the middle office or risk system owner.
Addressing this bottleneck presents an opportunity to improve the overall efficiency of risk
engines.

4such as ISDA’s Standardised IMM
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Generic Risk Calculation Engine

The bottleneck of the risk calculation: Input Collection
80-99% of total computational time
Engine preparation

Standard approach = = Fast appmach
l Scenario Generation |

T
i ¥

Original Pricer Pricing ug’:e':;:::‘e
1 : ,
o ) 2
Special Modelling
Collateral, WWR ...

}

Risk Metrics
*  VaR, ESF, XVAs, PFE ...

]

| Output Incorporation | -------- Build Chebyshev objects

Evaluate original pricer Evaluate Chebyshev objects

Figure 1.1: The figure display the process flow of generic risk calculation engine [35]
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1.2 Objectives

The main idea or appeal of Chebyshev techniques is to use them to build proxy functions
to be deployed in computationally intensive risk calculations to exploit their exceptional
run times and therefore reduce the total run time without compromising too much on the
accuracy of the risk metric being calculated.

This optimization scheme which is the object of our study is underpinned by the following
principles:

1. the original pricing function in the building phase should be called considerably fewer
times than that in the first principles approach;

2. the precision of the interpolating object should be very good; and

3. the computational cost of evaluating the interpolating object should be low.

The objective of this study is to understand and verify the use of Chebyshev techniques in
fulfilling the requirements of the optimization scheme as described above.

1.3 Document structure

The rest of the dissertation is structured as follows:

Chapter 2 Literature Review: This chapter reviews the existing literature on bank-
ing risk calculations and the application of Chebyshev techniques. It covers various risk
calculation methods, including full valuation VaRs, historical simulation methods, Monte
Carlo (MC) simulations, and CVA theory and quantification. This chapter also discusses
the motivation for focusing on Chebyshev techniques.

Chapter 4 Methodology : This chapter outlines the theoretical framework of Cheby-
shev techniques and their applications. It covers approximation theory, multivariate ex-
tension, and the use of Chebyshev techniques in composition techniques and tensors in the
tensor-train format for high dimensional applications.

Chapter 5 Results: This chapter presents the results of the study, including proxy
function tests in the low and high dimensions, pricing models, and counterparty credit
risk trials. This demonstrates the effectiveness of Chebyshev techniques in improving the
inefficiencies of risk metric calculations.

Chapter 6 Discussion: This chapter provides an analysis and interpretation of the
results of this study. It discusses the implications of the findings and how they contribute
to the banking risk management field.

Chapter 7 Bibliography: This chapter provides a comprehensive list of all references
and sources cited throughout the document.
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Appendix A Additional Results : This section presents supplementary data and
graphs that support the findings discussed in the Results section. This includes detailed
visual representations of proxy function tests, pricing models, and counterparty credit risk
trials.
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Chapter 2

Literature Review

As a result of the evolving and intricate world of trading, evaluation of derivatives and bur-
geoning regulatory requirements for prudent risk management, financial institutions have
had to adapt to these changing outcomes in financial markets, which require continuous
development of their risk management processes. Consequently, the development of efficient
and precise computational methods for parametric models is necessary. Daily operations,
ranging from pricing to risk assessment , require real-time calculations of numerous finan-
cial quantities. Since the advent of the pioneering models by Black and Scholes [11] and
Merton [5], the sophistication and complexity of these models has increased significantly,
incorporating stochastic volatility such as Levy models, stochastic interest rate modelling
such as those covered by short-rate models and extensions thereof anticipated by the Heath-
Jarrow and Morton (HIM) [6/, and other stochastic processes to reflect market data more
accurately.

Beginning in the 1990s, asset models evolved significantly, with notable contributions from
[25], [9], and others. The 2007-2009 financial crisis further spurred the development of
complex models that integrate additional risk factors to capture market dynamics more
effectively. The effectiveness of any pricing model depends on its numerical implementation
and ability to capture relevant market aspects. This has also inevitably led practitioners
to move away from the analytic (closed-form solution) type to more valuation models and
parametric numeric models that require some form of simulation based implementation,
such as Monte Carlo, finite differences and lattice models (binomial, tri-nomial trees, etc).

In the literature, complexity reduction for parametric problems often leverages Fourier
techniques, as evidenced by influential works from [42], [46], and others. These meth-
ods, particularly the fast Fourier transform (FFT), have proven highly effective for option
pricing. Additionally, reduced basis methods for solving parametrized partial differential
equations have shown promise, as demonstrated by [48] and others. These techniques offer
a substantial complexity reduction by focusing on parameter dependence and exploiting
the functional structure of the pricing method. Given the diverse array of models and
option types that financial institutions handle, exploring a generic complexity reduction
method independent of specific pricing techniques is advantageous. Chebyshev interpo-
lation, widely used in physics, engineering, and other applied maths fields, was largely
untapped in quantitative finance until recently (approximately 10 years ago) and has since
shown great potential. Early researchers in this area include Pistorious and Stolte [33] and
Pachon [45] who aim to enhance computational efficiency and accuracy in option pricing.
While Pistorious and Stolte focus on rational approximations and time-changed models,
Pachon emphasizes the Chebyshev series and its applications to arbitrary option payoffs.
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This was taken forward and in the direction explored in detail in this study by Gaf$ et al [31].
The authors observed that for a large set of applications in which most pricing functions in
finance are highly regular, admitting sensitivities of high order or even analytic, and that
the domain of interest can be restricted to a hyper-rectangular, Chebyshev interpolation is
a promising choice, its convergence is sub-exponential for multivariate analytic functions,
its implementation is numerically stable, and the coefficients are simply given by a linear
transformation of the function values at the nodal points. In Section 4 we discuss the theory
and methodology of applying the Chebyshev techniques.

The Basel Committee’s mandates on credit exposure calculations have necessitated over-
hauls in bank pricing systems. This happened in earnest following the financial crises high-
lighing the importance of counterparty credit risk in global markets. Calculating risk indica-
tors such as expected exposure (EE), general valuation adjustments (or XVAs), or potential
future exposures, requires significant computational power, often requiring large-scale hy-
pothetical scenarios. This makes the valuation of extensive portfolios labour-intensive and
time-consuming, especially for portfolios with numerous trades influenced by various risk
factors.

For large financial institutionssuch as banks and collective investment funds (such as pension
funds), most of the products are linear and non-exotic. This is particularly true because
illiquid derivatives are either penalized or outright forbidden by regulators and thus become
capital intensive. That said, a portfolio of linear products maybe straightforward to value,
but because of the large volumes of trades (often exceeding hundreds of thousands ), the
complete risk metric computation may take multiple hours to run. In particular a portfolio
involves many long-dated derivatives (often swaps) with daily compounding or average
rates.

Despite significant advancements, XVA evaluation remains a computational bottleneck.
Traditional methods, such as Monte Carlo simulations offer avenues for speed enhancement,
yet they often compromise the quality and stability of the result. Moreover, heavy hardware
investments are frequently required to meet the computational demands.

The structure of the techniques presented in [31] to [23] and are the subject of our study, can
be extended to other tensorized interpolation techniques that are similar to the collocation
! method with Lagrange interpolations for arbitrage-free option pricing discussed in [26].
The latter authors developed a numerical scheme by employing Stochastic Collocation
(SC) in [15]. The scheme starts with a distribution function of interest (a pricing function
or risk metric), which is then expanded as a polynomial in terms of a random variable that
is inexpensive to sample from at given collocation points, and interpolation occurs between
these points. Stochastic collocation points have a specific meaning; that is, they represent
critical features of the probability distribution of interest. The SC method enables us to
efficiently generate samples from a complex distribution using interpolation .

Later, the author applied SC methods to approximating distribution functions in [1] and
showed an alternative to Chebyshev interpolation, although in a similar numerical scheme
considered by Gaf [31]. In that study, the authors reviewed a novel method that empha-
sizes efficient exposure computation and can be implemented via parallelization for GPU
computation. Using the stochastic collocation method, they developed a fast and accu-
rate numerical scheme for approximating distribution functions. While one dimensional
(1D) risk factor cases require minimal collocation points, high-dimensional systems face
the curse of dimensionality. The Smolyak sparse grid approach of [47] mitigates this issue,
enabling high-dimensional integration and interpolation without succumbing to dimension-
ality curses. The complexity of financial issues stems from a multitude of risk factors that

1Generally, the term collocation denotes techniques that estimate deterministic or stochastic variables
by finding a linear predictor from a finite set of observations [1]
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influence asset prices. Consequently, the development of efficient computational methods to
solve high-dimensional financial problems is crucial. Techniques such as quasi-Monte Carlo
and multilevel Monte Carlo methods have shown promise, as have sparse grid techniques
and partial differential equation (PDE) methods for multivariate problems.

Practical aspects of fast portfolio evaluation using interpolation for risk calculations, such
as value at risk, credit valuation adjustment and various other XVAs, are covered in [35],
and in [24] the application of Chebyshev interpolation for exposure calculation for the 1D
case of Bermudan interest rate swaptions has been presented. Moreover, alternatives to the
sparse grid approach exist for dealing with multi-dimensionality problems in the context of
derivatives pricing . Recently, low-rank tensor approximation has gained increasing interest
in applications to derivative pricing, see [36] and [23].

2.1 Motivation for focusing on Chebyshev techniques

In this study, we investigate the interpolation of financial quantities in the parameter space
using Chebyshev polynomials. [31] noted that their empirical observation is that param-
eters in quantitative finance and risk management often range within bounded intervals,
and Chebyshev polynomial interpolation is well known for its excellent numerical proper-
ties in approximating analytic functions on bounded intervals. In the following excerpt
the favourable properties of Chebyshev interpolation are summarized understanding and
verifying these properties will be one of the objectives of this study. We will unpack them
in the theory section and verify them in the experimental trials.

Note 2.1.1. The following key properties of Chebyshev interpolation are of particular
interest [31]:

e For univariate functions that are several times differentiable, the method con-
verges polynomially, and converges for univariate analytic functions.

e The method can be implemented in a numerically stable way.

e The interpolation nodes are explicitly available; thus, the coefficients are explicitly
given as a linear transformation of the function values at the nodal points. This
makes the implementation straightforward, a feature that is valuable both for the
application of the method in the complex information technology (IT) infrastruc-
tures of the financial industry and for further development of the method.

e The derivatives are trivial for interpolation and are known to converge at a rate
that is determined by the regularity of the function that is interpolated.

o Chebyshev interpolation can be easily concatenated, yielding the Chebyshev-spline
approximation, which is extremely appealing when the function, for instance, ex-
hibits discontinuities.

e Chebyshev interpolation can be highly efficiently extended to higher dimension-
ality, for instance, by low-rank tensor and sparse grid techniques (as shown in

[25]).
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Chapter 3

Banking Risk Calculations

In this subsection we provide a background on the main banking risk tools that are com-
putationally intensive and the staple of market risk and counterparty credit risk.

We will discuss the following risk metrics:

e Full valuation Value at Risk
e Credit Valuation Adjustment

e General Valuation Adjustment and Potential Future Exposure

We will then end the chapter by reviewing the Hull-White 1-factor interest rate model that
we employ in our trials.

3.1 Full Valuation VaRs

3.1.1 The VaR Measure
The VaR is a statistical measure of the downside risk to which a portfolio is exposed. It
measures total portfolio risk by, considering portfolio diversification and leverage.

In the following sections, we formally define the VaR measure and provide a detailed de-
scription of VaR methodology.

3.1.2 Definition of VaR
We first consider the intuitive definition given by [21]. When applying the VaR measure,
we are primarily interested in making the following statement.

We are (1 — «) percent confident that we will not loose more than VaR, units of currency in
the next T day.

The variable X represents the portfolio’s VaR. This is a function of the following two
parameters:

1. the holding period or time horizon (7 days) and
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2. the confidence level (1 — a)%.

For clarity, we use the symbol VaR;_,(7) instead of X. For the purposes of our VaR
methodology, we adopt the following definition given by [12].

Definition 3.1.1. Let V() represent the value of the portfolio at time t. By determin-
ing VaR, we say that the probability that the loss of the portfolio over a T-day holding
period exceeds VaRi_,(7) is a%

P(AV <VaR1_4(7)) =« (3.1)

where, AV =V (t 4+ 7) — V(t) represents the change in the value of the portfolio.

In fact, the VaR corresponds to the « percentile of the distribution of changes in the value
of the portfolio over a holding period of 7 days; the VaR concept is illustrated in Figure
3.1.

V(t)

t=1y t=T

250 50 100 150 ) 2'(00 250 300 350
time (days)

Figure 3.1: Hlustration of VaR

3.1.3 VaR Methods

The family of VaR methods can be classified into local valuation and full valuation methods,
as shown in Figure 3.2. Local valuation methods (also known as analytical or parametric
methods) are based on the valuation of instruments at a particular point, along with first-
and second-order partial derivatives. Full valuation methods are based on repricing instru-
ments over a broad range of values for the associated risk factors. The methodology for the
historical simulation (HS) and Monte Carlo methods are similar. The former relies on the
time series of the associated risk factors to create scenarios for repricing the instruments,
while the latter, uses stochastic simulation.
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Financial institutions use simulation methods, which can be particularly useful when the
relationship between the value of the portfolio and market risk factors is non-linear and
non-monotonic, such as in portfolios that include options. Simulation methods calculate
VaR by making assumptions about the (joint) distribution of underlying risk factors or
benchmark asset returns, extracting a sample from the joint distribution, and re-evaluating
the portfolio of assets, whose VaR should be measured according to each set of risk factor
values. By sorting the simulated portfolio values in descending order, it becomes possible to
identify the desired percentile of the distribution of portfolio values and thereby determine
the VaR.

Risk Measurement

Local Valuation | Full Valuation
Linear Models r—{ Nonlinear Models Hlstorlc_al Mc_)nte C_arlo
Simulation Simulation
Full Covariance Gamma
Matrix
Factor
Models
Diagonal
Model

Figure 3.2: VaR Methods - adapted from [43]

3.1.4 Historical Simulation Method

The basic assumption of the HS method is that the joint return distribution of asset returns
can be reasonably approximated by the past joint return distribution. Consequently, is
method has clear advantages and disadvantages. Advantages include:

1. its ease of implementation and communication,

2. the absence of explicit assumptions on the joint distribution of benchmark asset /risk
factor returns, and

3. the ability to capture the risk of portfolios whose value is non-monotonic relative to

the risk factors.

HS may consider effects such as correlation breakdown in cases of market shocks that
cannot be considered in a variance—covariance approach (which could be difficult and time
consuming to model in a Monte Carlo simulation).

Methodology description

Consider a general portfolio P that comprises of I positions f1(t), f1(t),..., fi(t). In the
simplest case, these positions can be directly associated with a fundamental risk factor, or
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they can be associated with a financial derivative which is a complex function of m risk
factors x;(t):

PR 710 I<is<li
50 = 00300 m(t) 125 S >

The value of portfolio V() is determined by holding «; in each position f;(¢), 1 <i <1

V(t) = a1 fi(t) + azfi(t) + ...+ aufilt) (3:3)

Assume that the time series information associated with each risk factor z;(t), 1 < j < m
has the following chronological order

historic
1<j<m (3.4)

:Ej (tn) current
where n represents the number of elements in the time-series. This information is used to

generate n — 1 historical scenarios using either the ratio method or the difference method,
depending on the configuration of that risk factor.

= (t) :
("I"j(tkk—l)) l<j=m

dr;(ty) = (3.5)

The base scenarios for these methods are defined as follows

The n — 1 scenarios can now be used to determine possible movements in the risk factors
given that their current values z;(t,) are known

, _ | wilta)dz;(ty)  1<j<m
Tj’k(tn—H) o { {,Ej(tn) + d:cj(tk) 2 S k § n. (37)
These movements are then used to recalculate the positions
ik (tht1) 1<i<m,
fi(tns1) = 1<j<m, (3.8)
filr1x(tnr1) T2 k(tngt)s s Tmp(tny)) 2<k<n,
which are used to revalue the portfolio
Vi(tnt1) = arfir(tntr) +aafer(tnr) +. .+ arfie(tng) 2<k<n. (39
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The change in the portfolio value is the difference between these valuations and the current
value

AV =Viltns1) = V(t,) ... 2<k<n. (3.10)

Note that in the case of the base scenarios we have

AV; = 0. (3.11)

The next step involves formulating the vector AV

AVs
N
AV =| . (3.12)

AV,

These n — 1 deviations represent either a positive or a negative movement in the value of
the portfolio, which must be sorted in ascending order:

AV 1= sort(AV, ascending). (3.13)

In the final step, integer I is determined, which indexes the 1% percentile of AV 7. The
1-day VaR is simply

100
VaRi_o(1) = AV 1(I). (3.15)

I = round (" — 1) (3.14)

3.1.5 Monte Carlo Simulations

While Historical Simulation assumes that historical return distributions can represent fu-
ture return distributions, Monte Carlo simulations require that the risk manager formally
models both the marginal distributions of each asset’s returns and the dependence struc-
ture among the returns of different assets. After defining the shape and parameters of
the joint distribution of benchmark assets, a random vector of values is extracted from
the joint distribution and the portfolio value is re-evaluated accordingly. This approach
derives a simulated return distribution for the entire portfolio, enabling the calculation of
the quantile (e.g., 1%) to identify the percentage VaR at the desired confidence level.

Simulation Value at Risk (VaR) is a widely employed method for quantifying the potential
loss in value of a portfolio over a specified time horizon, given normal market conditions,
at a certain confidence level. Unlike parametric VaR, which relies on the assumption of a
normal distribution of returns, simulation VaR, particularly the Monte Carlo simulation,
does not require such assumptions and can accommodate a wide range of distributions
and risk factors. This flexibility renders simulation VaR an invaluable tool for financial
institutions to assess and manage market risk.

The process of estimating VaR using Monte Carlo simulation involves several steps. First,
we identify and model the risk factors affecting the portfolio . Subsequently, a large number
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of random scenarios was generated based on the statistical properties of these risk factors
. For each scenario, the portfolio was revalued at the end of the specified time horizon to
compute the potential loss or gain. Figure 3.3 provides a simple conceptual summary of
the full valuation of VaR methodologies.

x(r,)
xG\1. [x; .
’( 2) simple a /(r* ) market | Gk (’”H) pricing
: returns movements models
. scenarios outcomes
%(z,)
time series:

. +v AV,
historical or pricing £e,) Vi) — ¢
MCsimulated scenarios xj(’n ) models @

risk factor

distribution of the
AV, changes in the value
of the portfolio

=h= a% —.
e

losses VaR,,(z) 0 gains

Figure 3.3: Full valuation VaR methodology process

Remark 3.1.1. Draw back of full valuation VaR

Computational costs in Monte Carlo and historical simulations arise primarily from
the necessity to re-evaluate the portfolio multiple times for each simulated scenario.
For portfolios with a large number of risk factors and instruments, this can entail
evaluating the portfolio hundreds of thousands to millions of times. This extensive
revaluation process demands significant computational resources and time, presenting
a major challenge for real-time risk management applications.

3.2 CVA Primer

3.2.1 CVA Theory

The starting point for understanding CVA is to understand the notion of counterparty
credit risk (or simply counterparty risk). In this section, we will closely follow [19] and
[50]. Counterparty risk is the risk that the entity with whom one has entered into a
financial contract will fail to fulfil their side of the contract (i.e., pay when they owe).
Unlike traditional credit risk that arises from lending (so called lending risk), where the
notional (or lent) amount is known upfront and the only one party takes the lending risk
(i.e. the lender). Two important differences from counterparty credit risk are that the value
of the contract is uncertain (and can be significantly large) and may be positive or negative
for either counterparty (the risk is bilateral).

The CVA “charge” should be calculated in a sophisticated way to account for all aspects
that define the CVA:

e the default probability of the counterparty,

e the default probability of the institution,

e the transaction in question,
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e netting of existing transactions with the same counterparty,
e collateralization, and
e hedging aspects.
In pricing derivatives, after the 2008 global credit crisis, a derivative valuation has two

components: the risky price of a derivative can be expressed as the risk-free price (the price
assuming no counterparty risk) less a component to correct for counterparty risk!.

Therefore, we have

Proposition 3.2.1. Derivative valuation principle

Derivative valuation with risk = Risk-free valuation — Risk Adjustments.

In the following, we only consider unilateral-CVA (UCVA), which means we only consider
the default risk of the counterparty and not that of the issuer bank.

3.2.2 CVA Quantification

We consider a contract entered between a bank and a counterparty (C) that starts at time
t and matures at time 7. Let R; denote the recovery at time ¢, faced by the bank in the
contract; 1, is an indicator function representing the outcome of a default by C occurring
at time 7 and let DF; denote the stochastic discount term defined in terms of the money

market account M (t)

DF(0,¢) = ML@)

Denote by VP(t,s) be the discounted payoff of the contract between time ¢ and s (where
s is some general time s € (¢, ]), and let V (¢, s) be the discounted payoff of the contract
without counterparty risk (risk-free).

Our risky valuation needs to capture all possible default outcomes and consider them .

1. If the default of a counterparty occurs after the final payment of derivative Vi, the
value at time t is simply
]]-T>T ' V(th)

2. If the default occurs before the maturity time 7 < T":
(a) we receive/pay all payments until the default time:
]]'TST . V(t; T)

(b) Depending on the counterparty, we may be able to recover some of the future
payments. Assuming the recovery fraction to be R, the value yields:

HTST -R- maX(V(t; T), 0)7

Lwhich we later define as CVA
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3. Alternatively, if we owe the money to the counterparty that has defaulted, we cannot
keep it, but we need to pay it back:

Lr<p -min(V(¢;T),0).

When we combine all components, we get the following expression for the “risky” derivative
valuation

VP#,T) = E9[1,or -V(t,T)+1<r-V(t,7)+ DF(t,7) - Ly<r - R-max(V(t;T),0) +
DF(t,7) - L.<r - R-min(V(;T),0)|F(¢) ].
Using the equality = max(z,0) + min(z,0), we can simplify the expression as follows:
VP, Ty = E% 1,57 -V(t,T)+1L,<7 - V(t,7)+ DF(t,7) Lr<r - V(7,T)
+DF(t,7) Lr<r - (R—1) - max(V(£;T),0)[F(t) ]

We can further simplify the first three terms and reason that they combine to give the
value of the risk-free/default free part of the equation as follows:

EQ[lsr - V(t,T) + Ly<r-V(t,7)+ DFE(t,7) Lo<g - V(7,T)|F(t)]
= E%L,or V(LT) + Lr<r - V(L T)|F(1)]
= V(t,T) -E% Loy + 1 <p|F(t)]
= V(,T).

We make the following assumptions to make the modelling manageable:

all analysis is done from the perspective of the institution B,
e the bank is default free,

e EE =EQ[DF(t,7) max (V(r,T))] and EQ [1,-7] are independent of each other (the
probability of default of counterparty C' is independent of the value of the derivative);
that is there is no Wrong Way Risk.

e LGD = (1 — R) is constant for counterparty C, and

e closeout value of transactions will be based on risk-free valuation.

Bringing all of this together we get

= V(T)+E%[D(t, 1) 1<z - (1 — R)-max (V(r,T),0) |F(t)]

V(t, (R—1)-EQ[D(t,7) - 1y« - max (V(7,T),0) | F(t)] (3.16)
V(t, CVA(¢,T). (3.17)
This takes us back to our starting preposition Prop. 3.2.1, and gives us a mathematical

definition of the risky adjustment we referred to earlier; from here on, we will define the
risky adjustment of counterparty credit risk as CVA.

VPt T) = EV(,T)+D(t,7) Lr<r- (R—1) max(V(r,T),0) |[F(t)]
T)
T) -
T) -

Derwative valuation with risk=risk-free valuation—risk adjustments
which implies that
Derivative valuation with risk=risk-free valuation— credit value adjustment.
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We have now defined the CVA formula:

CVA(t,T) = (1-R)-E%[17 <T)-DF(t,7) max(V(r,T),0)|Ft)] (3.18)
~ (1-R)-E1,<p] - EXDF(t,7) - max (V(r,T),0)]
LGD x PD x EE. (3.19)

The last two steps use our assumptions and we obtain popular results akin to the traditional
credit risk.

3.2.3 Interest Rate Swap

An interest rate swap (IRS) is a financial contract between two counterparties that obligates
one counterparty to make fixed payments based on a pre-specified fixed interest rate on a
notional amount for a certain period to the opposing counterparty. In return, the opposing
counterparty will make floating payments based on a specific floating interest rate on the
same notional amount for the same period.

Common uses

Interest rate swaps are one of the most important instruments for the interest rate and
credit risk markets. It is a building block for many popular credit structures, including
asset swaps. It is also the primary interest rate hedging instrument for credit derivatives.
The IRS is a bilateral over the counter contract. Standard swap contracts are transacted
within the legal framework of the International Swap Master Agreement produced by the
swap market’s International Swaps and Derivatives Association (ISDA) [7].

The fundamental reason for this is to transform assets or liabilities from one type into
another. If a company has assets of one type and liabilities of the other, it is are severely
exposed to possible changes in the yield curve [14]. Banks traditionally fund themselves
by issuing floating-rate liabilities, such as deposits/liabilities, but may hold some fixed-rate
assets on their balance sheets, such as fixed-rate bonds and loans. As a result, banks and
other investors with potentially sizable mismatches between the duration of their liabilities
and assets may benefit from buying asset swaps. For instance, a floater-funded investor
who invests in fixed-rate bonds could be substantially adversely affected by a sudden rise
in market interest rates. Although the value of its liabilities would be relatively unaffected
by the rise in rates, that of its assets could potentially plunge [7].

Valuation

Market terminology is used to distinguish between the two parties to an interest rate swap,
based on whether they pay or receive a fixed rate. The party that pays the fixed rate is
known as the payer, and the party that receives the fixed rate is known as the receiver.

The valuation of a swap is divided into two separate valuations of the fixed and floating
legs. These separate valuations are then netted to obtain the value of the swap.

To simplify the model (and to align with general practice in South African markets), we
will assume that the payments of both legs will take place on the same dates and that
the notional is fixed/constant for all swap periods. Furthermore, we adopt the following
notation:

e {j is today.
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e T} is swap inception date.

e T, is i-th swap inception payment date (start of swap period 7).
e T is swap maturity.

e Not is notional of the swap.

o m; = Coverage(T;,T;—1, DCB) is coverage? between T; and T;_, using the day count
basis DCB.

e K is swap rate (simple).
e [;(T;—1) is forward simple rate (LIBOR rate) that applies between T; and T;_1.

e DF(t;T;,T;—1) is discount factor between T; and T;_; using a zero curve at time ¢.

Ny —1lm— l( Tim—2 )

N7|2[2(T1) Nﬂm(’fm(Tm—l)
N £1(To)
‘g Nast3(Tz)
I Ed
to = To I 7> IE Tn-1 Tm time
NmK NmK Nm K Nwy—1 K NamK

Figure 3.4: Interest Rate Swap Cashflows

Consider valuation date t, such that ¢ < Ty, then the value at time ¢ of the fixed leg of the
swap is given by [50]:

Vi(t) =E? | Y Not - m; - K - DF(t;t,T;)| F(t)

ti>t
For the floating leg, there are two cases to consider:

1. where the t < Tp, future starting swap,

2. where Ty < t < Ty, on the run swap.

Case 1 - future starting:

E? | > Not-m;-1i(T;—1) - DF(t;t,T;)|F(t)

T;>t

Vi (1)

= > Notom BOL(Ti )] DF(: 6, T)F(),

t; >t

2Coverage(Ti, T;—1) means the time between T; and T' expressed in years.
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Case 2 - on the run:
There exists k, such that Ty < T, <t < Ti41 < T

Vi) = Not-m(t,Tit1) - Li(Tio1) - DF(t;1,T;)

+3 " Not - m; - E2[li(Ti—1)] - DF(t:,T).

ti >t

The arbitrage free condition for fair forward LIBOR rate must satisfy the condition

B[l (£)] = Wik (% - 1) . (3.20)

The net value of the swap is then:

‘/;wap(t) - Vﬁxcd(t) - Vﬂoating(t)' (321)

Dual curve valuation

In our numerical trials presented in the results section, we use the dual curve valuation
methodology, with overnight index swap (OIS) curve for discounting and the Johannesburg
Interbank Average Rate(JIBAR)? for forecasting cash-flows. The background of this method
is as follows:

Before the onset of the credit crisis in 2007, derivatives dealers commonly used LIBOR
the short-term borrowing rate of AA-rated financial institutions as a proxy for the risk-
free rate [22]. However, the global credit crisis that unfolded between 2007-2010 period
raised significant concerns about the liquidity and creditworthiness of major banks, thereby
influencing the valuation and structuring of instruments such as interest rate swaps [13].

During this period, there was mounting pressure on dealers to mitigate counterparty risk
associated with over the counter (OTC) derivative transactions, particularly following the
collapse of Lehman Brothers, a commercial bank that was considered AA credit. This neces-
sitates the implementation of more stringent measures, including daily margins collateral
calculations and maintenance. Moreover, in years subsequent to the GCC, regulatory
investigations into the computation of LIBOR by large banks that were members of the
LIBOR fixing panels led to a loss of confidence in LIBOR as an accurate and fair market
rate [34]. Consequently, the market began to favour the OIS * curve as a new risk-free
swap curvewhich led to the dual curve pricing regime [4]. Dual-curve discounting refers to
the practice of using one interest rate curve to project a swap’s cash flows while employing
another curve for discounting those cash flows [32].

A discount curve is constructed at the valuation point to measure the fair value of a
financial instrument. This curve was used to calculate the present value of the instrument’s
cash flows. Within the risk- neutral framework, a unique risk-free rate is used to discounting
future cash flow. OIS discounting involves using the OIS curve, which is considered nearly
risk-free, to discount the expected cash flow of a derivative (Bianchetti [29]).

3Global efforts are underway to address weaknesses in current benchmark rates and transition to more
robust alternatives. In South Africa the transition is to South African Rand (ZAR) Overnight Index Average
(ZARONIA).

4An Overnight Indexed Swap (OIS) is a fixed /floating interest rate swap where the floating rate is based
on the published effective federal funds rate (for USD) or equivalent benchmarks for other currencies, such
as the Euro overnight index average (EONIA) or the sterling overnight index average (SONIA)[39] .
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A forecast curve was applied to determine the expected value of the reference rate for future
dates. In the South African market, examples of such curves include those for forecasting
JIBAR (with separate 3-month, 6-month, and 1-year curves), the Consumer Price Index
(CPI), and prime. While it may be feasible to use a forecasting curve for discounting, the
ZAR swap curve (referencing to the 3-month JIBAR curve) is often employed as a risk-free
curve. Nevertheless, the forecast and discount curves should generally be regarded as dis-
tinct entities. The forecast curves utilized in valuations should align with the contractually
specified reference rate.

3.3 XVAs Primer

The common element in the calculation of many counter party credit risk metrics is the
computation of exposure. Herein, we discuss the computation of exposures and how they
are generally used in XVA computations and in PFE.

3.3.1 Generic XVAs

The adjustments referred to in XVAs are an essential element in the valuation of financial
instruments, encompassing a range of adjustments that address various risks and costs
linked to trading derivatives.

The primary components of XVAs include CVA, Debit Valuation Adjustment (DVA), Fund-
ing Valuation Adjustment (FVA), Collateral Valuation Adjustment (ColVA), Capital Val-
uation Adjustment (KVA) and Margin Valuation Adjustment (MVA). The CVA reflects
counterparty credit risk, accounting for the possibility of a counterparty’s default. Con-
versely, the DVA considers the entity’s own credit risk, encompassing the risk that the
firm itself might default. FVA represents the funding costs associated with maintaining a
derivative position, including the cost of collateral and borrowing. ColVA represents costs
and benefits, such as the ability to choose the currency or type of collateral to post and
any other non-standard collateral terms. On the other hand, KVA accounts for regulatory
capital requirements, reflecting the cost of holding capital against potential future losses.
Each adjustment addresses a specific aspect of risk and cost, contributing to a more accu-
rate and holistic valuation of derivatives (Gregory [19]). See Figure 5.5 for a diagrammatic
representation of the various valuation adjustments.

These adjustments ensure that derivative pricing reflects the true economic costs and risks,
thereby enhancing the accuracy and reliability of valuations. By incorporating XVAs, finan-
cial institutions can better manage their risk exposure, allocate capital more efficiently, and
comply with regulatory requirements. Furthermore, XVAs play a crucial role in risk man-
agement strategies, enabling firms to assess the full spectrum of risks and costs associated
with their derivative portfolios.

3.3.2 XVA - quantification considerations

This presentation closely follows the discussion on expected exposures for XVAs in [1].

Given a financial instrument with a value denoted by V (¢,X) at time ¢ and is a function
of risk factor X(¢) ® traded between a bank and client or counterparty. The positive and

5Note: below we will focus on the unknown/modelled risk factors and we will refer to known/determin-
istic or fixed inputs as parameters
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‘Risky’ valuation B

» Counterparty default risk
* Own counterparty risk

i

CVA + DVA

¢ Funding costs
* Funding benefits

T

FVA (= FCA + FBA)

¢ Optionality on collateral posting
* Non-standard collateral terms

~ ColVA

« Cost of holding (regulatory) capital  KVA

 Cost of posting initial margin - MVA
Risk-free valuation .

Figure 3.5: Illustration of the role of valuation adjustments (XVAs), adapted from [19]

negative exposures, E(t,X(t)), E~(t,X(t)), — derivative is asset or liability from the
perspective of the bank — are defined as:

ET(t,X(t)) := max(V(t, X(t)),0), positive exposure, and (3.22)
E~(t,X(t)) == min(V (¢, X(t)),0), negative exposure (3.23)
with
M
V(t,X(t)) = E@ ZDF(t,Tj)H(I”j7X(Tj)) F)|, T;>t, (3.24)
j=1

where V(t,X(t)) represents the discounted value of payoff H(T;,X(Tj)) at time ¢. The
payments occur at time step T3, j = 1,..., M, with T; > ¢, thus only outstanding payments
are considered in the exposure computation. DF(t,T) = ]\1;[(7(7{)) is the stochastic discount
J

factor defined in terms of the money market account M ().

Definition 3.3.1. The money market account is function of the short-rate r(t)
M(t) _ efot r(s)ds’

repwhichthi represents the future value of one unit of the base currency invested today
at the prevailing interest rate for maturity t

In practice, the exposures are computed per netting set, often involving hundreds of trades
; thus with a netted portfolio involving L trades and d different risk factors, the value V()
is given by:
L
V(L X(1) =Y Vi(t,X(1), X(t) = [X1(t),..., Xa(t)]". (3.25)
i=1
Each risk factor in X (¢) represents a stochastic process that influences of the portfolio value.
These can be interest rates for different currencies, stocks, inflation, foreign exchange, and
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commodities. The number of risk factors typically varies with time and depends on portfolio
composition.

Every component of XVA depends on the exposure computation for any exposure date, T;.
In general, this can be represented as follows.

Tm
XVA(ty) = / E® [DF (to, Tar)x(t, V(£ X (1)) | F(to)] dt,
to
M
~ 3B [DF(to, TX(Th, V(T X(T)|F(to)| At (3.20)
k=1
with a generic function of exposures x(t,z) and a discretization grid, 71, ...,Tas.

For example in the case of CVA, x(t,z) is

X(t’x) = (1 - RC) : EJF(t’x) : QD(t)a

with ET(t,z) is defined in Equation (3.22), Qp(t) being the default probability (we also
assume no wrong-way-risk, probability of default is independent of value of derivative ©)
and R, is the recovery rate.

To estimate the value of portfolio V(t,X(¢)) using N simulated Monte Carlo paths, the
portfolio must be evaluated N times at each exposure date T}, resulting in a total of
N x M evaluations. For portfolios that involve multiple risk factors and instruments, the
number of paths can range from hundreds to millions. From a computational standpoint,
it is desirable to minimize the number of portfolio evaluations.

Remark 3.3.1. The Chebyshev technique aims to considerably reduce the number of
portfolio evaluations without compromising computation accuracy. This can be achieved
by employing Chebyshev tensors as proxy functions instead of the original pricer func-
tions, as (it will be demonstrated later that) they are very accurate and are considerably
faster to execute.

Therefore, the portfolio value V (t,X(t)) is replaced by the approximating function
Pn({V}iyiay X (1)), where {V}i, . 4, = V(E,{X}i, .. i,) and n is the degree of the
Chebyshev interpolant ( determined by the number of Chebyshev anchor points).

The proxy function p(-) is built using only a few evaluations of the portfolio
V(t,{X}i,....i,) on the set of Chebyshev anchor points {X}i,.. iy-

Once the approzimating function p(-) is determined, XVA is computed as follows.

M~

XVA(te) ~ 3B [DF(to, TX(Ti BV, ., - X(T)| Flto)| At (3.27)
k=1

with {V}iy, iy = VT, {X}iy,.i0)- Function p(-) does not require portfolio eval-

uations for every Monte Carlo path. Once the approzimating function p(-,X(t)) is
established (this is done offline), it can be evaluated for all Monte Carlo paths.

Bl

We now return to the exposure Equation (3.26) and plug in our proxy function p(-; V (T, {X}i,,.. i)l
which we shall shorten to py(-) in place of the original valuation model V' at each time step.

E*(Ty, X(T})) := max(V (Ty, X(T})),0) ~ max (5r(X(Tk)),0).

6However, the methodology would stay intact even when these assumptions were relaxed.
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We can then plug this back into the expression for the expected exposure (EE)

EE(to,T}) = E®[DF(to,Tk) E™(Ty, X(T}))|F(to)]
~ DRt Ti) - B (T, X (1) (3.28)
12 - |
= e Y or) - (t —t) o EY (DL X)) (3:29)

3.3.3 PFE - quantification

Another metric to measure quality is the so-called PFE which measures the maximum
credit exposure calculated at a confidence level . This measure can be associated with
measuring the value function in the tails of the distribution of V' (¢,X(t)), at ¢t = Ty,. PFE
today for time T, that is, PFE(to,T), is defined as the a-quantile of the positive exposure
E*(10; T, X(T)).

The PFE describes a curve from now (¢) until of the transaction maturity (7), which
outlines the a quantile of the positive valuation of the transaction.

PFE,(to,T) = inf {xt eER:a< FE+(t,X(t))($t)} , Vt<T (3.30)
min {z|P(ET (to; tr, X(tx)) > xx) > a%}, Vi <Ty  (3.31)

Q

where Fg+ x ) () is the cumulative density function (CDF) of positive exposures ob-
served at time t. Coefficient a represents the certainty level, that is, the quantile level.
Notice that the probability measure used for PFE is the real world measure P and not the
risk neutral measure Q that we used before, as discussed below in Note 3.3.1 7.

The PFE concept is illustrated in Figure 3.6

15

V(t, X(t)) PFE,..(t, T)

10+

| t=tg ——— >t =T

0 50 100 150 200 250 300 350
time (days)

Figure 3.6: An illustration of PFE and EE

"In the results section, Section 5, we ignore the distinction between Q and P and all computations are
done using one measure Q
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Note 3.3.1. Risk Neutral Q vs Real World Measure P

The general rule is that risk-neutral parameters are typically used in pricing applica-
tions (such as the calculation of CVA), while real-world parameters generally form the
basis of risk management models (such as PFE, which is often used for limit setting).
CVA is a valuation adjustment; hence, it needs to be hedged in the market; hence, a
risk-neutral measure is more appropriate.

However, there is more to consider than this general rule, such as the three key param-
eters (Gregory [19]):

e Drift : in a pricing or market dynamic model, uncertainty or volatility is impor-
tant in the short term but in the long term the drift/mean rate dominates. CVA
type calculations are often long term (+ 5 years). Therefore, drifts were more
influential in the calculations. The factors that impact drift vary from one asset
class to another and need to be considered; thus, one cannot simply rely solely on
current futures prices.

e Volatility : implied volatility is often the best forward looking volatility estimate.
However, risk premiums embedded in market implied volatilities lead to a system-
atic overestimation of the overall risk.

e Correlation : is tricky in that a high or low correlation is not always necessar-
ily comservative, as it depends on the structure of the trades and portfolio being
considered. In some instances, market estimates are available for correlation;
however, this is often not the case. Therefore, in most cases, market related data
on correlation are not available, and one has to rely on a real world measure to
estimate this parameter.

e Mean reversion : Many market variables (e.g., commodities and interest rates)
tend to mean-revert over time, which pulls long term rates back to an average
level. Mean reversion has an impact on future spot prices and volatilities. Risk
neutral mean reversions, which are often hard to calibrate, tend to be smaller than
mean-reversions estimated from historical data.

Figure 3.7 illustrates the of the empirical difference between real-world and risk-neutral
default probabilities derived from economic studies, see for details and discussion [19]
with respect to credit risk and CCR.

3.4 Hull-White 1-factor model

In this section, we describe the 1-factor Hull-White (HW), that we use in the numerical
trials to model stochastic interest rates.

In 1990, Hull and White [20/ introduced an extension to the single factor Vasicek model
[38] that allowed the short-rate process to fit the observed bond prices. This was achieved
using a time-dependent risk-neutral drift parameter that matched the prevailing market
curve.

Consider short rate process r(t), with the dynamics given by [20]:

dr(t) = (0(t) — a - r(t))dt + odW2(t), (3.32)
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. Risk premium
Risk-neutral

default
probability

Real-world default

Default risk probability

Figure 3.7: Empirical difference between real-world and risk-neutral default probabilities.
Source (Gregory [19])

where:

1. a, represents the speed of mean reversion
2. o, represents the local volatility, and

3. 0(t), represents the time-dependent long term mean, which satisfies the following
relationship:
2

e(t) _ %fmkt(o,t) +a- fmkt(o, t) + ;701 (1 _ e—2a~t) , (3.33)

f™Ft represents the observed market forward-rate,

F(0,6) = — 4 08(Prsa(0,),

where P,,1:(0;t) is a zero coupon bond (ZCB) from the financial market.

The Hull-White process in Equation (8.32) has a solution that allows for a large time step
Monte Carlo simulation with the following exact formula/20/:

t
r(t) = 7(0)e” " +(t) — ye '+ o / e~ t=9qw,, (3.34)
0

where

2

V) = M0t + 2072 (1- efa't)2 or alternative
a

t
/ 0(s)e” =) ds + k40, 1).
0

The distribution of the shortrate at time t is given by the following mean and standard
deviation.

E%r(t)] = roe™®" +7(t) — yoe "
0.2
VO] = 2 (1-e).

=7rt) = Er@)]+/Vr(t)] - dW,. (3.35)
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The zero coupon bond P, which we describe as the discount factor DF, predicted by the
Hull-White model, is given by [20]

DF(t,T) = P(tT)

- [

— EC [e— Ir T(S)ds‘}-(t)}

QAT +B(tT)r(t)

7

where:

1. B(t,T) is a function that is directly coupled to the short rate, allow ing the bond
price to be expressed as an exponentially linear function of the short rate.

B(t,T) = é (1 - e—“<T—t>) .

2. A(t,T) is a function that is not directly coupled to the short rate, allowing the bond
price to be expressed as an exponentially linear function of the short rate.

A,T) = —/tT 0(s)B(s,T)ds + ;a/tT B(s,T)%ds

P (0:1) mkt o? ot
ln<Pmkt(0;T))+B(t,T).f k(Ort)_EBz(t,T)(l—e 5 )
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Chapter 4

Methodology

In this chapter we will go into the details of the following:

e mathematical theory underpinning the Chebyshev techniques, and

e the applications of the techniques.

4.1 Theoretical framework - Chebyshev techniques

In this section, we review the key mathematical results underpinning what we shall refer
to as “Chebyshev numerical techniques,” which we then apply to problems in quantitative
finance, with a focus on risk management calculations. We start our journey from the basic
and key results from approximation theory and then build a case for paying attention to
Chebyshev interpolants above all other approximation methods. We follow closely the pre-
sentations of “ Approximation Theory and Approximation Practice” by Lloyd N. Trefethen
(2018) [28] and “Machine Learning for Risk Calculations” by Zeron and Ruiz (2022)[18].

4.1.1 Approximation Theory

It is well understood that well-behaved functions (e.g. analytical, smooth/continuous and
many-times differentiable) can be sufficiently approximated by polynomials. This intuitive
interpretation comes from the visualization of how any function appears to be made up of
a superposition of polynomials.

The above intuition is captured succinctly by one of the most important results of approx-
imation theory, “that every continuous function on a bounded interval can be approxrimated
to an arbitrary accuracy by polynomials.” This is known as the Weierstrass approximation
theorem, which was credited to Karl Weierstrass in 1885 [28].

4.1.2 First some preliminaries

Any interval [a, b] can be scaled to [—1, 1] by means of a linear map, and for the remainder
of this chapter, we refer to the domain [—1,1] but the result generalize to any bounded

LCarl Runge also independently discovered the result in 1886 [28]
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domain. Also in what follows |||, denotes the supremum norm on [—1,1].

Consider the canonical filtration P = |J,,c 5 Pn, Where P, is the space of polynomials of
degree at most n. The higher the n, the more polynomials available to choose.

Theorem 4.1.1. Let f be a continuous function on [-1,1], and let € > 0 be arbitrary.
Then a polynomial exists p such that

If = plle <€

However, this result does not provide a recipe to find a suitable approximating polynomial
p, for a given continuous function f. Set P, could be and is highly likely to massive .
How do we find the right p? A systemic method is needed for finding or constructing p
efficiently.

4.1.3 Preliminaries on well-behaved functions:

Herein, we review various definitions of continuity? and differentiability 3 for functions that
will be useful later when we discuss Chebyshev interpolation. A good starting point, is the
helicopter view of the hierarchy of continuity, which is captured in this result from a real
analysis:

Remark 4.1.1. The following chains of inclusion apply for functions over a compact
interval of the real line:

continuously differentiable C Lipschitz continuous C absolutely continuous C bounded
variation C differentiable almost everywhere
source: [8]

We consider the Lipschitz continuity .

Definition 4.1.1. A real-valued function f: R — R is called Lipschitz continuous if there
exists a positive real constant K such that for all real values x1 and xo in the domain [—1,1].

|f(z1) = f(22)| < K |21 — 22

By looking at the definition of Lipschitz continuity, one observation comes to mind, which
resembles its condition on the first derivative. Because there is no restriction on the closeness
of points z; and x4, the condition should hold for when they are arbitrarily close (lima,—.0),
where we obtain a derivative or approximation of an absolute derivative. We see this by

2think of the concept smoothness and no gaps/holes

3think no sharp corners or excessive steepness/near vertical curves

4intuitively, one can think of it as a strong form of uniform continuity for functions, in that it ensures
that a function does not change too rapidly
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rearranging the terms as follows

|f(2z1) = f(z2)] < K |zg — 29
L Uen-fe)l g

|1 —z2]
|Af]
= [aal <K
= % < K after taking the limit lim

Az—0

Therefore, we can say that a function is Lipschitz continuous if it has a bounded first
derivative. In fact, we have that any function defined on an interval and having a bounded
first derivative is Lipschitz continuous.

Another notion of a well-behaved function that we will encounter is the so-called analytic
function. This concept is very different from continuity, although the functions we often
encounter such polynomials, exponential functions, and trigonometric functions are by and
large analytic and continuous (smooth) functions.

Definition 4.1.2. Function f is analytic if for every point x in the domain, the Taylor
Series of [ at x exists and converges to the value of f(x).

Note that the analytic implies that a function is infinitely differentiable and can be rep-
resented by its Taylor series. In addition, relative to Lipschitz continuity, the analytical
condition is much stricter and therefore harder to achieve (in general). The general rule
is that any polynomial function, which is analytic, is also Lipschitz continuous on any
bounded interval. Although analytic functions are continuous, they are not necessarily
Lipschitz continuous.

4.1.4 Chebyshev Polynomials

We begin by building some intuition by deriving the (form of) Chebyshev polynomials by
considering some examples first.

Example 4.1.4.1. Recall the following trigonometric identities (known from high
school):

A-B
2

cos(A) + cos(B) = 2 cos(A J2r B) cos( ) (4.1)

Now, consider the following sequence of functions, denoted by {ty} for k € N,
ti = cos(k - 0) (4.2)

Now, letus expand the sequence by recursively using Equation (4.1) and simplifying,
and see what it looks like.
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When k=0=t;=cos(0) =1

k=1=t; = cos(0)

k=2=ty=cos(20) = 2cos?(#) — cos(0)
=2(t)% -1

k=3=1t3=cos(30) =2cos(20)cos(f) — cos(f)
= 2(2cos?(0) — cos(0)) cos(#) — cos()
= 4cos®(6) — 3 cos(f)
= 4(t1)* — 3(1)

Therefore, we observe that a polynomial emerges in t; = cos(f) emerge. And so we can
generalize the recursive relation between the conservative terms by using Equation (4.1)
recursively and simplifying. By setting A = (k+1)0 and B = (k—1)0, and rearranging
the terms, we obtain

cos((k + 1)8) + cos((k — 1)8) = 2cos(k6) cos(6)
cos((k+ 1)0) = 2 cos(k@) cos(0) + cos((k — 1)0)
tht1 =2ty Xt +tp—1

U

These are the Chebyshev polynomials, for the formal definition we set the first term to
equal some real valued variable x i.e. Ty = cos(f) = x.

Now, for the formal definition of the Chebyshev polynomials of the first kind®

Definition 4.1.3. The k—th Chebyshev polynomial is defined as
Ty, = cos(k - 0)
where 6 = cos™!(z) = arccos(r)
= T}, = cos(k - arccos(x)).
This is known as a Chebyshev polynomial of the first kind.

Definition 4.1.4. Alternatively, we can use a recursive formula to define the Chebyshev

polynomials:
TO (17) = 1,

T (z) = x,
Tot1(x) = 22Ty (x) — Th—1(2).

5There are Chebyshev polynomials of second kind , denoted by Uy, are defined by
Un (cos @) sin@ = sin ((n + 1)0)

. We will also refer to them when discussing the Chebyshev points.
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We show some examples of the first six Chebyshev polynomials in Figure 4.1 on the do-
main [—1;1]. For brevity, we will not discuss all the specific properties. However, theses
Chebyshev functions form an orthogonal basis for the space of polynomials P, which means
that any polynomial can be expressed as linear combination of Chebyshev functions. This
is more formally and thoroughly articulated in Theorem 4.1.2 [28].

1
° / , T
-1 —1
1—1 -0.5 0 0.5 1 1— 1
T
! \ 3 0
-1 —1
-1 -0.5 0 0.5 1 - 1
1 1
T
. \/ \5/ .
-1 -1
-1 -05 0 0.5 1 -1 1

Figure 4.1: This figure displays Chebyshev polynomials T; to Ty ( Trefethen [28])

Theorem 4.1.2. If f is Lipschitz continuous on [-1,1], it has a unique representation

as a Chebyshev series:
o0
= Z ag - Tk (.r)
k=0

which are completely and uniformly convergent. The coefficients are given for k > 1

using the following formula:
:2/1 1) Tiv) ;.
TJ_1 J1—192

1M ) Te(y)
=z, Vi

and

For a fixed natural number n, we define a Chebyshev projection of degree n, which is
truncated Chebyshev series
n
= Z ag - Tk (CL’)
k=0

Theorem 4.1.2 tells us that for a Lipschitz continuous function we can always find a unique
convergent Chebyshev series, but it does not say anything about the effort required to do
so. Moreover, often (in practice), we do not need the entire Chebyshev series but can be
content while dealing with a very reasonable estimate or truncated series. Therefore, we
need to know more about how to select the truncated Chebyshev series, and the following
theorem provides some useful insights. However, before we obtain the theorem, we quickly
recap the concept of total variation

Definition 4.1.5. A function, whether continuous or not, has bounded variation if its total
variation is finite. The total variation is the 1 —norm/||-||; of the derivative [28]
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Now we are ready to review the theorem [28]:

Theorem 4.1.3. For an integer m > 0, let f and its derivatives up to and including
fm™=1 be absolutely continuous on [—1,1]. Furthermore, suppose the m-th derivative
f™ is of bounded variation V. Then for any n > m its Chebyshev projection satisfies

v
m-m-(n—m)m

For a particular class of functions, the convergence rate improves considerably. This is a
class of analytical functions and the convergence rate is geometric. This was first announced
by Bernstein in 1911 [37]. We also note similar results for slightly weaker conditions,
that if f™~! is only Lipschitz continuous, then ||f — p}| = O(n™™), where p* is the best
polynomial approximator for f. However, as Trefethen notes in [28], in practice, one rarely
deals with a function that is Lipschitz continuous while lacking a derivative of bounded
variation, and one often works with polynomial projections and Chebyshev interpolants
rather than best approximations.

4.1.5 Convergence for analytical functions

Recall that a function f is analytical if, for every point z in its domain C [—1, 1], the Taylor
Series of f at x exists and converges to the value of f(x). We also refer to the well-known
result that if a function f is analytic on [—1,1], then it can be analytically continued to
the neighbourhood of [—1, 1] in the complex plane. In particular, for polynomial approxi-
mations, the neighbourhood that matters is the regions in the complex plane bounded by
ellipses with focci at —1 and 1, known as the Bernstein ellipse.

Definition 4.1.6. Bernstein ellipse with radius p, E,[,_l;l] C C with parameter p > 1 is

defined as the open region in the complex plane bounded by the ellipse with foci £1 and
semiminor and semimajor axis lengths summing up to p. See Figure 4.2 for an illustration.

In general, the larger the neighbourhood, the faster the convergence. See Figure 4.3 for
examples of these ellipses.

Theorem 4.1.4. If f is analytic on [—1,1]. Consider its analytical continuation to the
open Bernstein ellipse E,, of radius p, where it satisfies | f(x)| < M for some M. Then
for each n >0
2Mp™"

-1

where f,, is the Chebyshev projection of degree n (Trefethen [28]).

At this point, one concern is determining the Chebyshev series (or truncated series) partic-
ularly the calculation of the coeflicients

_ 2 1 f(s) Ti(s)
ap = ;[1 ﬁds
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iR
A
.-/_F__'—___

1\‘
: f: > R
(o A /

Figure 4.2: A Bernstein ellipse E ([—1;1]; p) with foci —1, 1 and ellipse parameter p > 1.
The semimajor a, is part of the real line, the semiminor b, is part of the complex line and

satisfy: b, +b, =1 and +1 = , /a2 — b2 Gaf [30]

Bernstein ellipses forp=1.1,1.2,...,2

Figure 4.3: Bernstein ellipses for p = 1.1,1.2,...,2 (Trefethen [28])

Note that this integral entails evaluating f(z), the subject function that we are trying to
estimate many times. Therefore, the Chebyshev series implies that we should already know
the function in the domain we where we are trying to estimate in detail. It is circular logic.

This is where we introduce Chebyshev interpolants, which we denote by p,,, and there are
polynomial functions with similar properties to the Chebyshev series (that is, they satisfy
similar theorems) we have seen so far but are also much easier to evaluate.

4.1.6 Chebyshev points

Recall that any interval [a, b] can be scaled to [—1, 1]. Now, consider a circle on the complex
plane with the centre at the origin (0,0), passing through —1 and 1 on the real line. This
is a unit circle on the complex plane z, |z| = 1.
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We delwill now consider “n” equally spaced out points on the circle. Consider “n + 17
equally spaced angles {6;}o<i<n+1 from 0 to m. These are the 2nth roots of unity in the
closed upper halfplane.

Equispaced points on the unit circle

08 1

0.6 1

02fF 1

-1 -0.5 0 05

Figure 4.4: Equispaced points on the upper half of the unit circle( Trefethen [28])

Let {zz}?ial be the 2n-roots of unit, that is 2n-equidistant points on the unitary circle.

These are points on the complex plane that satisfy the equation z = 22" and are explicitly
given by

T
z; = exp(z -1)
= cos(‘j—ﬂ)—&-isin(‘]—ﬂ) where j =0,1,2,...,2n—1
n n

The Chebyshev points associated with the natural number n are the real parts of point z;

zj = Re(z)
1 _
= 5( itz g

:cos(ﬂ), 0<j<n
n

Figure 4.5, shows examples of the Chebyshev points. Note that the Chebyshev points of
the second kind always include the bounds of the domain (the end points).

Observation 4.1.6.1. It is worth noting that Chebyshev points are the extrema of
Chebyshev polynomials. This follows from the definition of recall.

Ti(x) = cos(kf) = —1 < Ty (z) <1,

where © € [—1,1] and takes values £1 at the k + 1 Chebyshev points

Observation 4.1.6.2. “Polynomial interpolants through equally spaced points have
terrible properties. However, polynomial interpolants through Chebyshev pointsare ex-
cellent. It is clustering near the ends of the interval that makes the difference” - Lloyd

N. Trefethen [28].
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Chebyshev Nodes of the First Kind for n = 8

1.0} — ]

08r ]

06 1

04r 1

0.2F 9

-1.0 -0.5 0.0 0.5 1.0

Chebyshev Nodes of the Second Kind for n = 8
1.0F > — ]

0.8F 1

0.2r o

0.0}

-1.0 -0.5 0.0 0.5 1.0

Figure 4.5: Equispaced points on the upper half plane (n = 8) for first and second
kind, with the real parts projected, these red dots are the Chebyshev points. Source (A.
R. Kaiser https://commons.wikimedia.org/wiki/File:ChebyshevNodes. jpg#/media/
File:ChebyshevNodes. jpg)

4.1.7 Chebyshev interpolant

Let { fi}o<j<n, be a set of numbers that may or may not come from sampling a function f(x)
at Chebyshev points. Then there exists a unique polynomial p of degree n that interpolates
this data, that is, p(z;) = f;, for each j. When we say “of degree n,” we mean a degree less
than or equal to n and we let P,, denote the set of all such polynomials:

Pr. = {polynomials of degree at most n}. (4.3)

The existence and uniqueness of polynomial interpolants apply to any distinct set of inter-
polation points. In the case of Chebyshev points, we call this the polynomial Chebyshev
interpolant.

Denote the polynomial interpolant to a continuous function f on the first n 4+ 1 Chebyshev
points by p,. Such a polynomial lies in P,,, as such it may be expressed as a linear
combination of the first n + 1 Cheyshev polynomials

pu(z) = k- Ti(x). (4.4)
k=0

One of the main advantages of working with Chebyshev points is that polynomial interpola-
tion on Chebyshev points has the same convergence properties as the Chebyshev projections.
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4.1.8 Convergence of Chebyshev interpolants

The next theorem shows that the convergence of the Chebyshev interpolant is exponential
for theanalytical functions.

Theorem 4.1.5. Let f be an analytical function of the interval [—1,1]. Considering
its analytical continuation to the open Bernstein p-ellipse, it satisfies |f(x)| < M, for
some M. Then, for each n > 0, we have

AMp—™

— (4.5)

where p, is the n-th degree Chebyshev interpolant

4.1.9 Clenshaw Algorithm

Next, we consider two ways of evaluating Chebyshev tensors and their corresponding inter-
polants in a fast and stable manner: the Clenshaw algorithm and barycentric interpolation
formula.

One major advantage of Equation (4.4) is that the coefficients C}, are easy to obtain. All
that is required is to evaluate f at Chebyshev points and then apply the Fast Fourier
Transform which reduces the complexity to O(nlogn) number of operations, which is less
than n2.

Technical Result 4.1.1. The Clenshaw Algorithm
Set vp41 =0, v, = ¢, and

Vg = 22V;41 — Vg2 + Ch,

where k=n—1,n—2,...,0.
Then p(z) = & (co + vo — va).

The ¢y, are the coefficients of the Chebyshev interpolants

pa(x) =Y cp - Ty(x)
k=0

Observation 4.1.9.1. Three important aspects to note about the Clenshaw Algorithm:

1. the algorithm only uses the coefficients Cl,
2. Clenshaw has linear complexity of O(n), and

3. it is numerically stable.

Refer to (Zeron and Ruiz [18]) for details.
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4.1.10 Barycentric Interpolation Formula

Herein, we consider an alternative way to evaluate a Chebyshev interpolant, other than
Fast Fourier Transform (which is of O(nlogn) effort) or the Clenshaw Algorithm (which
is of O(nlogn) effort). There is a direct method that require only just O(n) workand is,
not based on the series expansion, which is both elegant and numerically stable. It also
has the advantage of generalizing sets of points other than Chebyshev. This is called the
barycentric interpolation formula, introduced by (Salzer [10]).

The deduction of the barycentric interpolation formula begin with the ease of expressing
polynomial interpolants in terms of Lagrange polynomials. For a set of points {zo,...,z,},
the jth Lagrange polynomial is defined as the unique polynomial that takes the value 1 on
z; and 0 on z;, for ¢ # j, where 0 <7 < n.

1, +=3j
lm)—{o e

Its expression is given by

Hi;ﬁj (z— i)

lj(x) = =—2"———=. (4.6)
! [Lisj (x5 —24)
Observation 4.1.10.1. Some things to point out:
e Notice that the denominator is a constant term independent x.
o Also, when x = wx;|li # j, one of the numerator terms becomes 0 and hence

lj (xz) = 0;

o and when x = x;, the numerator is the same as the constant denominator term.
Thus the product 1

Regarding polynomial interpolation, one advantage of working with Lagrange polynomials
is that an expression for the interpolant is obtained with only the values of the function at
the points of interpolation.

Let the points of the interpolation be {z¢, 21, ..., 2z, } and the values f on then { fo, f1,..., fn} B
Then, p,, the unique polynomial interpolation to f of degree at most n, on points
{zo,x1,...,2n} can be expressed as

pn(z) = Z fi - Liz). (4.7)

In this form Equation (4.7) has an evaluation cost of O(n?) 6. However, some of the

products present in [], 4 (z — ;) are repeated several when evaluating Equation (4.7).

61t requires O(n) operations to evaluate l;(z) for each value of x, and then O(n) such evaluations must
be added up in Equation (4.7), giving a total operation count of O(n?)
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We define the node polynomial [ € P, for the given grid {zo,...,2,} by

o) =[] (= — ax) (4.8)

k=0
so that [; can be rewritten in terms of /
Hi;ﬁj (z — ;)
[y (@i — ;)
I(x) 1
T =Xy Hi;ﬁj (i — ;)

l
= (2) - Aj where we have defined ),
X — .Ij

lj(z) =

and we get that

(4.9)

I*Ij

This is the “first form of the barycentric interpolation formula” or “type 1 barycentric
formula.”

What is valuable here is that the dependence of x the sum on z is simple. If the weights {);}
are known, Equation (4.9) produces each value p(x) with only O(n) operations. Computing
the weights requires O(n?) operations, but this is done once and for all, independent of zj.
For special grids {z;} such as Chebyshev, the weights are known analytically and do not
need to be computed at all. Therefore, we are left with O(n) operation if we choose a
Chebyshev grid. If we use the result that the sum of all the Legrange polynomials {l;} at
any point in the domain is one

Yolil@) =1 =¥ l2) 2 =1,
j=0

= (2) - g2 =1
And therefore we have an expression for I(z)

=0 T—a;

And finally we have an expression for the interpolant,

1 - \j
—ﬁ'zfi'x_xj

Zj:O z—x; J=0

4.1.11 Multivariate Extension and convergence results

The Chebyshev polynomial interpolation in 1-dimension, as seen in Theorem 4.1.2 - 4.1.5,
has a tensor based extension to the multivariate case that we present here, following closely
Gaf$ et al. [31], Gaf§ [30], and [49].
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Consider the interpolation of a valuation function f(p) of D variables (thus we work in
D-dimensional space, p € P, as defined below).

We expand our closed interval to be a hype-rectangular in parameter space
P =p,,p] ... x[p,D|
, with the appropriate linear transformation we can return to length 2 hypercube, that is,
P=[-1,1] x...x[-1,1].

Let N = (Ny,No,...,Np) with N; € Ny for i € {1,..., D} the univariate interpolator
extends logically to the multivariate case with HZ1(N1' + 1) summands and is given by

p)~Y ¢-Tilp) ,peEP (4.10)

jeJ
where the summation index j is a multi-index with values
J ={(i....ip) € Ny, where j; € {0,...,N;}, for i € {1,...,D}}.

Therefore we can write Equation (4.10) the expanded form

Z Z 11111 Jjp) ° le ,,,,, Jip) ,pEP (4.11)

Jj1=0 Jj1=0

In the above, we used the basis function T} for j = (j1,...,jp) € J which is defined by

D
Ti(p1,-...pp) = [[Z5.(pi), peP (4.12)
i=1
and the associated coefficients ¢; with j = (j1,...,jp) € J are given by
D 2 {0<j; <N;} (kv )
cj = (H ) Z Z f(pthrip Hcos (jl ), (4.13)
i=1 k1=0 kp=0

where f(p(F1---kp)) is a tensor containing the sampled values of f on the tensorized Cheby-
shev grid, > " indicates that the first and last summands are halved, and the Chebyshev
nodes p”* for multi-index k = (ki1,...,kp) € J are given by:

pk = (pku"'apkp) (414)

with univariate Chebyshev nodes py, = cos (w]’f,) for k; =0,...,N;andi=1,...,D. A

set of D- variate Chebyshev nodes p*1:~*0) for D = 2 and N; = N, = 20 is shown in
Figure 4.6.

Observation 4.1.11.1. The determination of Equation (4.26) increases the cost con-
siderably as d increases. We term the increased computational cost with increasing
dimensionality, which we will see later as exponential in d, as the curse of dimension-
ality. Futher details are covered in Section 4.2.2.2.
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Chebyshev nodes for D=2
[

0.8
0.6

0.4

Figure 4.6: A set of D-variate Chebyshev points p* € [~1,1]P for D = 2 and Ny = N =
20.Gaf et al.[31]

We are building towards extend the convergence properties discussed in the univariate case,
recall Equation (4.1.8) and Equation (4.1.5), to the multivariate case. In what follows, we
quote without proof or detailed discussion of the context the multivariate analogs of the
theorems discussed in the onedimensional case that demonstrate the convergence properties
of our Chebyshev interpolators in higher dimensions. For details of the definitions, deriva-
tions and formal details of the theory, especially our requirements, the reader is referred to
Gaf3[30] as a good introductory reference.

Theorem 4.1.6. Let f be a D-dimensional analytic function defined on the hypercube
[—1,1]P. Consider its analytic continuation to a generalized Bernstein ellipse E, with
radius p € (1,00)P, where it satisfies ||f| . < M, for some M. Then, there exists a
constant C' > 0, such that

Nl=

D D
d _9N, 1
If—pnll, <2271 M- Zpi 2NL1—[177_2 (4.15)
i=1 j=1 Py
and it follows that
If = pulle < Cp™% (4.16)
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where p = mini<;<p p; and N = min;<,<p IN; The collection of values p; define the
radius of the generalised Bernstein ellipse E,,, and the values N; the size of he Chebyshev
mesh in each dimension

Therefore, this theorem states that we obtain an exponential error convergence (in N) when
the same number of Chebyshev nodes N is chosen in each dimension of the parameter space.

4.1.12 Derivative approximation

Suppose that we have a process or technique that yields an approximation f for any given
function f. Regardless of the level of accuracy, it does not generally follow that derivatives
(math) of f will provide good proxies for the derivative of f.

Remark 4.1.2. Spline interpolation can be highly accurate, especially when compared
to higher-order polynomial interpolation, which can suffer from oscillatory behaviour.
However, while spline interpolation provides a good approrimation of the function itself,
the deriatives of the spline can be less accurate because of the piecewise nature of
splines, which can introduce discontinuities or inaccuracies in higher-order derivatives.

Deep Neural Networks (DNNs) can approzimate functions with high accuracy, par-
ticularly when trained on large data sets. However, similar to splines, DNNs cannot
accurately approximate the derivatives of the functions they model. This is due to the
complex, non-linear nature of DNNs, which can lead to issues such as vanishing or
exploding gradients during training.

More on this is covered in [18].

replt is fFortunately, another property of the Chebyshev interpolant’s derivative converges
to the derivative of the subject function in a manner similar to that observed in Theorem
4.1.5. This is described in Theorem 4.1.7 below (Zeron and Ruiz [18]). Therefore, if we can
efficiently compute the derivative of the Chebyshev interpolant, we have also found a very
good approximation for the derivative of our subject function without having to repeat the
Chebyshev procedure or require more Chebyshev points (this will become more apparent
in what follows).

Theorem 4.1.7. Let f be an analytical function of the interval [—1,1]. Then for each
k > 0, the Chebyshev interpolants p,, satisfy

[f* =il =0O(p™) (4.17)

as n — oo, where f* and p* are the k-th derivatives of f and p,, respectively and p is
the radius of the open Bernstein ellipse E, onto which f can be analytically extended.

We now consider the work required to compute the expressions for the derivatives of Cheby-
shev interpolants. We shall see that the generation and evaluation of the derivatives of
Chebyshev interpolants elegantly decompose into the multiplication of a matrix known as
the Chebyshev differentiation matrix with vectors of f on Chebyshev points. Consider the
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kth derivative p®. Because p,, is a polynomial, then p¥ is also a polynomial. Moreover, the
polynomial degree of pF is less than that of p,. This implies that the unique polynomial
that interpolates p® on the interpolating point {zg, 1, ..., %, } is p itself. To find a method
of computing p¥ (z;), consider the interpolant p, to f expressed in terms of the Lagrange
polynomials

pu(z) = Z fi-li(x) where f; = f(z;). (4.18)

Then the derivative of p/, at x; is given by

pp(@i) = Z fi - Ui(xq). (4.19)
=0

Using the values of I/;(x;), for all 4, j such that 0 < 4, j < n, the vector {p{,(z0), p;, (1), - - -, Py, (¥n) }|}

can be represented as the product of matrix D by j?: {fo,--, fn} where (D);; = (i),
that is

—

P (i) = Df

Note that this matrix is completely determined by the points {zg, z1,...,2,} and nothing
else. This implies that D,, can be computed with no reference to any particular function
f', before any approximation calculation is performed. The information of the function
f being approximated is in the form of its value {fo, f1,..., fn} on {zg,21,...,2,}. The
latter is needed only when the values of p/, on the grid points are required to compute or
generate an interpolant (in this case the interpolant itself).

We now consider the tasks of computing the interpolating grid {xo,z1,...,2,} and the
corresponding !;(z;). In the case where {z¢,z1,...,7,} are Chebyshev points, matrix D
reduces to a very simple expression, given in the following theorem:

Theorem 4.1.8. Chebyshev differentiation matrix

For N > 1, the entries of the Chebyshev differentiation matrix Dy are given by

2N2 +1
(Dn)oo = 5 (Dn)NN = %2“
.
D) J i=1,....N—1
( N)]J 2(1—3??)’ J s s
C; -1 i+J . . ..
(DN)ij:;%, j#i, andi,j=0,1,...,N
§ Ti j

where:

o — 2, 1=0o0rN
1, Otherwise
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This is better represented visually, as shown below. In the diagram in Figure 4.7, the jth
column of Dy contains the derivative of the degree N polynomial interpolant p;(z) to the
delta function supported at z;, sampled at grid points z;. For more details and examples
on the Chebyshev derivatives, refer to [27].

IN? + 1 — 1) 1 ‘
- L) Ly

6 | =z 2

—
\
Z

ey
\
83
~
—
\
Z
=
+
.

J
=
I
b | =
\
oY
=
[N}
—_
\
Y
o
—
+
Y
<

gy NG AN
2 1+ 6

Figure 4.7: Visual representation of Chebyshev differentiation matrix (Trefethen [27])

Once the matrix D,, and vector D,, f have been computed we have an expression for the
derivative p!,. if the grid of points are Chebyshev points, then p/, is a good approximator
to f’ because of Theorem 4.1.7. Given that we now have have approximation points of
{pl,(x0), Pl (z1),...,p)(x,)} at the Chebyshev points the Barycentric interpolation formula
can be employed (the procedure starts over again) to give us a very efficient and stable
method of evaluating p/, .

We iterated the process described for derivatives of the higher order. Obtaining the values
{pk(x0), pE(x1),...,pk(xy)} is reduced by multiplying DX by {fo, f1...., fa}-

Remark 4.1.3. Once again matriz D¥ can be obtained before any function f is con-
sidered or computed.

Furthermore, obtaining an expression for pt involves only linear algebra operations
and there are many efficient implementations of these operations in most computa-
tional software packages. Therefore, once an interpolant or tensor is obtained for fthe
corresponding prozies for its derivatives can be determined very efficiently and rapidly.

4.1.13 Derivatives in high dimension

In this section, we present the main results derived by Gaf et al[31] and describe its
practical application to computations.
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Theorem 4.1.9. Let f be a D-dimensional analytic function defined as A = [—1,1]P.
Consider its analytical continuation to the generalized Bernstein ellipse E. Then for
every m € N, there exists a constant K,, such that

If = Pallcicay < Km0 1 fll gz sarm ay »

where, the weighted Sobolev norm is,

HUHCI(A) = ﬁl%)glgleaj( [0%u(x)] .

The theorem statesthat the partial derivatives of the Chebyshev interpolants p, to an
analytic function f of dimension greater than one, converge polynomially to the partials of

f.

Vi ™=

Figure 4.8: Computation on 2dimensional Chebyshev grid (Zeron and Ruiz [18])

4.2 Applications of Chebyshev techniques

Applications of Chebyshev techniques will be discussed as follows:

e Low dimensional techniques
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1. Composition techniques
e High dimensional techniques— combating the curse of dimensionality

1. Tensors in Tensor-Train (TT) format

4.2.1 Composition Techniques

Consider the process diagram in Figure /.9, which maps the high level key steps of a
simulation based risk engine. The modelling starts in the state space, where it is assumed
that a factor, say n, is the driver of uncertainty or stochastic behaviour of (observable)
market factors,say N in total, which are then inputs to calculate prices and/or univariate
risk metrics. Examples include the state space, which could be a number of factors in,
for example a Hull-White short rate model (in general, the parameters of the model are
known and fixed at this stage of the computation), and the market space may comprise
the resulting yield curves, zero coupon bonds, volatility surfaces, and the output space may
comprise valuations that are used to determine risk metrics.

Risk Factor Scenarios Market Scenarios Output
(State Space) (Market Space) P
R™ g RN PG . g
n-factors N-factors » Price
* E.g. Hull-White » E.g.Yield curves, « Sensitivity to
short rates spread curves, market risk
volatility surfaces factor “i"

Figure 4.9: The figure displays the mathematical maps involve in the scenario generation,
valuation and metric calculation parts of the generic risk engine (Zeron and Ruiz [35])

. In this section we consider in the main functions P, usually a pricing function that needs
to called many times in the risk management processes and also g, usually the market factor
generating function such yield curves or zero coupon bonds. The idea is to approximate
these functions using one of the techniques, such as composition and proxy functions, and
also reduce the dimension from n to a much lower value k. We assume P : R” — R and so
we want a way to parametrise X in terms of Y which is of dimension k.

Let P be a function of domain R”. Assume there is a set X C R™ in the domain of P.

Suppose there is a parametrisation ¢ : ¥ € R¥ — X, where X is either X or closely
approximates X and k£ < n. Then

- P
Y CRFE—2> X cR"——R

We can construct an f composition function g and P (and use f to build a proxy function
using Chebyshev interpolants). The composition function f will be in the form

fly) = P(g(y)) (4.20)
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The map of f is given by

Y C Rk\//*gm R (4.21)

f
The resulting function f has the following properties:

1. every point in X has at least on in Y s.t. g(Y), that is Vo € XP(z) = f(y)

2. If k is sufficiently low, then the approximation in part 1 will not be affected by the
curse of dimensionality when applied to f

4.2.2 Tensors in tensor-train (TT) format

One of the main problems affecting tensors is the so-called curse of dimensionality. This
is because as the dimension of the function being approximated increases, the number of
Chebyshev grid points increases exponentially.

In this section, we introduce the basics of tensors and the tensor train format. We do
not cover the full set of techniques required to deploy high-dimensional tensorized Cheby-
shev interpolations. The reader is referred to Completion Algorithms in (Glau et al [23])
and Tensor Extension Algorithms in (Zeron and Ruiz [18]) for detailed discussions on the
omitted techniques.

4.2.2.1 Tensors

A tensor is a very basic mathematical object and we will see herein it is closely related to
polynomial interpolants, and we will often refer to them interchangeably.

Definition 4.2.1. A tensor A , consists of a grid of points in the Fuclidean space
along with a collection of real values, one per point in the grid.

A d-dimensional tensor, with dimension size n;|i = 1,...,d, is a multidimensional
array
A= [Ady,..i)] ir€(L,2,...,nk)

which has d indices that represent the position of each element in the tensor. Therefore
the indices of the tensor represent the a Cartesian product of the elements in each
dimension.

Example 4.2.1. So for the case where:

e d =0 we have a scalar (a number)
e d =1 we have a vector (visually a column vector),

e d =2 we have a matriz (visually an object with rows and columns),
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e d = 3 we have a tensor or vector of matrices (visually a cube or rectangular
prism)

e d > 4 we have a tensor (visually a hyper-rectangle in d-dimensions)

Note 4.2.1. The curse of dimensionality for general tensors

For general tensors, the curse of dimensionality emanates from the fact that its size
(total number of elements or nodes) grows exponentially with the number of dimensions.
To see this, consider again the general d-dimensional tensor (where n; is the mazximum
number of indices in each axis) . The size is given by

X Mg X ... Xng (4.22)
ins *Npin = Min {ny,na,...,ng} * (4.23)
Therefore, the size of the tensor is bounded below, and similarly bounded above, by an

exponential function in d. We say that the size of the tensor is of order n®, where
n = max{ny,na,...,Ng}.

For example, a set of points xg, x1, . . ., , on the real line and a set of real values f(xo), f(x1),.

constitutes a tensor 7 of dimension 1. Polynomial interpolants are closely related to tensors.

This stems from the well known result of numerical analysis called polynomial interpolation,
as outlined below.

Definition 4.2.2. Let T be a tensor, with a set of points xg,x1,...,x, in Euclidean

space and the associated real values fo,..., fn. A polynomial interpolant to T is a
polynomial p € P such that p(x;) = fi,Vi, 0<i<n.

Polynomial interpolation is the interpolation of a given bivariate data set by the polynomial
of the lowest possible degree that passes through the points. Note that there is always a

unique polynomial that passes through the given points, commonly presented by Lagrange
or Newton interpolating polynomials.

Obtaining a tensor given a function f is performed as follows: the set of points xg, x1,..., Ty
on its domain and the values f(xg), f(x1),..., f(xn) then there exists a unique polynomial
of degree at most n and we associate this polynomial with the tensor. Therefore, given
a function f and a grid of Chebyshev points, there is a tensor, denoted by CT, and a
corresponding polynomial interpolant p, that can be used as proxy for f.

4.2.2.2 Curse of dimensionality for Chebyshev Tensors

recall Equation (4.10) which has the expanded form

Ny Ny
f(p) ~ Z Z C(j1,-20D) 'T(j1,~~»7jD) peP (4'24)

j1=0 Jj1=0
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In the above, we used the basis function 7T} for j = (j1,...,jp) € J which is defined by

D
Ty(p1,--opp) = [[T5.(p:), pEP (4.25)
i=1
and the associated coefficients ¢; with j = (j1,...,7p) € J are given by
D 2 {0<j; <N;}
o= (257 3 z St Hcos (bny ). @

i=1 k1=0

where f(p(F1kp)) is a tensor containing the sampled values of f on the tensorized Cheby-
Jlf;) for k; = 0,...,N; and

shev grid, with univariate Chebyshev nodes pr, = cos (7r
i=1,...,D.

This tensor f(p(¥1-#p)) in Equation (4.26) is of order D and size (n +1) x ---x (np +1).
The interpolation procedure first requires computing each entry of this tensor using the
reference method. This becomes expensive when the interpolation order (Chebyshev anchor
points) and the dimension D increases.

Example 4.2.2. Suppose we have a function f : RP +— R, and that we would like to
use a Chebyshev interpolant to build a proxy function (approzimator). We choose to
have five Chebyshev points evaluated in each dimension; the size of the Chebyshev grid
or tensor is shown in the table below:

Chebyshev points/dimension = 5
Dimension 1 3 7 12
Grid size 5 125 78125 244 140 625

4.2.2.3 Tensor rank decomposition

These methods are an extension of rank decomposition techniques for matrices.

Remark 4.2.1. Rank decomposition

Recall for a given matriz A € R™*™ it can be shown that this matrixz can be decomposed
into the product of two matrices CF, where C € R™*" and F' € R™", and r = rank(A)
the rank of A.

We write matriz multiplication simply as
A=CF

or in expanded summation (element-wise) form

21722 E Cll, Oé iz)

Therefore, all the information stored in the full matriz (A), which is m X n elements
can be recovered by the operation of simple matriz multiplication (which the computers
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are very efficient performing) of two matrices containing m X r and r X m, so the total
storage costs goes down fromm X n tom xXr—+rxn=(m+mn)xr.

To obtain a better sense of the reduction in information requirements, we set m = n, so
that A is square and has size n?. Thus, the reduced rank will have a size 2nr, a linear
function in n as opposed to a quadratic or from the perspective of variable dimensions,
where matrix A has a size in which the row length increase to to the power of the
dimension whereas the reduced form matriz sizes are linear in dimension size and a
new variable called the rank of the matriz.

Therefore, if we ensure that the rank is low, we are likely to achieve an effective reduc-
tion in the tensor storage issue.

The grid of points of the d-dimensional tensor X is defined as follows:

Note 4.2.2. Let X; be a set of points of dimension one, where 1 < i < d. Then the
Cartesian product” of the one-dimensional grid point X;,

J\I:‘le><)(2><~~~><.de7

defines a mesh of points in R? and represents all possible labels for each element of our

tensor X = [X,]lm € M.

If X; has n; points, then tensor X has a total of ny X ns X ...ng points. We denote the
space of tensors on M by R™*"2*---XN"d g0 X' [jves in an ni X ng X ...ng-dimensional
space.

With this basic idea in mind we can now define class tensors of interest to us. These are
tensors that conform to rank decomposition, more on this little later, for now we start with
a proposition.

Proposition 4.2.1. Given a grid of points in d-dimensions (nq,na,...,nq). We define
tensor A, at the grid point (ji,...,jq4). Let U; be a vector of real values with length n;,
where 1 <1 < d, then A can be written as follows:

AGr,j) = Ui(1) x U2(j2) % ... x Ua(ja) (4.27)

where X is the normal multiplication of the number.

Therefore, we propose that it represents the tensor value A(j, .. ;) at each grid point as
product of numbers that come from vectors U; that are yet to be determined vectors .

This is a subclass of the larger class of general tensors. Normally a tensor with di-
mension d and ny; X ng X ...ng grid points requires the storage (’)(nd) elements, where
n = max {ny,na,...,nqr. A tensor such as A, which is fully defined by vectors U;, requires
only O(dn). The the fundamental difference is that an exponential growth object is reduced
to a linear growth object.
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Now, we generalize even further, the entries of the vectors U; can be thought of as matrices
of rank ® 0. We generalize this by making { Ui}f:1 — also known as the cores of A- vectors
of two dimension (or matrices). A core U, then has the property that U(¢) is a matrix of
rank 71 X ra, for some values 71 and r».

To keep the elements of A as scalars (inline with Equation (4.27)) we must ensure that the
results of the matrix multiplications are scalar. For matrix multiplication , we need the
columns dimensions/rank of subsequent cores to match. Therefore, each U; must take the
form of a r;_1 X r; matrix and U; 41 will be r; X 7;41. For the complete product of the U;
(ITU;) to yield a scalar (rank 1 tensor) we must have that r; = rqg = 1 i.e. Uy and Uy must
be vectors.

Bringing it altogether we have:

Definition 4.2.3. Tensor train (TT) format
A tensor A in R™M > *"d expressed in TT format with ranks (ro,...,rq) consists of the
following:

1. a set of vectors of matrices UV 1 < i < d, these are the TT cores, (this is 3-d
tensor, currently all three indices are suppressed)

2. U(i)(j) is a matriz of rank ri_1 X r; for 1 < j < n; (index j represents a row
index of the vector and we suppress the two matriz indices) and

3. the first and last rank are one rg =rq = 1.

This is sufficient information to recover the whole tensor in the following way
Aoy = O g1y - U D . (4.28)

Or in expanded matriz-multiplication notation or canonical decomposition form

R
AGy,ja) = ZU(I)(mm UMW . (4.29)

[e3

The minimal possible R is the canonical rank of the tensor (this is the largest rank of
the core matrices).

Note that TT-format is a form of data compression.

Network diagrams Tensors in TT-format are often presented as tensor network dia-
grams. Figure 4.10 shows an example in which the dimension of the tensor is five. The
core corresponding to the i-th dimension is denoted by U®.

T1 T4
Aliy i ig) = Z Z U(l)(i1,1,k1)U(2)(i2,k1,k2) ) ..U(S)(i&k“). (4.30)
k1=1 kyi=1

8 Rank — heuristically its the smallest number rows and columns that are linearly independent. Essen-
tially, the rank tells us the dimension of the vector space spanned by its rows or columns. It sets a limit on
how much the matrix can be simplified without loss of information
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The U® is defined by n; elements and each is a core matrix with rank r;_; x r;, except
for the first and last vectors ,that is, with ranks 1 x r; and 74 x 1 respectively. Third order
tensors U

Figure 4.10: Tensor network diagram of T'T decomposition for a tensor of order d = 5.
Excerpt from (Glau et al [23])

Therefore, we can generalize that every entry A(i1, o, - ,i4) of a tensor can be expressed
as a product of d matrices as follows:

1 d
Alirsia iy = U UL, 0D

where U“. is an r,_1 X r,. Foreach p =1,---,d, one can then collect the n, matrices
U((‘ )) iy = 1 2,---,n, into a third order tensor U of size Tu—1 X ny X r,. These tensors
are called TT cores and, by construction, we have

Td—1

Ay sin, ig) = Z Z UM G ey UP ke U - (4.31)
k1=1 ka—1=1

Note 4.2.3. The cost of O(n?) associated with the ordinary tensor is reduced to
O(dnr?), where v is max {ry,ro,...,7q} and n are max{ni,na,...,ng}.

Worked example. To ensure that we have an intuitive understanding of what we have
considered in this section, let us consider a worked example from [2].

Example 4.2.3. Consider a 3-dimensional tensor with elements representing the sum
of the indices, as follows

A= [AG inis) = i1+ i2 + i3]
where
e iy € {1,2,3} and hence n; = 3,
o iy €{1,2,3,4} and hence ny =4, and

e i3 €{1,2,3,4,5} and hence nzg = 5.

The size of the tensor A, is n; X ng X ng = 60. Consider the TT-format decomposition
of rank 2, given by

A(ir, .. ia) = Ui (51)Uz2(j2)Us(43)
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where the U matrices have the form

G =[in 1), Gt = | §] =[]

Let’s check the matrix multiplication:

Givaliatati) = [ 1) [ ] [} (432
= [i+iz 1] Lﬂ (4.33)
= 41 +1a+13 (4.34)
= A(il,i'z,i:;) (435)

Therefore, we determined how each element of the tensor is recovered. Thus if we
expand the matrices in full detail we have

o= (1 1.2 1. 1)) (4.36)

- (RYRIEIED e
o = (BB

As we can see above, the TT-format uses 32 elements (2 x n; +4 X ny +2 X ng) to
fully describe tensor A which has 60 elements.

4.2.2.4 Basic tensor operations

Some operations can be performed quite cheaply in the TT format for tensors with low TT
ranks.

Let us first consider the inner product of two tensors A, B € R™ > *"d defined as

(A, B) = (vec(A),vec(B) = >+ Y Apiyin)Biir,oia): (4.39)

i1=1 ig=1

where vec(+) stacks the entries of the tensor into a long vector. The corresponding tensor
network diagram when X and ) are both in TT decomposition is shown in Figure 4.11.
It can be seen that the summations in Figure 4.11 become contractions between the TT
cores of X and ). By carrying out these contractions of cores from left to right, the cost
of evaluating the inner product is reduce from O(n?) to O(dnr®), where r denotes the
maximum of all the involved TT ranks [23].
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T1 T2 T3 T4
U, U, Us Uy Us
ni n2 ns T4 ns
S1 S92 S3 S4
V4 Vs V3 V4 Vs

Figure 4.11: Tensor network diagram of inner product of two tensors of order d =5 in TT
decomposition. Excerpt from (Glau et al [23])

Page 54 of 100

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

CHAPTER 5. RESULTS

Chapter 5

Results

In this section, we review the results we obtained from running various tests that employ
the techniques discussed in the theoretical framework sections. Our results are as follows:
e Proxy function tests in low dimensions

— pricing models
— counter-party credit risk models I

— counter-party credit risk models II
e Proxy function tests in high dimensions
— pricing models
e Sensitivity approximation
— pricing models

e Summary and discussion of results

Note 5.0.4. All algorithms were implemented in Python and run on a laptop with the
following specifications.

Processor : Intel(R) Core(TM) 17-8665U CPU
1.90GHz, 2112 Mhz, 4 Core(s), 8 Logical
Processor(s).

Operating system : Microsoft Windows 11 Enterprise

Physical Memory (RAM) : 16.0 GB

The MoCaX Suite software package was downloaded from www. mocazintelligence.
com and includes:

e The MoCaX library — which has functionality for the full Chebyshev Tensors, is
used in low dimensional problems.

e MoCaX Extend library — functionality for Chebyshev Tensors in TT-format and
includes supporting Rank Adaptive Algorithms, which are used for high dimen-
stonal problems.

Further details on the software and use guide can be found in [18].
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5.1 Proxy function tests in low dimensions

We start by looking at the composition method that we apply to replicating pricing functions
and then on components of complex computation such as CVA or PFE calculation.

5.1.1 Composition method: pricing models

In [35] the authors demonstrated the power of Chebyshev interpolants as proxy functions
against a sample of analytical and numerical pricing models that are common in quantitative
finance. In Table 5.1, we have an excerpt of the table of results that shows the standard run
times of the pricing models using QunatLib' and contrasts this against Chebyshev build
and run times, and accuracy measured by maximum absolute error. The test results in
the excerpts were based on building Chebyshev proxy functions for 1-dimensional pricing
functions and approximately 11 anchor points?. We note that the key take away is that
the Chebyshev runs times are considerably faster than the subject pricing models — run
speed multipliers ranging from 100 to 6 million times faster— and have a very high level of
accuracy, ranging from 3 to 10 decimal places (1071?).

Pricing Pricing QuantLib Chebyshev  Chebyshev Accuracy Chebyshev
function Method Run Time Build Time Run Time Run Speed
(ms) (ms) (ms) Multiplier
IRS Analytic 0.214 2.675 0.000103 10+ 2,088
European Analytic 0.013 0.209 0.000127 10° 110
Option (BS)
American Monte 23.103 247.117 0.000096 10°® 239,668
Option Carlo
Bermudan | Tree 318.99 3642.12 0.000127 10° 2,511,737
Swaption
Barrier Analytic 0.024 0.3 0.000125 10+ 192
Option
Barrier Meonte 601.919 6590.522 0.000103 10° 5,843,883
Option Carlo

Table 5.1: The figure displays a table excerpt from (Zeron and Ruiz [35]) displaying the
results runtime and accuracy results of Chebyshev interpolants relative to original pricer
functions from QuantLib

In our study, we conducted tests similar to those described below. In our study we consider
a small sample of pricing functions, namely, the standard Black-Scholes option formula
for call/put, an American put option using binomial trees and an America put option
using Monte Carlo (with Laguerre and Monomial methods) with and without antithetic
sampling. For our test we used 2-dimensional functions, variable stock price [5,150] and
volatility [5%, 70%], with 42 Chebyshev anchor points (6 x 7). The fixed parameters were:
strike S = 100, interest rate r = 0.05, maturity T = 1, time steps Tsteps = 52 (applicable
for binomial trees and MC), and number of paths M = 100,000 (applicable to MC only).
The time trials were determined by running the subject model and Chebyshev interpolants
on a 2500 point (500 x 500) test grid, which was done to average run time anomalies and
to make the run-times large enough to display sensibly on one table. Table 5.2 displays
the results obtained from the performance trials.

1QuantLib is a free, open source library designed for quantitative finance. It provides a compre-
hensive framework for modelling, trading, and risk management of financial instruments. See https:
//www.quantlib.org/

2it is not explicitly mentioned in the source but one can infer from the ratio of build and run times of
the subject function
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Pricing Test model  Chebyshev Chebyshev Max Run time
Function runtime build time run time Error multiplier

(s) (s) (abs diff)

BS call/put (Analyt- 0.41 0.02 0.0149 0.854 28
ical)
American put (bino- 3.26 0.06 0.010 0.937 319
mial treel)
American put (bino- 2.95 0.05 0.009 0.935 333
mial _tree2)
American put- 41.41 58.33 0.002 0.558 24 926
antithetic
(MC _ Laguerre)
American put 50.57 21.78 0.001 0.556 35 587

antithetic

(MC_Monomial)

American put 130.93 44.82 0.002 0.555 87 199
(MC _Laguerre)
American put 56.64 20.72 0.001 0.561 56 793

(MC_ Monomial)

Table 5.2: Low dimensional (2D) performance results, with each trial using 42 (6 x 7)
Chebyshev anchor points.

SHEELZ

"

iy
s

pieie]
Woyey

Figure 5.1: The graph displays, from left to right: [left| a valuation surface of an american
put, [middle] the nominal difference in original pricer against Chebyshev interpolant, and
[right] the percentage difference of original pricer against Chebyshev interpolant.

Remark 5.1.1. Key take-aways in this subsection:

o We note from Table 5.2 that as expected the Chebyshev interpolants are signif-
icantly faster than the subject pricing functions, as can be seen from the run
multipliers being 28 for the analytical Black Scholes option pricing formula to an
average of 300 times for the binomial trees and for Monte Carlo based models the
speed multiplier is as high as 80 000 times.

o We also observe that at 6x 7 anchor points, we obtain absolute errors that are
less than one unit of currency.

o Furthermore, we observe that the errors in the Chebyshev interpolants tend to be
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pronounced when the resulting valuation is very low. This is clear when consid-
ering the error plots shown in Figure 5.1.
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5.1.2 Composition method: CCR trials I

We begin by showing the replication of the entire CVA calculation via Chebyshev inter-
polants. This may be useful for traders or front office sales teams that regularly trade a
specific instrument type with a specific counterparty and may need the sight of an approx-
imation of the CVA impact of a new position.

For this trial, we explored the CVA calculation for interest rate swap under a 1-Factor
Hull-White (1IFHW) regime, see Table 5.3. As expected, we observed that the Chebyshev
interpolants markedly reduced the run time of the calculation and allowed one to run the
CVA calculation for any scenario where the interest rate model was static, but the strike
and maturity of the IRS was variable. Figure 5.3 and Figure 5.2 shows the CVA surface and
corresponding Chebyshev errors for the IRS under the IFHW model strike and maturity
of the IRS were variable, with plot (a) showing the results for using 36 anchor points and
sub-plot (b) 63 anchor points.

Test model ChebyshevIChebyshev Chebyshev Max. Error Run speed Figure

runtime anchor build time run time (s) (%) multiplier

points (s)
5 252.64 36 2 261.88 0.002 8.00% 2 679 863.13 Figure 5.2
11 242.22 63 3 401.80 0.0006 12.10% 20 133 765.05  Figure 5.3

Table 5.3: Low dimensional performance results, here we consider a proxy for full CVA for
1FHW model IRS on test grid with 100-points.

Remark 5.1.2. Key take-aways in this subsection:

e Tuble 5.3 table displays maximum errors over the entire surface in nominal values
and not as percentages. However, as can be seen from Figure 5.2 and Figure 5.3
the errors are high when the value of the CVA is very small or equivalents when
the strike is very small.

e The CVA surface increases with strike and tenure of the IRS and and the er-
ror surface is lower than the mazimum values attained along the low strike edge
therefore, it can be inferred that the Chebyshev interpolants accuracy is higher
everywhere outside of the low strike edge.
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Figure 5.2: Composition methods: Chebyshev methods on CCR type models, with 36
Chebyshev anchor points. We calculate the full CVA of IRS in 1 factor HW model surface
against variable strike [0.1,0.9] and maturity [1,15]yrs . The graph on the left depicts CVA
value sureface and on the right is the percentage error surface.

Figure 5.3: Composition methods: Chebyshev methods on CCR type models, with 63
Chebyshev anchor points. We calculate the full CVA of IRS in 1 factor HW model surface
against variable strike [0.1,0.9] and maturity [1,15]yrs. The graph on the left depicts the
CVA valuation surface and on the right is the percentage error surface.
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5.1.3 Composition method: CCR trial II

In this subsection, we demonstrate the implementation of Chebyshev techniques in com-
mon CCR risk metric calculations. We will consider a single transaction and netting set
(portfolio) example.

5.1.3.1 CVA for single IRS

In this paragraph, we consider the most common applications of the Chebyshev method for
CCR calculations. This is done by employing the Chebyshev interpolant when the pricer
or valuation of the instrument is called. Therefore, this is done at each time step of the
time grid. Depending on the form of the stochastic process chosen for the key risk factors,
we have in general that the price or valuation function at each time step is only dependent
on the filtration (information available) at the time step. Therefore, the valuation function
is the same across all Monte Carlo simulations at each time step, that is the symmetry
(invariance) that we take advantage of in the problem, and we only have to build one proxy
function at each time step.

We used the same 1IFHW model with a dual curve for IRS. The details of the model are as
follows:

Assumption 5.1.1. Trial parameters
1FHW IRS CVA model parameters

1. Simulation parameters

e time step = 0.25
e MC simulations = 10,000

2. Swap parameters

o {0 =120

e Notional = 1000000
e direction = -1

o strike=0.05

o Maturity=10
3. Market parameters - Hull-White OIS and JIBAR Parameters

e 70pors = 0.05
e aprs = 0.1

e volprs = 0.01
e 0y = 0.06
e a;rp=0.15
e volyjrg =0.05
e p=-0.9

4. CVA parameters - Counterparty parameters

o Recovery rate = 0.4
o Credit spread = 500
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Table 5.4 shows the trials that were run on a single IRS. For the test trials we varied the
number of Chebyshev anchor points from 222, 223, 3x3 for 10k and 100k MC runs. As
expected, we observed that as the number of Chebyshev anchor points increased the CVA
errors (which represent the sum of errors across the time steps) decreased from ~ 10% to
below 0.1% and the extra computation effort increased, albeit it was never greater than
0.1% at 10K MC runs or 0.01% at 100K MC runs. We also observe that the run and total
multipliers are on average ~ 10 and ~ 8times respectively at 10K MC simulations.

Anchor MC sims ChebyshevBBuild evalu- CVA Run speed Run +  Total
pts/vari- &  time anchor ations/Total ~ Error (%)  multiplier  build speed
able steps points/ valuation speed multiplier
time (extra  ef- multiplier
step fort)
2X%2 10,000; 41 4 0.040% 11.897% 10.27 10.19 7.82
2x3 10,000; 41 6 0.060% -0.704% 9.84 9.74 7.79
3x3 10,000; 41 9 0.090% -0.054% 9.98 9.85 7.95
2x2 100,000; 4 0.004% 16.606% 15.60 15.59 12.26
41
2x3 100,000; 6 0.006% -0.994% 10.62 10.62 8.48
41
3x3 100,000; 9 0.009% -0.066% 10.94 10.91 8.56
41

Table 5.4: Low dimensional performance results: CVA for IRS

Figures Figure 5.4a to Figure 5.6b show the graphs of the key CCR risk metrics, such as
PFE, EE and CVA of the trials run on a single IRS with 10k MC runs.

Figures Figure 5.7a to Figure 5.9b show the graphs of the key CCR risk metrics, such as
PFE, EE and CVA of the trials run on single IRS with 100k MC runs.

Remark 5.1.3. Key take-aways in this subsection:

e We notice that the Chebyshev prozies work very well for 2x 8 anchor points, as
this yields a very good balance of minimum computational effort (sixz anchor points
per time step), superior processing speed (as they improve run times by a factor
of approzimately eight times) and fair errors (below 1%).

o The computational benefit at the 2x 8 anchor points, is 99.994% (1-0.006%) for
100,000 MC simulations. This means that we only require the original pricer
to perform on 0.006% of the computations it would have done with the original
pricer function.

e Increasing the number of Chebyshev anchor points yields even higher accuracy
although at a slight cost in terms of build time and run speed time.

figures Figure 5.10a and Figure 5.10b show the graphs of the speed multiplier against
anchor points for 10k and 100k MC runs. As expected, the multiplier decreases linearly
with increasing anchor points.
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EE vs PFE
= Full-reval -EPE
» Chebyshev approx (MCX)
400000 = Full-reval-99% PFE
= Full-reval-95% PFE
O Chebyshev approx (MCX) - 99% PFE
300000 o Chebyshev approx (MCX) - 95% PFE
200000
100000
0

CVA contributions
= Full-reval
&0 ) Chebyshev approx {MCX)
300
200
100
1]

Figure 5.4: Composition methods at each time step: Example 3 with 10k monte carlo runs
for a CVA calculation and 2x2 Chebyshev anchor points per time step

EE vs PFE
= Full-reval -EPE
& Chebyshev apprax (MCX)
400000 Full-reval-99% PFE
— Full-reval-95% PFE
©  Chebyshev approx (MCX) - 99% PFE
300000 ©  Chebyshev approx (MCX) - 95% PFE
200000
100000
0

CVA contributions

—— Full-reval
00 ©  Chebyshev approx (MCX)
300
200
100
0{ &

Figure 5.5: Composition methods at each time step: Example 2 with 10k monte carlo runs
for a CVA calculation and 2x3 Chebyshev anchor points per time step
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EE vs PFE
e = Full-reval -EPE
e 5 Chebyshev approx (MCX)
400000 = Full-reval-99% PFE
— Full-reval-95% PFE
© Chebyshev approx (MCX) - 99% PFE
300000 e © Chebyshev approx (MCX) - 95% PFE
200000
100000
0

CVA contributions
— Full-reval
100 @ Chebyshev approx (MCX)
300
200
100
o

Figure 5.6: Composition methods at each time step: Example 1 with 10k monte carlo runs
for a CVA calculation and 3x3 Chebyshev anchor points per time step

EE vs PFE
—— Full-reval -EPE
O Chebyshev approx {(MCX)
400000 = Full-reval-99% PFE
= Full-reval-95% PFE
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Cao,
200000
100000
]
T T T v T T
0 2 4 6 8 10
(a)
CVA contributions
= Full-reval
200 » Chebyshev approx {(MCX)
300
200
100
0

Figure 5.7: Composition methods at each time step: Example 3b with 100k Monte Carlo
runs for a CVA calculation and 2x2 Chebyshev anchor points per time step
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EE vs PFE
Full-reval -EPE
Chebyshev approx (MCX)
400000 Full-reval-99% PFE
Full-reval-95% PFE
Chebyshev approx (MCX) - 99% PFE
300000 Chebyshev approx (MCX) - 95% PFE
200000
100000
0

CVA contributions

—— Full-reval
oo ) Chebyshev approx (MCX)
300
200
100
0

Figure 5.8: Composition methods at each time step: Example 2b with 100k Monte Carlo
runs for a CVA calculation and 2x3 Chebyshev anchor points per time step

EE vs PFE
Full-reval -EPE
Chebyshev approx (MCX)
400000 Full-reval-99% PFE
Full-reval-95% PFE
Chebyshev approx (MCX) - 99% PFE
300000 Chebyshev approx (MCX) - 95% PFE
200000
100000
0

CVA contributions
—— Full-reval
400 ©  Chebyshev approx (MCX)
300
200
100
0 5]

Figure 5.9: Composition methods at each time step: Example 1b with 100k Monte Carlo
runs for a CVA calculation and 3x3 Chebyshev anchor points per time step
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Run speed multipliers vs anchor Run speed multipliers vs anchor
points (10K MC sims) points (100K MC sims)

_ 12,00 _ 2000
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$ Lo g 5.00

(%] "

0 2 4 6 8 10 0 2 4 6 8 10
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Figure 5.10: Speed multiplier vs anchor points graphs for 10k and 100k MC runs for a CVA
calculation

Page 66 of 100

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

=

CHAPTER 5. RESULTS 5.1. PROXY FUNCTION TESTS IN LOW DIMENSIONS

5.1.3.2 CVA and PFE for IRS netting set

In this paragraph, we consider extending the of the Chebyshev method in CCR calculations
to a portfolio, in particular, a netting set in which a number of trades with one counterparty
are allowed to be grouped together and have their exposures offset from each other. This
is also a very common practise in banking, and allows banks to optimize their CCR risk
management. We deploy the Chebyshev interpolant when the pricer or valuation of the
netting set or portfolio is called; therefore this is repeated at each time step of the time grid.
Because netting sets do not often change from day to day, we use proxy functions for the
entire valuation of the netting set. Here, we take full advantage of speed of the Chebyshev
interpolant instead of calling a pricer function multiple times for (often) thousands of MC
paths.

Therefore, we expect the run time multipliers to increase considerably, as we will replace
the valuation of the entire portfolio with one super-fast Chebyshev interpolant.

The rest of the setup is much the same as in the single instrument case, because our netting
set contains only one type of instrument, namely the swap. If the netting set contains other
types of instruments, the risk practitioner should assess and weigh the benefits of having
one proxy price for the entire portfolio, build proxy functions per instrument type or group
similar instruments into sub-netting sets with one pricer.

We used the same 1IFHW model with a dual curve for IRS. The details of the model are as
follows:

Assumption 5.1.2. Trial parameters
1FHW IRS CVA model parameters

1. Simulation parameters

e delt = 0.25

e time step :
— for 40 time steps = the Tpap < 10yrs
— for 60 time steps = the Ty < 15yrs
— for 80 time steps => the Tipar < 20yrs

o MC simulations = either 1k, 2k, 5k and 10k
2. Swap parameters

oty =0
e notional = random between [500k, 12.5M]
e portfolio _size (L) = 25
o direction = random {1} x L
o strike= near ATM between [0.05,0.07] centered around r0;;5 = 0.06
e Maturity= random [1,15]yrs < Tmaz (tenure must only be multiples of
timestep)
3. Market parameters - Hull-White OIS and JIBAR Parameters

e 70prs = 0.05

® ApJs — 0.1
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e volprs = 0.01
[ ] TOJ[B = 0.06
® AjiB — 0.15
L] UOZJIB = 0.05

e Correlation p = 0.5
4. CVA parameters - Counterparty parameters

o Recovery rate = 0.4
o (Credit spread = 500bp

Table 5.5 shows the trials run on a netting set of interest rate swaps. For the test trials
we varied the number of Chebyshev anchor points from 2 x 3, 2 x 2, 3 x 3 and 4 x 4,
and for either 1k, 2k, 5k and 10k MC runs. As expected, we observe that as the number
of Chebyshev anchor points increases the Chebyshev approximations deviations decrease,
this is seen in the CVA error decreasing accordingly. We also observe that the run speed
multipliers are considerably higher, as they easily peak above 100 across the board, and we
note that the total run speed multipliers ® get as high as 30-40 times.

ChebyshevIMC sims & Total Build CVA value CVA Run Run + Total
anchor time steps Cheby- evalu- Error speed build speed
pts/ shev ations (%) multi- speed multi-
dim anchor /Total plier multi- plier
points valuation plier

(extra

effort)
2x2 1k; 55 164 0.40% 288 089.03  9.63% 104 78 24
2x3 5k; 60 360 0.12% 324 792.01 -2.00% 137 123 37
3x3 2k; 55 495 0.45% 53 163.43  -0.05% 133 88 32
4x4 10k; 40 640 0.16% 371 239.90 -0.05% 111 110 29

Table 5.5: Low dimensional performance results: CVA for IRS

The figures 5.11a to 5.14b show the graphs of the key CCR risk metrics, such as PFE, EE
and CVA of the trials run on single IRS.

Remark 5.1.4. Key take-aways in this subsection:

e Again, we that the Chebyshev prozies work very well for 3 x 3 and 4 x 4 anchor
points, which yields a very good balance of low computational effort (an improve-
ment of 99.5% relative to using the original function) and fair errors for practical
purposes (less than 1% in the portfolio CVA value).

e The run speed multipliers alone are on average well over 100 times faster, which
is a remarkable saving in time. When one factors in the building phase, the speed
multiplier is still notably high at levels between 80 and 100 times faster.

Srunning the full risk metric calculation start to end, instead of focusing on the run times of the pricer
step
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Figure 5.11: Composition methods at each time step: Netting example 3 with 1k Monte
Carlo x 55 time steps runs for CVA calculation and 2x2 Chebyshev anchor points per time
step
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Figure 5.12: Composition methods at each time step: Netting example 4 with 5k Monte
Carlo 55 time steps runs for CVA calculation and 2x3 Chebyshev anchor points per time
step
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Figure 5.13: Composition methods at each time step: Netting example 2 with 1k Monte
Carlo x 55 time steps runs for CVA calculation and 3x3 Chebyshev anchor points per time
step
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Figure 5.14: Composition methods at each time step: Netting example 1 with 10k Monte
Carlo x 40 time steps runs for CVA calculation and 4x4 Chebyshev anchor points per time
step
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5.1.4 Demonstration of curse of dimensionality

In this subsection, we demonstrate the curse of dimensionality by considering two trials.

5.1.4.1 Incrementally increasing dimension

In this trial we consider the standard Black Scholes analytic solution for a put option
and incrementally increase the number of dimensions while keeping the Chebyshev anchor
points per dimension at five. In our example, we used the base parameters strike = 100,
rate = 0.05, tenor = 1 and volatility = 0.2 unless otherwise specified in the specific trial.
The results of the trials are displayed in Table 5.6. As expected, the number of anchor
points grows exponentially with dimensions and correspondingly the run multipliers decay.

Figure 5.15 shows a logarithmic plot of the Chebyshev build time against the number of
anchor points as the dimensions increases, we note here that the build time grows linearly
with the number of dimension (given that the number of Chebyshev anchor points are fixed
per dimension).

Remark 5.1.5. Key take-aways in this subsection:

e the curse of dimensionality affects the number of anchor points required to build
our Chebyshev interpolant, and

e also affects the run time of the Chebyshev interpolant.

Dimensions Num. Test ChebyshevllChebyshev  Run speed
points/ model anchor run  time multiplier
dim. runtime points (s)

S5, 150] 2 500 0.469598 6 0.00930 51

S[5,150], ¢]0.05,0.7] 2 500 0.382106 36 0.01118 34

S5, 150], ¢[0.05,0.7], 2 500 0.387789 216 0.01240 31

r[0.005, 01]

S5, 150], ¢[0.05,0.7], 15 000 4.427177 1296 0.22960 19

r[0.005,01], T'[1,15]

S[5,150], ¢[0.05,0.7], 30 000 4.614051 7776 0.94605 5

r[0.005, 01], TI1,15],

K[70,120]

Table 5.6: Curse of dimensionality: Demo 1, where B/S put formula with base line param-
eters: strike=100, rate=0.05, maturity= T=1, volatility.=c=0.2

5.1.4.2 Composition method done inefficiently

We also considered deploying the Chebyshev interpolants on the scenario generating com-
ponent of the risk engine, as this is sometimes the most time consuming part, if the pricing
function is simple or has an analytic solution (and hence is already very quick to compute).

Therefore, for each time step (k € {1,2,...,41}) we build a Chebyshev interpolant to
compute the risk factor (interest rate) and another interpolant to value the swap. In this
example we select to have 4 Chebyshev points to approximate each interest rate dimension*

4we have two dimensions, the initial or time-0 rate (r0)s,7 and the Weiner process generated outcome
W; ; at the node and time step.
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Dimensionality costs

—e—Chebyshev build time (s) = Linear (Chebyshev build time (s))

1.4
1.2
1.0
0.8
0.6
0.4
0.2

1 10 100 1000 10000

Figure 5.15: Chebyshev build time against the logarithm of number of anchor points re-
quired as dimension grows from 1 -5.

and swap valuation function which took in four variables. This will result in 288° Chebyshev
anchor points in total at each time step for the eight dimensional case, instead of say 16 of
done efficiently in two dimensions.

If we apply this to the example observed in Section 5.1.3, we effectively increase the number
of dimensions of the problem from two to eight, as follows:

e two dimensional — because there is one swap pricer that takes in two generated
rates/curve r OIS and r_JIB at each time step k, we have

Swapfn(ré,s, Téls)~

e Eight dimensional — this is where the inefficiency gets built in, this deliberately done
to increase the number of dimension ¢, we have three functions one for each interest
rate and one for the swap pricer:

— OIS curve generator

815 (r0E &, W g; other fixed parameters) : R? s R
— JIBAR curve generator

ks (r0R L W, 2); other fixed parameters : R? — R
— Swap pricer

Swa,pfn(rogfé, W}“,B, 7"0’5_]}9, W(’;IS; other fixed parameters) : R* — R

Remark 5.1.6. Key take-aways in this subsection:

5Chebyshev anchor points= (4)* + (4)2 + (4)2 = 288
61t is also how I initially implemented the CVA for IRS before I realized the silliness of my implemen-
tation, so humour me and just follow through the example and ignore inefficiency.
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o Table 5.7 shows the results of the inefficient but high dimensional implementation
for CVA calculation seen in Section 5.1.3. We note that the main take away that
the multipliers have dropped considerably from between 8 and 10 (observed before)
to between 2 and 3.

o Furthermore, a good understanding of the portfolio and risk metric being calcu-
lated is critical in obtaining the most benefit from applying Chebyshev techniques.
The application has to be done intelligently, that is with some foresight from ex-
perience or careful considerations of the structure of the problem or through in-
cremental trials to establish the best fit for the Chebyshev interploants or tensors.

MC sims & Test model Build eval- Build time Chebyshev  Total Accuracy/Maxlflun speed Run + build Total speed
time steps  runtime uations/ (s) run time (s) Cheby- Error (%) multiplier speed multi- multiplier
Total valua- shev model plier
tion (extra run time (s)
effort)
10%; 41 22.098 14% 2.7499 6.4385 11.965 3.99E-05 3.43 2.4 1.85
10%; 41 284.634 1.40% 2.6509 86.9142 127.7919 3.96E-05 3.27 3.18 223
10% 41 284.634 0.14% 2.6264 941.72 1349.23 3.95E-05 3.03 3.02 2.12

Table 5.7: Demonstration of curse of dimensionality - here we consider an implementation
of IFHW IRS CVA calculation using an eight dimensions (instead of two) to demonstrate
the drop in multipliers.

Now that we have demonstrated the curse of dimensionality in two different setting, we can
move on to consider high dimensional implementation of Chebyshev techniques.
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5.2 Proxy function tests in high dimensions

Here we examine high dimensional trials using the Black Scholes European option model
and a lattice based American option

5.2.1 European option
Here we conduct some basic trials to familiarize ourselves with the method and set a bench-
mark that we can reference when we consider more complicated experiments.

Table 5.8 and Figure 5.16a to Figure 5.17b show the results of the Mocax extended library
which implements the TT-format low rank tensor approximations.

For these trials we use the analytic Black Scholes option model with the following parameters

Assumption 5.2.1. Trial parameters
European option parameters

e spot = [50,150]

o strike = [50, 150]

e interest rate = [0.01,0.1]
e volatility = [0.2,0.7]

e time to maturity [1.0,3.0].
Chebyshev interpolant

o Anchor points/dimension = 10

e Total anchor points = 10°

Subgrid size 1% 5% 10% 15%
No. test pts 74 403 74 392 74603 74434
Cheb. evaluation time (s) 57.6 58.9 57.5 54.6
Funct. eval. time (s) 11.6 11.4 11.3 11.7
Multiplier 0.20 0.19 0.20 0.21

Table 5.8: High dimensional Test 1 - using 5 dimensional Black Scholes model with 10
Chebyshev anchor points per dimension

Remark 5.2.1. Key take-aways in this subsection:

e From Table 5.8 and Figure 5.16a we see that the TT-format allows us to sample
a very small proportion of the full CT tensor to build our new proxy function.
We sampled as little as 1% and obtained a fairly accurate and practical proxy
function.
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CHAPTER 5. RESULTS 5.2. PROXY FUNCTION TESTS IN HIGH DIMENSIONS

e Howewver, we also notice from Table 5.8 that the multiplier is less than 1, which
means that our prozy functions run considerabley slower that the original pricers,
demonstrating that the TT-format method may not be ideal for simple analytical
functions and that one maybe better off relying on the full Chebyshev tensor but
lower anchor points, such as the one considered in Table 5.6.

e The graphs displayed in Figure 5.16a, 5.16b and 5.17a show that more than 90%
of the errors on our multidimensional surface (hyper-volume) are less than 5%.
Furthermore when looking at the nominal values of the errors in Figure 5.17b, it
can be that the majority of the errors (over 90%) are less than 1. Therefore, one
can surmise that large errors most likely occur when the price function is very
small and hence negligible.

. . Error analysis: 10% sub grid
Error analysis: 1% sub grid

100.0 100%
90.0 100% 50,0 90%
800 90% 80.0 80%
70.0 80:" 70.0 70%
60.0 Zz;: 60.0 60%
50.0 0% 50.0 50%
40.0 40% 40.0 40%
30.0 30% 30.0 30%
200 20% 20.0 20%
10.0 10% 10.0 10%

e . 0%
(0%;5%)  [10%;50%) [100%;inf) [5%;10%) (50%;100%) (0%;5%) [100%;inf) [10%;50%) [5%;10%)(50%;100%)
(a) (b)

Figure 5.16: High dimensional tests - Error analysis with subgrid size of 1% and 10%

Nominal error analysis: 5% sub grid

Error analysis: 5% sub grid

100.0 100%
90.0 90%
80.0 80%
70.0 70%
60.0 60%
50.0 50%
40.0 40%
30.0 30%
20.0 20%
10.0 10%
- 0% §
(0%;5%) [100%;inf) [10%;50%) [5%;10%)(50%;100%) B [0.2,0.5) (05;1) [0.05,0.1) (0;0.05) [3;inf)
(a) (b)

Figure 5.17: High dimensional tests - Error analysis with subgrid size of 5% , on the left
we show the percentage error histogram and on the right we show the nominal errors

5.2.2 American option — lattice based
Here, we conduct more basic trials using a numerical model of an American put option.
The model is lattice based and of the same type as that used in the low dimensional tests.

Table 5.9 and Figure 5.16a to Figure 5.17b show the results of the Mocax extended library
which implements the TT-format low rank tensor approximations.

For these trials we use the analytic Black Scholes option model with the following parameters
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Assumption 5.2.2. Trial parameters
American option — lattice based

e spot = [5,300]

e strike = [50, 150]

e interest rate = [0.01,0.1]

e wvolatility = [0.05,0.7]

e time to maturity = [1.0, 3.0].

e time steps = 52
Chebyshev interpolant

o Anchor points/dimension = 10

e Total anchor points = 10°

Subgrid size 1% 5% 10%
No. test pts 1000 10 000 10 000
Cheb. evaluation time (s) 0.8 9 8
Funct. eval. time (s) 1.3 12.0 12.6
Multiplier 1.68 1.34 1.58

Table 5.9: High dimensional Test 2 - using 5 dimensional lattice based American put option
model with 10 Chebyshev anchor points per dimension

Remark 5.2.2. Key take-aways in this subsection:

e From Table 5.9 we can see that the multipliers are greater than one which im-
plies that there is an improvement in run time due to the Chebyshev interpolants.
Therefore, it is advantageous to consider the high dimensional Chebyshev tech-
nique when faced with computationally intensive numerical valuation models.

e The graphs displayed in Figure 5.18a -5.18b show that at the 1% sub-grid of
the Chebyshev tensor the relative and mominal errors are very large. However,
we see in Figure 5.19a-5.19a that at 5% of the original Chebyshev tensor, only
under 60% of the nominal errors are less than one unit of currency. This is a
considerable improvement, and for practical purposes, this would be an acceptable
threshold for risk practitioners (at least for internal risk measurement purposes
but not necessarily for regulatory reporting).

e The graphs displayed in Figure 5.20a -5.20b that at 10% sub-grid of the Chebyshev
tensor the errors have improved considerably. Although on the percentage error
basis, we see that approximately 60% of the errors are greater than 50, this is put
into perspective when we refer to the nominal basis and observe that all difference
are less than a unit of currency.
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e Querall, we note overall that the low-rank tensor approximation of Chebyshev
Tensors can be applied effectively to the lattice based American option model.
Although the speed multiplier is approximately 1.5, it offers very good accuracy
(of less than a unit of currency) when only working with a 5% sub-grid.

o a4 .
% Error analysis: 1% sub grid Nominal error analysis: 1% sub grid

100 100%
100 100%

90 90%

90 90%
80 80%

80 80%
70 70% 70 70%
60 60% 60 60%
50 50% 50 50%
40 40% 40 40%
30 30% 30 30%
20 20% 20 20%
10 10% 10 10%

0 e 0% 0 0%
[100%;inf) (50%;100%) [10%;50%) (0%;5%)  [5%;10%) [1;inf) (0.51)  [0.1,05)  (0;0.05) [0.05;0.1)
(a) (b)

Figure 5.18: High dimensional tests 2 - Error analysis with subgrid size of 1% (a) percentage
error and (b) absolute nominal error

% Error analysis: 5% sub grid
? ¥ ? g Nominal error analysis: 5% sub grid

80.0 100%
s 100 100%
6

70.0 w00t %0 90%
60.0 / 80 80%
500 0% 70 70%
60% 60 60%

40.0 50% % So%
30,0 40% 40 40%
30% y

200 6 30 30%
20% 20 20%

o - 1% 1 %

. —— 0 0%

[100%;inf)(50%;100%)[10%;50%) (0%;5%)  [5%;10%) [Linf)  [0.1,0.5)  (051)  (0;0.05) [0.05,0.1)
(a) (b)

Figure 5.19: High dimensional tests 2 - Error analysis with subgrid size of 5% (a) percentage
error and (b) absolute nominal error
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20.00
40% 40 40%
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Figure 5.20: High dimensional tests 2 - Error analysis with subgrid size of 10% (a) percent-
age error and (b) absolute nominal error
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5.3 Derivative sensitivities

Herein we will look at some basic derivative sensitivity trials in low dimensional.

Note 5.3.1. For clarity, when we refer to derivatives (math) of derivatives (finance)
functions we will instead refer to the sensitivities of derivatives.

5.3.1 Basic tests: 1-dimensional

Here we conducted some basic trials to assess the effectiveness of Chebyshev interpolants in
approximating derivative sensitivities. It is worth reminding the reader that all the results of
the various derivatives being calculated are computed directly from the interpolants and no
additional information (Chebyshev anchor points) is required. The Chebyshev interpolants
only have information or input about the subject function and nothing else. We seek to
verify that the derivatives of the Chebyshev interpolants are:

e good approximators of the derivative sensitivity,

e converge in sub-exponentially, and

e are computationally faster.
Table 5.10 and Figure 5.21a to 5.24c show the results of the Mocax library which uses
the full Chebyshev tensors to approximate the functions and their derivatives in one build

procedure. Figure 5.25 - 5.27 shows the Chebyshev interpolants results for the six anchor
points and includes error analysis graphs.

For these trials we used the analytic Black Scholes option model with the parameters
described below.

Assumption 5.3.1. Trial parameters
Black Scholes parameters

o type (P/C) - Put

e spot -Sp = [5,150]

o strike - K =100

e interest rate - r = 0.05
e volatility - 0 = 0.2

e time to maturity - (T —t) = 1.

Black Scholes Greeks/derivatives
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e Option value
Vpu = Ke" ™™D N(=dy) = Sy - N(—dy),

where N (z) denotes the standard normal cumulative distribution function:

1 x
N(z) = E/ e %2z
—0o0

And N'(x) denotes the standard normal probability distribution function:

_ON@) 1 _ep

ox Vor

N'(z)

, and dy and do are given by

. 1 St 0'2
h=—r— {IH(K) +(r+ )T - t)}
- 1 St O'2 o
d2 = m |:ln(K)+(T—2)(T—t)] —d] _O'\/T_t
o Delta oy
Apyt 99 = —N(—dy)
o Gamma
0*V ~ N'(dy)

Fu,: -
Pt =982 T SoT —t

Chebyshev interpolant

e Derivative order = 2

o Test grid size = 2500

Test model Chebyshev Chebyshev Chebyshev ~ Run speed Reference
runtime (s) anchor points  build time (s) run time (s)  multiplier

0.767463 3 0.005 0.038 20 Figure 5.21a - 5.21c
0.750494 4 0.003 0.022 35 Figure 5.22a - 5.22c
0.754702 6 0.008 0.039 19 Figure 5.23a - 5.23¢
0.778145 8 0.003 0.020 39 Figure 5.24a - 5.24c

Table 5.10: Low dimensional derivative results 1 - runs times for derivatives of the Black
Scholes option model

Remark 5.3.1. Key take-aways in this subsection:

e From Table 5.10 we see that the build time is almost indistinguishable from that
observed in Table 5.2. This confirms that building derivative interpolants does
not require much more effort.

e Table 5.10 also shows that the run speed multipliers are not affected by the addi-
tional requirement of building derivative interpolants/Chebyshev Tensors.
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e Figure 5.21a to 5.24c show the actual function against the corresponding Cheby-
shev interpolants for the option price/value (a), delta(b) and gamma (c) for in-
creasing anchor points. We observedthat the higher the number of anchor points
the better the alignment between the Chebyshev approximator and subject func-
tion.

Furthermore, it is clear from the low anchor points that the Chebyshev approxi-
mation is polynomial based, as the first derivative is a linear function and second
derivatives is constant function. As the anchor points increase the derivatives are
approximated by higher degree polynomials, quadratic, cubic etc. and we observe
that the alignment improves considerably.

e The error analysis for the derivative approximations is presented in Figure 5.25
- 5.27 for sixz anchor points only. For each function the absolute nominal and
percentage errors are presented. We note the following:

— As expected, the fit was best for the subject function, and progressively wors-
ened for each derivative level. This can be seen by the scale of percentage
errors that increases with higher derivatives (the range of the percentage
errors for the price is 0-4%, for Delta it is 0-50% and for Gamma it is
0-5000%).

— However, we note that the errors are bounded in nominal terms, as can be
seen from the absolute error graphs. The highest deviations occur near the
extrema or when the subject function approaches zero, and when both occur,
the deviation is exacerbated.

— In relative terms, we observe from the percentage errors plot that the relative
errors in general tend to be very small, except when the subject function
approaches zero.
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Figure 5.21: Black Scholes option model with 3 Chebyshev anchor points: (a) Value (b)
Delta (¢) Gamma
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Figure 5.22: Black Scholes option model with 4 Chebyshev anchor points: (a) Value (b)
Delta (¢) Gamma
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Figure 5.23: Black Scholes option model with 6 Chebyshev anchor points: (a) Value (b)
Delta (c) Gamma
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Figure 5.24: Black Scholes option model with 8 Chebyshev anchor points: (a) Value (b)
Delta (c) Gamma
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Figure 5.25: Derivative results: Test 1- Value Error Analysis for 6 anchor points
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Figure 5.26: Derivative results: Test 1- Delta Error Analysis for 6 anchor points
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Figure 5.27: Derivative results: Test 1- Gamma Error Analysis for 6 anchor points
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5.3.2 Basic tests: 2-dimensional
Here, we extend the trials from Section 5.3.1 to 2-dimensions. We have the same objectives
in mind; therefore, we will not repeat them here.

For these trials, we use the analytic Black Scholes option model with the parameters de-
scribed below.

Assumption 5.3.2. Trial parameters
Black Scholes parameters

type (P/C) - Put

e spot -So = [50, 150]

e volatility - o = [0.05,0.7]
o strike - K =100

e interest rate - r = 0.05

time to maturity - T' = 1.
Black Scholes Greeks/derivatives

e Option value V' (as above)

e Delta A = g—‘g (as above)

2
Gamma T = gTZ (as above)

o Vega
v= v = Ke "T=ON"(d))WT — ¢
Oo
e Vanna
0’V do
Vanna =

—_— / _—
0800 ARCY o

Chebyshev interpolant

e Deriative order = 2

o Test grid size = 2500

We consider the results for one trial in which we choose six Chebyshev anchor points per
dimension. As we saw in Section 5.3.1, six anchor points are sufficient to approximate
2nd order sensitivities of the Black Scholes option model. One can infer from the results
of Section 5.3.1 the anticipated behaviour with fewer or more anchor points. The results
are presented in Table 5.11 | Figure 5.28 to 5.32 and discussed in the Remark 5.3.2. The
graphs displayed in Figure 5.28 to 5.32 show the subject function against the corresponding
Chebyshev interpolants, with a focus on the error analysis. In each figure the first graph
shows the option value or sensitivity (left), the second graph shows the absolute error
(middle) and the third graph shows the absolute relative error(right).
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Test model Chebyshev Chebyshev Chebyshev ~ Run speed  Reference
runtime (s) anchor points  build time (s) run time (s)  multiplier
2.780 6% =36 0.011 0.069 40 Figure 5.28 - 5.52

Table 5.11: Low dimensional derivative results 2 - runs times for derivatives of the Black

Scholes option model

Black-5choles -put option

Option value

Spot 140

Figure 5.28: Derivative results: Test 2- Value and error analysis for 6 anchor points

Black-Scholes -put option

Figure 5.29: Derivative results: Test 2- Delta and error analysis for 6 anchor points

Black-Scholes -put option

15 =
0 e
5 = E
20 Vega 20
15 &
10
5

Figure 5.30: Derivative results: Test 2- Vega and error analysis for 6 anchor points

Remark 5.3.2. Key take-aways in this section:

o From Table 5.11 we can see that run run time of the Chebyshev interpolant is 40
times faster than that of the original pricing models.
e In Figure 5.28 the subject function is the option value. The absolute errors are

bounded above 2.5 units and mainly occur for very low volatility levels.
relative error surface shows that the largest deviations occured in the region near

The
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Black-Scholes -put optien

Abs. error

Figure 5.31: Derivative results: Test 2- Vanna and error analysis for 6 anchor points

Black-scholes -put option

Figure 5.32: Derivative results: Test 2- Gamma and error analysis for 6 anchor points

the strike (100) and towards the lower bound of the volatility. This is expected
since at low volatility the valuation function has sharp change in slope. Overall the
errors are very small which shows the good accuracy of the Chebyshev interpolant.

e In Figure 5.29, 5.30, 5.31 and 5.32, the subject functions are delta, vega, vanna
and gamma of the option, respectively. Across all figures we notice that the abso-
lute and relative errors are mostly very small; hence, the error surfaces are mostly
flat or have very small ripples. Spikes on the error surfaces are mostly observed
where the subject function has regions of rapidly changing gradients, convezity,
turning points, inflection points or regions where the function approaches zero.

Observation 5.3.2.1. There are two ways to improve the accuracy of Chebyshev
interpolants for functions with known or anticipated regions of discontinuity, non-
differentiability as observed in the above tests. The first and naive method is to simply
increase the number of Chebyshev anchor points so that there are more points around
the region of concern. Alternatively, one can apply the domain-splitting technique, this
takes advantage of the fact that the Chebyshev points are dense near the bounds of the
domain. Therefore by splitting the domain into two (or more) regions, one can ensure
a higher concentration of anchor points near the region and hence better accuracy.

The better the knowledge and insights about the financial instrument or portfolio one
has, the better can intelligently apply Chebyshev techniques to improve the efficiencies
of the proxy function and overall risk metric calculation.
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5.4 Summary and discussion of results

Proxy Function Tests in Low Dimensions:  The results chapter began with proxy
function tests in low dimensions (see Section 5.1.1) which serves as a foundational step
in understanding the effectiveness of Chebyshev techniques. We consider three different
classes of valuation models analytic (or closed form solution), lattice based, and Monte
Carlo based. We observed that Chebyshev proxies could run approximately one, two and
four orders of magnitude faster than the original pricer functions for the above classes
respectively. All the while maintaining absolute errors below 1 unit of currency which an
acceptable threshold for risk management in practice.

These tests demonstrate that the Chebyshev approximation has the potential to signifi-
cantly reduce the computational burden while maintaining the accuracy of the risk metric
calculations.

Counterparty Credit Risk Trials: The study then moved on to counterparty credit
risk trials, which were divided into two parts. The first part (CCR trial I), see Section
5.1.2, focuses on replicating the full CVA calculation comprising the scenario generation
and valuation averaging into one function.The second part (CCR trial II), Section 5.1.3,
deploys the Cebyshev approximations in the valuation of the IRS at each time step within
the MC simulated paths.

In CCR trial I, we observed extremely high run speed multipliers of approximately six
orders of magnitude and again coupled with good accuracy levels (maximum percentage
error of 10% which only occurred when the risk metric value were very small).

In CCR trial II, considered the most likely use of the Chebyshev techniques as it offers more
flexibility in that the Chebyshev proxies only depend on the number of time steps and can
handle any desired number of MC simulations. We noticed that with only a few (between
6 and 9) Chebyshev anchor points were required per time step to deliver errors within
1% accuracy. Furthermore, the low number of anchor points meant that the computational
efficiency was improved by 99.994% for a single IRS and by 99.5% for a netting set portfolio,
relative to the traditional method using the original pricer function. Furthermore, the total
run speed multiplier was approximately one order of magnitude faster than that to the
traditional method.

The results from these trials highlight the robustness of the Chebyshev techniques in han-
dling counterparty credit risk calculations. The approximation method provesd to be effec-
tive in reducing the computational time required for these calculations, which is crucial for
a timely risk assessment.

Curse of Dimensionality: A significant challenge with the Chebyshev approximation
technique is the curse of dimensionality, where the computational cost increases exponen-
tially with the number of dimensions. Furthermore, we saw that high dimensionality also
implies slow run times and hence lower run speed multipliers. We provided two example
to test this phenomenon and demonstrated the need for low rank tensor approximation
techniques for Chebyshev Tensors.

This section also demonstrates that a good understanding of the portfolio and risk metric
being calculated is critical in obtaining the most benefit from applying the Chebyshev tech-
niques. The application of Chebyshev techniques has to be done with some foresight from
experience or careful considerations of the structure of the problem or through incremental
trials to establish the best fit for the Chebyshev interpolants.
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Proxy Function Tests in High Dimensions:  To test the applications of the Cheby-
shev tensor in TT-format (which is designed to overcome the curse of dimensionality prob-
lem), we applied the method to standard pricing models: the European option and a lattice
based American option.

We observed that for the analytic European option model, the TT-format method yielded
very favourable results, with 90% of error less than 1 unit of currency, when only using
5% of the full Chebyshev Tensor. However, we observed that the speed multipliers where
below 1, which meant that the Chebyshev Tensors were slower to run than the original
Black Scholes option pricing model. This suggests that it may not be optimal to apply
Chebyshev tensors in the TT-format to high dimensional analytic functions.

For lattice based American options, the TT-format method required between 5% and 10%
for errors to well below 1 unit of currency. In addition, the speed multipliers are above
one which means that there is a gain in computational time from Chebyshev Tensors in
TT-format.

Our results, although based on relatively elementary trials, do indicate that Chebyshev
techniques remain effective in higher dimensions, providing accurate approximations while
significantly reducing computational time. This is particularly relevant for complex financial
instruments that employ numeric methods and are high-dimensional.

Derivative sensitivity results:  The final section of Section 5 presents the results of
applying Chebyshev techniques to determine the derivative sensitivities. For these trials we
focused on analytic Black Scholes model, in one and two dimensions. Our results revealed
tow remarkable observations. First, the build times of the Chebyshev Tensors that approx-
imate the option sensitivities (such as delta and gamma), are almost indistinguishable from
the build time we observed in time observed in the low dimensional case. This confirms
that building sensitivity interpolants requires only marginal additional effort. Second, we
observed that the run speed multipliers remain relatively high even for the sensitivity proxy
functions.

These results indicate that Chebyshev techniques may be very effective in improving not
onlythe efficiency of the risk calculations but also their sensitivity. This is a highly desirable
property, as the practice of risk management in banking is often also concerned with the
sensitivities of risk metrics.
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Chapter 6

Discussion

In this chapter, we discuss the outcome of the results, present some concluding remarks
and discuss areas of further research. This chapter will be presented with the following
headings

e Overview and objectives
e Evaluation of results

e Conclusions

e Limitations and further research

6.1 Overview and objectives

this study tests the effectiveness of these techniques in reducing the computational burden
and improving the inefficiencies of risk metric calculations in the banking sector. In this
study, we provide a detailed review of the theory underpinning theChebyshev approxima-
tions and discuss their practical application to banking risk calculation.

Our approach follows and attempts to verify several results published by, among others,
Zeron and Ruiz with the aid of adapted codes from Mocax Intelligence open source Python
libraries. The goal is to test the effectiveness of Chebyshev methods in reducing the compu-
tational burden and improving the inefficiencies of risk metric calculations in the banking
sector.

We set ourselves the following objectives, in assessing the resulting efficiencies of Chebyshev
techniques:

1. the original pricing function in the building phase should be called considerably fewer
times than that in the first principle approach;
2. the precision of the interpolating object should be very good; and

3. the computational cost of evaluating the interpolating object should be low.
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6.2 Evaluation of results

The results of our trials are detailed and discussed Chapter 5. In this section we review
observations from the results against the objectives outlined above.

1. Efficient building phase: This study demonstrates that Chebyshev techniques can
significantly reduce the computational burden associated with the risk calculations. This
is evident from counterparty credit risk trials, where the computational efficiency was im-
proved by 99.994% for a single IRS and by 99.5% for a netting set portfolio, relative to the
first principles method that uses the original pricer function.

2. Maintaining accuracy: Despite the reduction in computational effort, the study
found that Chebyshev techniques maintain a high level of accuracy in risk calculations.
Again this is best illustrated by the CCR results, where a few (between six and nine)
Chebyshev anchor points were required per time step to deliver errors within 1% accuracy
for CVA. This is particularly important for financial institutions that rely on precise risk
metrics for decision-making and regulatory reporting.

3. Efficient execution: The run speed multipliers achieved by the Chebyshev proxy
functions are on average well over 100 times faster than typical numeric based pricer func-
tions on a stand alone basis. When the Chebyshev techniques are applied to a complete
risk metric calculation such as CVA or PFE, we find that the overall run speed multipliers
are at least an order of magnitude higher than those of first principles methods.

4. Secondary observations: This study shows that Chebyshev techniques can be ap-
plied with minimal additional effort to approximating risk metrics and their sensitivities.
The implementation of new numerical techniques in a real-world environment can be chal-
lenging. This study discussed potential challenges, such as the need for specialized knowl-
edge and the integration with existing systems, and provided solutions to address these
issues.

The results presented in Chapter 5 demonstrate that Chebyshev techniques can significantly
reduce the computational burden associated with risk calculations while maintaining a high
level of accuracy, which is consistent with Zeron and Ruiz and other related literature on
the subject.

6.3 Conclusion

In conclusion, we have demonstrated through empirical trials that Chebyshev numerical
techniques can improve the efficiency and accuracy of risk calculations in the banking sector
at a minimal computational cost. This study provides a comprehensive assessment of the
effectiveness of these techniques, highlighting their potential for enhancing risk management
practices.
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6.4 Limitations and further research

Our study performed only basic valuation trials for high dimensional cases. Performing
CVA and PFE calculations for a portfolio of interest rate swaps and cross currency swaps
and deploying Chebyshev Tensors in TT-format would be a valuable area for research. One
could also study the application of these techniques to new regulatory standards, such as
the FRTB-Internal Models Approach and standardized initial margin model (SIMM)
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Appendix A

Additional results

A.1 Proxy function tests in low dimensions —tables

A.1.1 Composition method: pricing models

Pricing Pricing Test model  Chebyshev Chebyshev Chebyshev  Accuracy/Max Run time
Function Method runtime Anchor build time run time Error multiplier
(s) Points (s) (abs diff)

BS call/put Analytical 0.410119 42 0.01851797 0.014868498 0.854 28
American Binomial 3.264929 42 0.05690789 0.010220528 0.937 319
put (bi-  tree

nom_treel)

American Binomial 2.956927 42 0.05405045 0.008870602 0.935 333
put (bi-  tree

nom_ tree2)

American Monte carlo 41.41481 42 58.3337464 0.001661539 0.558 24 926
put-antithetic

(MC_Laguerre)jj

American put Monte carlo 50.56867 42 21.7754235 0.001420975 0.556 35 587
- antithetic

(MC_Monomial)

American put Monte carlo 130.9352 42 44.8213425 0.00150156 0.555 87 199
(MC_ Laguerre)|j
American put Monte carlo 56.63965 42 20.717967 0.000997305 0.561 56 793

(MC_ Monomial)]

Table A.1: Low dimensional (2D) performance results, with each trial using 42 (6 x 7)
Chebyshev anchor points - internal research.

A.1.2 Composition method: CCR trials I

Risk metric  Pricing Test Test model ChebyshevllChebyshev Chebyshev Max. Error Run speed Figure
method grid runtime anchor build time run time (s) (%) multiplier
(pts) points (s)
CVA - IFHW  Monte Carlo 100 5252.64 36 2 261.88 0.002 8.00% 2 679 863.13 Figure 5.2
model IRS
CVA - IFHW  Monte Carlo 100 11 242.22 63 3 401.80 0.0006 12.10% 20 133 765.05  Figure 5.3
model IRS

Table A.2: Low dimensional performance results, here we consider a proxy for full CVA.
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A.1.3 Composition method: CCR trial 11

Anchor MC sims &  Test Chebyshevlhild ChebyshevIEhebyshevlTotal CVA Run Run + Total
pts/ time steps model anchor  evalu- build run time  Cheby- Error speed build speed
vari- run- points/l| ation- time (s)  (s) shev (%) multi-  speed multi-
ables time time s/Total model plier multi- plier
step valuation run time plier
(extra (s)
effort)
2x2 10,000; 41 18 4 0.040% 0.013 1.69 2.36 11897%. 10.27 10.19 7.82
2x3 10,0005 41 19 6 0.060% 0.018 1.77 2.38 - 9.84 9.74 7.79
0.704%
3x3 10,000; 41 19 9 0.090% 0.024 1.80 2.41 - 9.98 9.85 7.95
0.054%
2x2 100,000; 41 263 4 0.004% 0.016 15.83 21.44 16.606%. 15.60 15.59 12.26
2x3 100,000; 41 248 6 0.006% 0.016 22.01 29.27 - 10.62 10.62 8.48
0.994%
3x3 100,000; 41 209 9 0.009% 0.053 17.95 24.41 - 10.94 10.91 8.56
0.066%

Table A.3: Low dimensional performance results: CVA for IRS

ChebyshevBMC sims &  Test Test Total Build CVA ChebyshevllChebyshe@btal CVA Run Run +  Total
anchor time steps model model Cheby- evalu- value build Tun Cheby-  Error speed build speed
pts/ eval Tun- shev ations time (s) time shev (%) multi- speed multi-
dim time time anchor /Total (s) model plier multi-  plier
points valu- run plier
ation time
(extra (s)
effort)
2x2 1k; 55 16 17 164 0.40% 288 0.06 0.16 0.71 9.63% 104 78 24
089.03
2x3 5k; 60 138 142 360 0.12% 324 0.15 1.01 3.80 -2.00% 137 123 37
792.01
3x3 2k; 55 49 51 495 0.45% 53 0.21 0.37 1.60 -0.05% 133 88 32
163.43
x4 10k; 40 271 281 640 0.16% 371 0.13 2.44 9.81 -0.05% 111 110 29
239.90

Table A.4: Low dimensional performance results: CVA for IRS

A.2 CCR IIb

A.2.1 Graphs from Section 5.1.4.2

Figure A.la, Figure A.1b, Figure A.2aq, Figure A.2b, Figure A.3a and Figure A.3b show
the accuracy of the Chebyshev interpolants at each time step on the determination of the
Expected Positive Exposure and CVA contributions relative to the full evaluation method.

Although this method is inefficient implementation of Chebyshev techniques on CVA for
IRS, the figures below do demonstrate the accuracy of the Chebyshev interpolants.
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Figure A.1: Composition methods at each time step:

for CVA calculation
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Figure A.2: Composition methods at each time step: Example 5 with 100k monte carlo

runs for CVA calculation
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Figure A.3: Composition methods at each time step:

for CVA calculation
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