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A B S T R A C T

Condition-based monitoring for critical assets is reliant on the quality of the indicators used
for condition inference. These indicators must be sensitive to the development of faults under
constant and non-stationary operating conditions. Latent variable models in the time-preserving
framework offer a powerful learning-based technique for the monitoring of critical assets as
they only require healthy asset data, and provide indicators from the data space for asset
condition inference. However, the latent manifold of latent variable models is often disregarded
in favour of data space indicators, such as reconstruction errors, which are primarily focused
on measuring the likelihood of the observed data. The latent space is often unintentionally
unutilised. In this work, we highlight that the latent manifold is a powerful resource for
condition inference and should be utilised for condition monitoring. We conceptually categorise
and identify five classes of latent space health indicators that capture various manifold
perspectives. These five classes introduce and allow for latent health indicator derivation and
are useful for the condition inference task. Fifteen latent health indicators are considered in this
work and are applied to the fault diagnostics task on two experimental datasets. An ensemble-
based inference procedure is used, which produces a modular fault diagnosis framework. The
indicators are shown to be informative for condition inference in both constant and variable
operating conditions. Utilising the latent manifold in condition monitoring tasks is important
to further develop the learning-based condition monitoring field.

. Introduction

The demand for asset reliability and production consistency is ever-growing in industry. This demand is amplified for sectors
hose clientèle satisfaction is contingent on consistent public utility delivery. Condition monitoring (CM) procedures are designed

o ensure that assets have minimal downtime by using health indicators (HIs) to infer an asset’s health state for effective asset
aintenance. To provide an indication of the health state at any given time, data must be available that reflect an asset’s

nternal state, as asset components can rarely be inspected visually [1]. The techniques used to obtain data is commonly vibration
nalysis or lubricant analysis, where the former is more prevalent in CM as richer diagnostic information can be inferred [1]. CM
rocedures rely on HIs, and this reliance has produced a significant research drive dedicated to the design of HIs that are rich
n asset condition information [2]. However, non-stationary operating conditions (OCs) increase the complexity of the condition
nference problem, which may hinder the performance of the HIs [3]. Stationary OCs imply that the properties of the observed data
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Fig. 1. The identification of vibration-based CM methodologies as temporally preserving or temporally non-preserving. The distinction, between temporal
reservation and temporal non-preservation, irrespective of the methodology used, is based off the outputs of the methodology.

emain approximately constant through time. Non-stationary behaviour in the OCs, typically caused by variations in speed, load,
r temperature, invoke a change in the observed vibration data through amplitude modulation and phase modulation. Faults in
ibration-based CM applications are much the same and manifest through similar mechanisms. Hence, non-stationary OCs impede
iagnosis as the instantaneous health state of an asset is entangled with information unrelated to the underlying asset condition.
wo important aspects in CM are fault diagnostics and prognostics, and both aspects are dependent on the quality of the HIs used
s representations of an asset’s state [4,5].

There are two frameworks that CM techniques originate from, namely the (i) signal processing [6,7], and the (ii) learning-based
rameworks [8,9]. Note that the learning-based framework encapsulates statistical learning, machine learning, and deep learning.

hile the dominant class of learning-based techniques are usually driven using classification or regression-based objectives, these
bjectives all rely on access to labelled fault data [9–11]. Latent variable models (LVMs) are a promising class of unsupervised
earning-based techniques that model the physical representation of an asset. In the CM setting, LVMs learn a probabilistic
epresentation of an asset to detect deviations from a reference asset state [12].

The temporal preservation approach for LVMs proposed by Balshaw et al. [13] ensures that the temporal characteristics of the
ibration data are preserved in the HIs obtained from LVMs. The temporal preservation approach advocates that the sensor time, i.e.,
he time within a measured signal, must be preserved for informative LVM-based condition inference. Temporal preservation is the
echanism from which LVMs become applicable under constant and non-stationary OCs. LVMs facilitate a direct transformation

f the observed vibration data into indicators, and temporal preservation provides temporal structure therein. Without temporal
tructure, extraction of fault feature information is limited as sensor time is effectively entangled within the latent manifold [13].
he fundamentals of temporal preservation are demonstrated in Fig. 1 for any methodology that performs a transformation to time-
eries data. If the output of the input data transformation contains temporal structure, i.e., sensor time is preserved in the output
f the transformation, then the methodology, by design, performs temporal preservation. However, if the output is a single scalar
r, equivalently, a collection of temporally non-preserving scalars, then the methodology removes the temporal structure present in
he input data and is temporally non-preserving.

Fig. 2 compares signal processing and conventional learning-based approaches using the notion of temporal preservation and
on-preservation. In Fig. 2, signal processing methods that are temporally non-preserving refer to methods that collapse sensor
ime and compute vibration data features at a record time level, e.g. Večeř et al. [14]. In contrast, signal processing methods with
emporal preservation typically produce a transformed time-series signal with the fault covariates enhanced, e.g. Sawalhi et al. [15].
n the learning-based domain, temporally non-preserving methods produce indicator signals that are devoid of any temporal content,
.g. Booyse et al. [12], whereas methods that are temporally preserving produce indicator signals with temporal structure, e.g.
alshaw et al. [13]. Learning-based approaches are distinct as signal processing approaches rely on expert knowledge for signal
ransformation design, whereas learning-based approaches use data-driven models to facilitate the signal transformation. However,
his does not imply that the two approaches are mutually exclusive, e.g. Wang et al. [16].

The focus of this study is orientated towards temporally structured learning-based approaches. Indicators from learning-based
echniques require sensor time preservation to elevate the benefit they provide in vibration-based condition monitoring applications.
owever, unlike typical signal processing or learning-based research, which is focused on the development of state-of-the-art

ransformation methodologies, this work proposes a set of temporally preserved latent condition indicators. In this way, instead
f limiting inference decisions to a single or sparse set of indicator signals, the information from a dense set of indicator signals
s used for condition inference. Without preserving the temporal structure, the full potential of the LVM cannot be realised. The
niqueness of this work is that a temporally structured latent space enables a richer condition inference procedure as the best facets
f LVMs can be used.

By preserving sensor time, learning-based indicator signals are obtained that capture the fault covariates in the vibration data.
he temporal preservation approach not only preserves time within HIs, it also preserves and disentangles sensor time within the

atent manifold [13]. In Fig. 3, the importance of using temporal preservation for the latent manifold is revealed. Without sensor
ime, as demonstrated through Fig. 3(a), there is no noticeable distinction between two faults, one localised and one distributed. By
reserving sensor time, shown in Fig. 3(b), the distinctions between the two fault representations are clear and unique. The temporal
2

haracteristics of the manifold representation of the observed vibration data may then be exploited for condition inference.
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Fig. 2. The condition monitoring process for signal processing-based and learning-based approaches. The fundamental difference between techniques from the
two approaches is driven through the notion of temporal preservation. This work uses temporally preserving LVMs and is focused on enriching the condition
inference stage through an ensemble of latent HIs.

Fig. 3. A pictorial demonstration of the latent manifold for two types of vibration data faults with and without sensor time preservation. In (a), the lack of
temporal structure corrupts the inference process and there is little distinction between the fault types. In (b), the addition of temporal structure uncovers the
clear fault distinctions in the manifold.
Source: Adapted from [13].

In the context of temporal preservation, the characteristics of signal processing-based or learning-based HI signals are used for
condition inference. For the former, the methodology used to obtain a HI signal typically relies on the use of expert knowledge,
e.g. Antoni [7], and physical information related to the fault mode of the asset of interest, whereas the latter relies on the
characteristic of some statistical model [17]. Signal processing-based HIs use curated measures which enhance specific characteristics
of vibration data, e.g. non-Gaussianity [18], and signal enhancement methodologies, e.g. demodulation-band selection [19], residual
signal analysis [20], discrepancy analysis [21], or blind de-convolution [22], to obtain a fault-informative transformation of vibration
data. This enhanced signal may then be transformed into a HI for condition inference. However, such practices require a profound
understanding of the problem of interest, rely on the comprehension of many theoretical works, the final HI depends on the
enhancement pipeline used, and indicators are typically processed one at a time. Learning-based HIs, in comparison, are identified
using a statistical model to capture a representation of an assumed healthy reference state of the asset of interest. In the learning-
based HI signal scenario, expert knowledge is removed, multiple representations of the asset reference state are identified, and HIs
are used to detect deviations from the asset reference state [12,13]. In the temporally preserved setting, a dense set of HIs may be
obtained for each representation of the asset reference state which enables an ensemble-based condition inference framework [13].
However, without temporal preservation, the HIs are limited to anomaly detection supported by a sparser set of HIs [12].

LVMs provide a data space and the latent space for condition inference, and the latent space is underutilised in condition
monitoring. LVM-based condition inference techniques predominantly use the observed data space, and this can only provide two
HI metrics for condition inference namely, (i) the reconstruction error, and (ii) the reconstruction likelihood [23]. Booyse et al. [12]
used the discriminator of a generative adversarial network (GAN) as the data space’s proxy to infer whether newly observed data was
from the reference dataset. Gugulothu et al. [24] proposed an embedded latent health indicator (LHI) that uses an Euclidean distance
measure to compare a latent representation of an observed data sample to a set of healthy latent representations. Balshaw et al. [13]
proposed three LHIs that capture specific properties of the latent manifold. Two of these metrics are only accessible through the
proposed temporal preservation approach, and they exploit the additional temporal structure induced in the latent manifold. Kim
et al. [25] proposed a reconstruction along the projection pathway (RaPP) approach, which evaluates the Euclidean distance or
the Mahalanobis distance between the hidden auto-encoder representations of an observed sample and the hidden auto-encoder
representations of the reconstruction of the observed sample. González-Muñiz et al. [26] use the RaPP approach but propose using
just the latent space of the auto-encoder for condition inference. Park et al. [27], independently from Kim et al. [25], proposed using
3
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the Manhattan distance between the hidden auto-encoder representations of an observed sample and the reconstruction thereof.
Additionally, [27] use the mean-centred cosine similarity for the hidden representations for condition inference. Kwon et al. [28]
use a combination of the reconstruction error and a cosine similarity metric applied to the gradients of the auto-encoders. In the
current literature, the latent manifold has been inadequately explored and its importance is understated. This is undesirable and
must be rectified to fully enable latent condition inference.

In this work, we thoroughly explore the latent manifold of LVMs in a fault diagnostics context. This paper critically investigates
he interaction of HIs on the latent space for a linear and nonlinear LVM. To ensure that the condition inference process is accurate,
ifteen LHIs are proposed that are representative of the identified conceptual classes. As such, the inference process is no longer
ased on a single metric but rather an ensemble of metrics. This ensemble-based procedure allows for a modular fault diagnosis
ramework, whereby the indicators are interchangeable for any given dataset. The latent manifold is a subspace of the data manifold
hat captures the intrinsic structure of the data. This space can be used for condition inference, and a plethora of methodologies exist
rom which LHIs may be obtained. Exploration of the latent space is nontrivial, and thus scalar measures are required to characterise
hanges within the latent manifold. Previous research into LHIs has sidestepped any explicit measure formalisation and does not
rovide details on how to derive LHIs. Thus, we seek to make this formalisation explicit.

The main contributions of this research are summarised as follows:

1. Introduce and formalise conceptual categories that describe the latent manifold treatment perspectives for LHI derivation
within the time preserved framework. These categories allow one to easily obtain scalar metrics and enrich LVM-based CM.

2. Consider and emphasise the importance of the LVM data space and the latent space for condition inference in a CM context
using a time preservation approach.

3. Showcase the responsiveness of the latent manifold to anomalous data in the presence of constant and non-stationary OCs.
Metrics from the proposed conceptual categories are used to clearly showcase how the latent manifold is indicative of damage,
and that the manifold is useful to detect faults.

4. Using two experimental datasets, whereby each dataset captures a different operating condition class, the benefit of LVMs, as
brought forward by the temporal preservation approach and the LHIs from the proposed conceptual classes, is made evident
for CM applications.

To highlight the usefulness and responsiveness of the latent manifold to anomalous fault data, we consider two LVM formulations.
he LVM formulations of interest are (i) probabilistic principal component analysis (PPCA) [29], and (ii) variational auto-encoders

(VAEs) [30]. The choice of formulation is driven by methodologies that make explicit and tractable model density assumptions,
as the focus of this work is on the latent manifold and how damage manifests therein, and thus these methods reflect different
manifold considerations under a shared model density assumption. Both the PPCA and VAEs models are explicit density estimation
methods which use Gaussian distributions [30,31]. The latent manifold in PPCA has a linear subspace, while VAEs utilise nonlinear
parametric functions, often referred to as neural networks, to obtain a subspace that may be embedded nonlinearly within the
observed data.

The layout of this paper is as follows: In Section 2 the important literature surrounding LVMs is discussed, the usage of LVMs
for vibration data is formalised, and the conceptual categories for LHI metric derivation are introduced. In Section 3 the HIs and
proposed LHIs are used in conjunction with PPCA and VAE models to evaluate the HI and LHI metric performance on experimental
data. Lastly, Section 4 concludes the work and recommendations for future work are given.

2. Latent manifold analysis

In this work, LVMs act as a representation transformer that take vibration data and transform it to a set of HIs and LHIs. These
HIs and LHIs serve as indicators from which the asset state can be inferred. The LVM itself is developed on a reference set of
data, and this data is assumed as representative of a healthy asset state. The objective of this work is to improve the utilisation
of the latent manifold for CM by developing LHI conceptual classes. These LHI classes introduce and capture different manifold
perspectives, where each perspective can produce LHIs for condition inference. To detail the methods used to detect damage in the
latent manifold, the concepts behind LVMs must first be introduced.

2.1. Scope of work

For the succeeding subsections, a scope of work is included here to enable readers with sufficient knowledge of LVMs to bypass
sections that contain literature related to the concepts and the use of LVMs in a condition monitoring setting. Section 2.2 details the
general concepts and literature surrounding LVMs, Section 2.3 describes the parametrisation process for explicit (assumed Gaussian)
LVMs in a linear and nonlinear setting, Section 2.4 describes how vibration data is pre-processed for LVM training and details how
temporal preservation is enabled during model evaluation, Section 2.5 introduces and discusses the LHI classes for latent manifold
condition inference, and Section 2.6 details the HIs and LHIs used in this work.
4
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Fig. 4. A visual LVM illustration of how the posterior and generative distribution interact. This approach is simple, does not take any vibration data pre-processing
into account, and primarily serves as visual demonstration of how observed data interacts with different aspects of the LVM.

2.2. Latent variable models

LVMs are the foundation of unsupervised learning-based techniques [30]. LVMs are generative modelling techniques and
represent a class of statistical models concerned with capturing the distribution over some observed variable set 𝐱, where 𝐱 ∈  ⊂ R𝐷

is a 𝐷-dimensional observed random variable [31,32]. As the data distribution is assumed to be unknown, LVMs assume that a set of
unobserved random variables 𝐳 ∈  ⊂ R𝑑 , where 𝑑 ≤ 𝐷, has a hidden relationship with the observed variables 𝐱, and they describe
the intrinsic nature of the data [31,32]. The latent variable set is referred to as the latent manifold [33]. This assumption gives rise to
the generative process that describes how 𝐳 forms part of the model [32]. In the CM setting, LVMs learn a probabilistic representation
of an asset to detect deviations from a reference asset state [12]. Under the assumption that the reference state captures an asset in
a healthy condition and under the assumption of no access to labelled vibration data [9], the detected deviations are attributed to
anomalies in the asset due to a change in asset condition. A LVM defines a joint probability distribution

𝑝(𝐱, 𝐳) = 𝑝(𝐱|𝐳)𝑝(𝐳), (1)

where 𝑝(𝐳) is the latent prior distribution and 𝑝(𝐱|𝐳) is the generative conditional distribution. Note that the factorisation of the joint
distribution in Eq. (1) defines the generative process of LVMs [32]. The marginal distribution 𝑝(𝐱), the model evidence, over the
observed variables is given by

𝑝(𝐱) = ∫𝐳
𝑝(𝐱|𝐳)𝑝(𝐳)𝑑𝐳, (2)

which offers a highly flexible model if 𝐳 is continuous [34]. Inference is an important aspect of LVMs and the aforementioned
generative process is only concerned with sample generation. To infer the latent variables for a data sample 𝐱, we can use Bayes’
theorem to compute the latent posterior distribution 𝑝(𝐳|𝐱) through

𝑝(𝐳|𝐱) = 𝑝(𝐱|𝐳)𝑝(𝐳)
𝑝(𝐱)

. (3)

LVMs, in practice, utilise linear or nonlinear parametric functions to parametrise the distributions of interest, namely the
onditional, posterior, and prior distributions [32]. Typically the prior distribution is assumed to be a simple, fixed distribution and
he parametric distributions become 𝑝(𝐱|𝐳) and 𝑝(𝐳|𝐱). The parametric functions of the aforementioned distributions are deterministic

and commonly denoted as

𝜽 ∶  ↦  , (4)

𝝓 ∶  ↦ , (5)

where the transition functions  and  have parameters 𝜽 and 𝝓 respectively. These functions are used to parametrise the generative
distribution 𝑝(𝐱|𝐳) and posterior distribution 𝑝(𝐳|𝐱). In Fig. 4 an example of the transition functions is shown.

There are two main types of LVMs, namely (i) explicit (likelihood-based) models, and (ii) implicit models [35]. Explicit models
perform maximum likelihood estimation using the marginal likelihood function to optimise the unknown parameters of the transition
functions  and . Models in this category require explicit distribution parametrisation. The choice of transition function form is
critical for explicit models, as linear functions may allow for exact posterior computation, whereas nonlinear functions, in general,
require approximate inference techniques to optimise the model parameters [31,32,36]. Typical examples of explicit models include
PPCA [29], VAEs [30], normalising flows [37,38], and energy-based models [39]. Both the PPCA and VAE LVM formulations
maximise the marginal log-likelihood lower bound and consist of non-invertible transition functions, while normalising flows
maximise the exact log-likelihood and use network architecture constraints to produce bijective transition functions. Implicit models,
alternatively, do not parametrise the distributions of interest explicitly, and represent the data distribution of interest as a model of
a latent sampling process [40]. This formulation requires the use of the density estimation by comparison techniques, such as the
density ratio 𝑝(𝐱)

𝑞(𝐱) , to effectively capture 𝑝(𝐱), where 𝑞(𝐱) is the distribution captured by the implicit LVM [40]. The most prominent
implicit model is a GAN [41]. The caveat here is that most implicit models focus on sample generation through 𝜽, and neglect the
inference stage of LVMs. Bond-Taylor et al. [42] provide a succinct review on deep generative modelling techniques.
5
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2.3. Explicit density estimation

Explicit LVMs are integral to this work to ensure that the latent manifold is accessible. The generative conditional and latent
rior distributions are assumed to be Gaussian distributions of the form

𝑝𝜽(𝐱|𝐳) =  (𝐱|𝝁(𝐳),𝜮(𝐳)), (6)

here the covariance of the generative conditional distribution is given by

𝜮(𝐳) = diag(𝝈2
(𝐳)), (7)

here diag (⋅) is the vector-to-matrix diag operator. The prior is a unit isotropic Gaussian of the form

𝑝(𝐳) =  (𝐳|𝟎, 𝐈). (8)

inally, the generative transition function is expressed as
(

𝝁(𝐳),𝝈2
(𝐳)

)

= 𝜽(𝐳). (9)

sing the parametrised distributions, maximum likelihood of the marginal distribution detailed in Eq. (2) can be used to optimise
he parameters of 𝜽. However, depending on whether 𝜽 is linear or nonlinear, the integral in Eq. (2) may be intractable as it is a
ealisation of all possible values of 𝐳, which may be overtly complicated to compute and possibly mathematically infeasible. PPCA
s an LVM with a tractable solution, and thus the latent posterior distribution can be tractably computed [29]. The latent posterior
istribution in PPCA is also a Gaussian distribution. However, VAEs commonly use neural networks for increased generative model
lexibility. This decision causes Eq. (2) to be intractable, and thus the posterior distribution cannot be determined [30,34]. To
vercome this issue, a parametric inference model 𝑞𝝓(𝐳|𝐱) is introduced to approximate 𝑝(𝐳|𝐱) and a lower bound on the marginal
istribution, commonly referred to as the evidence lower bound (ELBO) is maximised to find the optimal model parameters 𝜽 and
[30]. The ELBO can be found through direct expansion of Eq. (2) or through variational inference techniques [34,36].
Regardless of the tractability of the process to obtain the posterior distribution, both the aforementioned LVMs use a latent

ncoding transition function 𝝓 to parametrise a Gaussian posterior distribution

𝑞𝝓(𝐳|𝐱) =  (𝐳|𝝁 (𝐱),𝜮 (𝐱)), (10)

here the latent covariance 𝜮 is given by

𝜮 (𝐱) = diag(𝝈2
 (𝐱)). (11)

inally, the latent transition function is expressed as
(

𝝁 (𝐱),𝝈2
 (𝐱)

)

= 𝝓(𝐱). (12)

PCA and VAEs both operate on the same principle, whereby a posterior distribution is inferred from the observed data, and a
ample can be generated by sampling the posterior 𝐳 ∼ 𝑞𝝓(𝐳|𝐱) and then sampling the generative distribution 𝐱 ∼ 𝑝𝜽(𝐱|𝐳). However,
he posterior covariance for a PPCA model is not a function of the input data (i.e., 𝝈2

 is constant), while VAE models allow for this
lexibility [29,30].

.4. Data pre-processing

To use LVMs on asset vibration data, the data must be pre-processed to ensure that it is practical for computational usage.
n this work, we reduce the dimensionality of the 𝑖th time-series signal 𝑥𝑖[𝑛] using a segmentation approach, where 𝑛 ⊆ Z+ =
1, 2,… , 𝐿𝑠𝑖𝑔𝑛𝑎𝑙} is the discrete time variable representative of sensor time, 𝑖 refers to record time, and 𝐿𝑠𝑖𝑔𝑛𝑎𝑙 is the dimensionality
f 𝐱𝑖 ∈ R𝐿𝑠𝑖𝑔𝑛𝑎𝑙 [12,13]. The signal is transformed into a Hankel matrix 𝐇 (⋅) [43] by extracting signal segments from the raw vibration
ignals. This extraction process is given by

𝐇
(

𝐱𝑖
)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑥𝑖[1] 𝑥𝑖[2] ⋯ 𝑥𝑖[𝐿𝑤]
𝑥𝑖[𝐿𝑠𝑓𝑡] 𝑥𝑖[𝐿𝑠𝑓𝑡 + 1] ⋯ 𝑥𝑖[𝐿𝑠𝑓𝑡 + 𝐿𝑤]

𝑥𝑖[2 ⋅ 𝐿𝑠𝑓𝑡] 𝑥𝑖[2 ⋅ 𝐿𝑠𝑓𝑡 + 1] ⋯ 𝑥𝑖[2 ⋅ 𝐿𝑠𝑓𝑡 + 𝐿𝑤]
⋮ ⋮ ⋱ ⋮

𝑥𝑖[𝐿𝑠𝑓𝑡 ⋅ (𝐿𝐻 − 1)] 𝑥𝑖[𝐿𝑠𝑓𝑡 ⋅ (𝐿𝐻 − 1) + 1] ⋯ 𝑥𝑖[𝐿𝑠𝑓𝑡 ⋅ (𝐿𝐻 − 1) + 𝐿𝑤]

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(13)

here 𝐿𝑤 is the window length, 𝐿𝑠𝑓𝑡 is the shift parameter, and 𝐿𝐻 = ⌊

𝐿𝑠𝑖𝑔𝑛𝑎𝑙−𝐿𝑤
𝐿𝑠𝑓𝑡

⌋+1 represents the number of rows in 𝐻(𝐱𝑖). Note

hat the rows of Eq. (13) now represent the feature vectors that are fed into the LVMs. The data matrix 𝐗𝑑𝑎𝑡𝑎 ∈ R(𝑁 ⋅𝐿𝐻 )×𝐿𝑤 is then
developed using 𝑁 healthy vibration signals through

𝐗𝑑𝑎𝑡𝑎 =
⎡

⎢

⎢

𝐇
(

𝐱1
)

⋮
( )

⎤

⎥

⎥

. (14)
6
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The data matrix 𝐗𝑑𝑎𝑡𝑎 is then partitioned into a training and validation set that is used for model training. In this study, the shift
arameter is selected as 𝐿𝑠𝑓𝑡 = 0.5𝐿𝑤, 𝐗𝑑𝑎𝑡𝑎 is split using an 80%−20% training-validation split process, and the data is standardised
sing

𝐗𝑑𝑎𝑡𝑎 =
(

𝐗𝑑𝑎𝑡𝑎 − 𝟏𝝁𝑇
𝑡𝑟𝑎𝑖𝑛

)

diag
(

𝝈−1
𝑡𝑟𝑎𝑖𝑛

)

, (15)

which may be given in index notation as

𝑋𝑑𝑎𝑡𝑎,𝑖𝑗 =
𝑋𝑑𝑎𝑡𝑎,𝑖𝑗 − 𝜇𝑡𝑟𝑎𝑖𝑛,𝑗

𝜎𝑡𝑟𝑎𝑖𝑛,𝑗
, (16)

where 𝝁𝑡𝑟𝑎𝑖𝑛 ∈ R𝐿𝑤 and 𝝈𝑡𝑟𝑎𝑖𝑛 ∈ R𝐿𝑤 are column vectors of the feature-wise means and standard deviations respectively of 𝐗𝑑𝑎𝑡𝑎,
𝟏 ∈ R𝐿𝑤 is a constant vector with elements 1, and 𝝈−1

𝑡𝑟𝑎𝑖𝑛 = [ 1
𝜎1
,… , 1

𝜎𝐿𝑤
]𝑇 ∈ R𝐿𝑤 . For model evaluation, the temporal preservation

pproach is used, which effectively re-processes the available data using Eq. (13) with 𝐿𝑠𝑓𝑡 = 1 [13].

.5. Latent manifold indicators

In this work, the latent manifold is used for condition inference. To enable LVMs to be applicable to all facets of fault diagnostics,
e incorporate the benefits of the temporal preservation approach proposed in Balshaw et al. [13]. To detect deviations from the

earnt healthy state in the latent space, the following five conceptual LHI classes are proposed, namely (i) likelihood-based, (ii)
iscriminative, (iii) statistical distance, (iv) prototypical approaches, and (v) multivariate signal processing approaches. These five
lasses capture different manifold perspectives, provide LHIs for condition inference, and are all methods that detect deviations in
he latent manifold. The five classes are discussed in turn. Examples of indicators from each class are given in Table 1.

1. The likelihood-based class refers to techniques which model the latent space through a reference model 𝑝𝑟𝑒𝑓 (𝐳). For latent
anomaly detection, the reference model negative log-likelihood is used to provide an indication of whether new data is from
the reference latent manifold.

2. The discriminative class of approaches refers to techniques that adopt a discriminative approach to capturing the reference
latent manifold. The distribution of interest is the posterior distribution 𝑝(𝐲|𝐳), where 𝐲 is a discrete, class variable. However,
the labels given to the observed reference latent data only represent one asset state, which is healthy.

3. Statistical distance-based LHIs are obtained whereby each input 𝐱 passed through the transition function 𝝓 supplies an
output that parametrises a latent posterior distribution 𝑞𝝓(𝐳|𝐱) =  (𝝁 (𝐱),𝜮 (𝐱)). We then interrogate the properties of this
posterior distribution to determine whether it exhibits sensitivity to faulty data. There are two avenues of analysis within
this approach, namely (a) dissimilarity-based comparisons, and (b) distribution similarity comparisons. Each of these avenues
will now be discussed.

(a) The dissimilarity-based sub-class inspects how the mean 𝝁 (𝐱) of the posterior distribution changes. This comparison
can occur in two ways, one through changes in the mean with respect to the latent prior 𝑝(𝐳) =  (𝟎, 𝐈), or through
changes in the mean within a localised time-frame. The latter approach is analogous to a first-order differences
approach, with a step size 𝛥𝑡 given by 𝛥𝑡 = 1

𝐹𝑠
, where 𝐹𝑠 is the signal sampling frequency.

(b) In the distribution similarity sub-class, metrics that measure the similarity between two distributions are used. As
with the mean-based sub-class, the distribution comparison may be between the sample posterior 𝑞𝝓(𝐳|𝐱) and the
latent prior 𝑝(𝐳), or within a localised time-frame. For the latter, we compare between two posterior distributions
𝑞𝝓(𝐳𝑡|𝐱𝑡) and 𝑞𝝓(𝐳𝑡+1|𝐱𝑡+1). Note that 𝑡 indicates the temporally-preserved latent or data representation at any time-point
𝑡 ∈ [0, 𝐿𝐻 − 1], where 𝐿𝐻 = 𝐿𝑠𝑖𝑔𝑛𝑎𝑙 − 𝐿𝑤 when temporal preservation is applied.

4. The prototypical class refers to methods that assume that there are a finite number of prototypical elements in the latent
space that characterise the data, which defines a prototype manifold [44]. Under the prototype manifold, we can measure
the distance between the prototype vectors and 𝝁 (𝐱) to obtain a health indicator.

5. In the multivariate signal processing class, each latent dimension of 𝐳𝑡 = [𝑧1, 𝑧2,… , 𝑧𝑑 ]𝑇 is treated as an independent
component. By collating each latent representation 𝐳𝑡 for a given signal 𝑥𝑖[𝑛] processed into a Hankel matrix using Eq. (13),
a per-dimension latent signal is obtained.

Henceforth, metrics that conduct comparisons to aspects of the manifold that are time independent, such as the latent prior or static
representations of the manifold, are referred to as path independent (PI) metrics, and metrics that compare within sensor time are
referred to as path dependent (PD) metrics. For notational simplicity, subscripts 𝑃𝐷|𝑃𝐼 are used to describe HIs and LHIs that are
PD or PI. PD metrics require sensor time, as they evaluate and quantify latent manifold changes within a temporally preserved
setting. In Fig. 5, a visual representation of the LVM HI and LHI classes is shown. Each of the conceptual classes detailed in Fig. 5
capture a unique perspective of the latent manifold.

In Table 1, a list of potential LHI methods identified by the authors for the proposed conceptual categories is given. Table 1
demonstrates that the number of possible LHIs is numerous, and that the classes are not limited to only one metric. In this work, it
is neither feasible nor useful to use all the methods identified in Table 1. Thus, an indicator subset is used in this work to demonstrate
the effectiveness of the latent manifold for vibration-based condition inference in the presence of non-stationary OCs.
7
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Fig. 5. A generalised overview of how vibration data interfaces with LVMs and how the data space and latent space is used to obtain condition indicators. The
states A., B., and C. indicate the LVM process stages, while the numbers 1–5 indicate the five proposed conceptual categories detailed in Section 2.5. Note the
latent dimensionality 𝑑 is not specified, and the pictorial perspectives represent an intuitive illustration of the proposed LHI categories.

2.6. Proposed indicators

In Section 2.5, the five conceptual categories for LHI sampling were detailed. However, the conceptual classes provide several
LHI methods, and it is infeasible for this study to use and compare every potential method available. Thus, a small representative
subset of LHI methods will be used. These metrics are used to show that the latent manifold is indicative of damage, and that the
conceptual classes each capture a unique manifold perspective. We do not use any indicators from the discriminative category as
these methods are often computationally demanding due to convex optimisation techniques [48]. To use the proposed indicators,
the assumption is made that the latent manifold is accessible. As some of the LHI metrics are dependent on models that capture the
latent manifold, we use the latent representations of the training and validation data for reference latent model optimisation. All
the proposed indicators exploit the temporal structure induced from the temporal preservation approach. Hence, metrics that are
formulated in the PD setting will include reference to 𝑡, whereas 𝑡 is omitted for PI metrics for notational simplicity.

2.6.1. Reconstruction indicators
The first metric is the reconstruction HI. This metric is derived through the reconstruction negative log-likelihood of 𝑝(𝐱|𝐳) and

is given by

𝐻𝐼 (1)(𝐱) = 1
𝐷

𝐷
∑

𝑙=1

(𝑥𝑙 − 𝑥𝑙)2

𝜎2𝑙
, (17)

where 𝐱 = 𝝁 is the reconstruction mean of 𝐱, and 𝝈2 = 𝝈2
 is the reconstruction variance.

2.6.2. Likelihood-based indicators
For metrics from the likelihood-based category, each metric evaluates the negative log-likelihood (NLL) function

𝐿𝐻𝐼𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 (𝐳) = − log 𝑝𝑟𝑒𝑓 (𝐳), (18)

where 𝑝𝑟𝑒𝑓 (𝐳) is a reference latent model. This evaluation is PI as the NLL is a proxy metric for an observed sample 𝐳 contrasted to
the healthy latent manifold. In this work, three reference models are considered, namely, a Gaussian mixture model (GMM), a kernel
8
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Table 1
Potential latent manifold indicator methods for each of the proposed conceptual categories. This table demonstrates the types of methods that may be derived
from each class, and indicates whether a given method requires some external hyper-parameter selection and/or optimisation intervention. The metrics used in
this study are highlighted in bold.

Conceptual class Method Requires hyper-parameter/
model parameter optimisation

Likelihood-based

Gaussian model - maximum likelihood estimate for covariance [31] ✓

Gaussian model - minimum covariance determinant estimate for covariance [45] ✓

Gaussian mixture model (𝐿𝐻𝐼 (1)) [31] ✓

Kernel density estimation (𝐿𝐻𝐼 (2)) [31] ✓

Generative topographic map (𝐿𝐻𝐼 (3)) [46,47] ✓

Discriminative

Support vector data description [48] ✓

One-class support vector machine [49] ✓

One-class neural network [50] ✓

Deep support vector data description [51] ✓

Statistical distance:
dissimilarity-based

Manhattan distance (Minowski distance with 𝑝 = 1) ✗

Euclidean distance (Minowski distance with p=2) (𝐿𝐻𝐼 (4)
𝑃𝐷|𝑃𝐼 ) ✗

Chebychev distance (Minowski distance with 𝑝 = ∞) ✗

Tanimoto distance (continuous form) ✗

Kernel distance ✓

Cosine distance (𝐿𝐻𝐼 (5)
𝑃𝐷) ✗

Canberra distance ✗

Statistical distance:
distribution similarity

Bhattacharyya distance (𝐿𝐻𝐼 (6)
𝑃𝐷|𝑃𝐼 ) ✗

Forward KL divergence ✗

Reverse KL divergence ✗

Symmetric KL divergence (𝐿𝐻𝐼 (7)
𝑃𝐷|𝑃𝐼 ) ✗

Hellinger distance ✗

Differential entropy (𝐿𝐻𝐼 (8)
𝑃𝐷|𝑃𝐼 ) ✗

Jensen–Shannon divergence ✗

Prototypical

𝑘-means [31] ✓

𝐤-medians (𝐿𝐻𝐼 (9)) [31] ✓

𝑘-mediods [52] ✓

Self-organising maps [53] ✓

Multivariate signal
processing and analysis

Univariate empirical/variation mode decomposition [54–56] ✓

Multivariate empirical/variational mode decomposition [57,58] ✓

Minimum entropy deconvolution [15,59] ✓

Auto-regressive (Box-Jenkins) models [60] ✓

Moving statistics (𝐿𝐻𝐼 (9) and 𝐿𝐻𝐼 (10)) ✓

density estimation (KDE) model, and a generative topographic map (GTM) model [31]. These models use the latent representations
of the data in the training set for model optimisation. The GMM LHI is given as

𝐿𝐻𝐼 (1)(𝐳) = − log

( 𝐾
∑

𝑘=1
𝜋(𝐺𝑀𝑀)
𝑘  (𝐳|𝝁(𝐺𝑀𝑀)

𝑘 ,𝜮(𝐺𝑀𝑀)
𝑘 )

)

, (19)

where 𝐾 is the number of Gaussian distribution components used to model the latent manifold. The expectation maximisation (EM)
algorithm [61] is used to estimate the GMM parameters 𝜋(𝐺𝑀𝑀)

𝑘 ,𝝁(𝐺𝑀𝑀)
𝑘 , and 𝜮(𝐺𝑀𝑀)

𝑘 . The mixture number 𝐾 is estimated using
he silhouette coefficient [62] and Akaike information criterion (AIC) [31]. The KDE model LHI is given as

𝐿𝐻𝐼 (2)(𝐳) = − log

(

1
𝐾

𝐾
∑

𝑘=1

1
(2𝜋ℎ2)(𝑑∕2)

exp

{

−
‖𝐳 − 𝐳𝑘‖22

2ℎ2

})

, (20)

where ℎ is the KDE model bandwidth, ‖ ⋅ ‖2 is the Euclidean norm, and 𝐾 is the number of latent points used as reference centres.
The hyper-parameter ℎ is estimated using an exhaustive hyper-parameter grid search and 𝑘-fold cross validation on the model
log-likelihood. The GTM LHI is given as

𝐿𝐻𝐼 (3)(𝐳) = − log

(

1
𝐾

𝐾
∑

𝑘=1
 (𝐳|𝝁(𝐺𝑇𝑀)

𝑘 , 1
𝛽
𝐈)
)

, (21)

where 𝝁(𝐺𝑇𝑀)
𝑘 is a kernel-based regression mapping from a two-dimensional grid of points 𝐮 ∈ R2 to the latent space and 𝛽−1 is the

local Gaussian variance. The regression mapping 𝝁𝑘 is defined as

𝝁(𝐺𝑇𝑀)
𝑘 = 𝐖𝝓(𝐮𝑘), (22)

here 𝐖 is a mapping matrix, 𝝓(⋅) is a basis function and 𝐮𝑘 is the 𝑘th node in the two-dimensional grid. For the GTM model, we
9

et 𝐾 = 625 to define a 25 × 25 two-dimensional grid to capture the latent space. The GTM model is a statistical alternative to the
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self-organising map algorithm [46,53]. The EM algorithm is used to estimate the model parameters and the basis function of choice
is a radially symmetric Gaussian [46,47].

2.6.3. Dissimilarity-based indicators
The dissimilarity metrics of interest here are the Euclidean and cosine distances. Dissimilarity metrics are easily formulated in

oth the PD and the PI setting. The Euclidean distance is given as

𝐿𝐻𝐼 (4)𝑃𝐷|𝑃𝐼 (𝐳𝑡+1, 𝐳𝑡) = ‖𝐳𝑡+1 − 𝐳𝑡‖22. (23)

In the PI formulation, 𝐳𝑡 is set to the zero vector 𝐳𝑡 = 𝟎. The cosine distance is given as

𝐿𝐻𝐼 (5)𝑃𝐷(𝐳𝑡+1, 𝐳𝑡) = cos−1
(

𝐳𝑇𝑡+1𝐳𝑡
‖𝐳𝑡+1‖2 ⋅ ‖𝐳𝑡‖2

)

. (24)

The cosine distance metric can only be used in the path-dependent setting, as setting 𝐳𝑡 = 𝟎 produces an undefined metric.

2.6.4. Distribution indicators
To compute statistical distribution differences, an assumption is made that the latent space is Gaussian distributed, which means

that closed form solutions are available. This exploitation of the explicit assumption ensures that the statistical distance metrics
have closed-form solutions. Metrics from this category are designed to ensure that both the PD and PI settings are accessible. The
Bhattacharrya distance, symmetric KL divergence and differential entropy are used as representative metrics from this LHI category.
The Bhattacharrya distance is given by

𝐿𝐻𝐼 (6)𝑃𝐷|𝑃𝐼 (𝑡 ∥ 𝑡+1) =
1
8
(

𝝁𝑡+1 − 𝝁𝑡
)𝑇 𝜮−1

𝑡+1
(

𝝁𝑡+1 − 𝝁𝑡
)

+ 1
2
ln

(

det(𝜮)
√

det(𝜮𝑡)det(𝜮𝑡+1)

)

, (25)

here 𝜮 = 𝜮𝑡+𝜮𝑡+1
2 , 𝑡 = 𝑞𝝓(𝐳𝑡|𝐱𝑡), 𝑡+1 = 𝑞𝝓(𝐳𝑡+1|𝐱𝑡+1), and det(⋅) is the determinant function. In the PI setting, 𝑡 is set to the

atent prior  (𝟎, 𝐈). The symmetric KL divergence metric is the summation of the forward and reverse KL divergence terms and is
iven by

𝐿𝐻𝐼 (7)𝑃𝐷|𝑃𝐼 (𝑡 ∥ 𝑡+1) = 𝐾𝐿(𝑡 ∥ 𝑡+1) +𝐾𝐿(𝑡+1 ∥ 𝑡)

= 1
2

[

tr(𝜮−1
𝑡+1𝜮𝑡 +𝜮−1

𝑡 𝜮𝑡+1) +
(

𝝁𝑡+1 − 𝝁𝑡
)𝑇 (

𝜮−1
𝑡 +𝜮−1

𝑡+1
) (

𝝁𝑡+1 − 𝝁𝑡
)

− 2𝑑
]

, (26)

here tr(⋅) is the trace operator. Finally, the differential entropy of a multivariate Gaussian distribution  (𝐳|𝝁,𝜮) is given as

𝐻( ) = 𝑑
2
(1 + log(2𝜋)) + 1

2
log (det(𝜮)) , (27)

where 𝜮 ∈ R(𝑑×𝑑). The differential entropy is used to produce a LHI of the form

𝐿𝐻𝐼 (8)𝑃𝐷|𝑃𝐼 (𝑡 ∥ 𝑡+1) =
1
2
[

log
(

det(𝜮𝑡+1)
)

− log
(

det(𝜮𝑡)
)]

. (28)

he decision to include 𝐿𝐻𝐼 (8)𝑃𝐷|𝑃𝐼 (𝑡 ∥ 𝑡+1) in this investigation was made to ascertain whether the LVMs exhibit sensitivity
hrough 𝝁 alone, or through both 𝝁 and 𝝈2

 . The outputs 𝝁 and 𝝈2
 of the latent transition function 𝝓 are both dependent on

, and thus we wish to determine the sensitivity of 𝝈2
 to damage in vibration data.

.6.5. Prototypical indicators
LHI metrics from this category assume that there are a fixed number of prototypical elements 𝑁𝑝 that characterise the latent

pace  [44]. A 𝑘-medians algorithm is used to determine the prototypical elements in the latent space [31]. The 𝑘-medians LHI is
given as

𝐿𝐻𝐼 (9)(𝐳) = min
𝑘=1,…,𝐾

{

‖𝐳 − 𝐏𝑘‖2
}

, (29)

where 𝐏𝑘 is the 𝑘𝑡ℎ prototypical element, 𝑘 = 1,… , 𝐾. This metric uses the Euclidean distance between 𝐳 and the nearest prototypical
element for condition inference. The number of prototypical elements 𝐾 is estimated using the silhouette coefficient [62]. The 𝑘-

edians metric is PI, and the prototypical elements serve as beacons from which we can measure Euclidean manifold dissimilarity
ithin the latent manifold.

.6.6. Multivariate signal indicators
By treating each latent dimension as an independent data channel, signal processing techniques may be utilised to detect

eviations within the latent space. In this work, the moving RMS and the moving kurtosis are used for condition inference. The
oving RMS, in a discrete-time setting, is given as

𝐿𝐻𝐼 (10)[𝑡] =
𝑑
∑

√

√

√

√ 1
𝑡+𝑁𝑤
∑

𝑧2𝑙,𝑡, (30)
10
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where the summation ∑𝑑
𝑙=1 is the summation of the windowed RMS terms for each latent dimension, 𝑁𝑤 represents the moving

indow size, and 𝑧𝑙,𝑡 refers to the 𝑙𝑡ℎ index of the latent vector 𝐳𝑡. In order to use the moving RMS, the latent representations of
ibration data processed using Eq. (13) is required. The moving kurtosis is given as

𝐿𝐻𝐼 (11)[𝑡] =
𝑑
∑

𝑙=1

⎡

⎢

⎢

⎢

⎣

1
𝑁𝑤

∑𝑡+𝑁𝑤
𝑡

(

𝑧𝑙,𝑡 − 𝜇𝑙[𝑡]
)4

(

1
𝑁𝑤

∑𝑡+𝑁𝑤
𝑡

(

𝑧𝑙,𝑡 − 𝜇𝑙[𝑡]
)2
)2

− 3

⎤

⎥

⎥

⎥

⎦

, (31)

where 𝜇𝑙[𝑡] is the window average

𝜇𝑙[𝑡] =
1
𝑁𝑤

𝑡+𝑁𝑤
∑

𝑡
𝑧𝑙,𝑡. (32)

In this work, the window size 𝑁𝑤 is set to 𝑁𝑤 = 512 for the moving RMS and the moving kurtosis. The moving RMS and moving
kurtosis are both PI metrics.

2.6.7. Final reflections
The proposed LHIs are imperative to ensure that all manifolds’ perspectives are captured and inspected. Through the five proposed

LHI categories, the objective is to showcase that the latent manifold is responsive to damage and that the condition of an asset can
be inferred. This ensemble-based approach to latent manifold condition inference can potentially lead to improved detection and
interpretation. By investigating the PD and PI characteristics of the latent manifold, manifold deviations through the path travelled
or the rate of traversal are accessible. In this way, the proposed conceptual categories allow for different aspects of the latent space
to be highlighted.

3. Experimental evaluation

In this section, the performance of the proposed LHIs will be demonstrated on two experimental datasets. This is imperative
to emphasise the responsiveness of the latent manifold to anomalous data. The LVMs considered for this investigation are the
PPCA and VAE models [29,30]. The network architectures, hyper-parameters and all supplementary information required for work
reproducibility are given in the Appendix.

3.1. IMS dataset

The NSF I/UCR Center for Intelligent Maintenance Systems (IMS) has made available a dataset which is frequently used to
benchmark CM techniques [63]. The available data was collected from three endurance tests in which bearing faults developed
during the test’s lifespan. The experimental setup was subjected to a constant load of 6000 lbs and a constant shaft speed of 2000
rpm for the entirety of the test’s lifespan. To demonstrate the capabilities of the proposed HIs and LHIs, the vibration data related
to channel one of dataset two was used in this investigation. This dataset consists of 984 vibration signals sampled for one second
with a sampling frequency of 20.48 kHz [64].

3.1.1. LVM development
For analysis of the IMS dataset, the first 5% of the available IMS data is assumed as healthy. The healthy data is used for LVM

training. The first 49 records are processed using Eq. (13), split into the training and validation datasets using a 80%–20% split
procedure and standardised using Eq. (15). To perform model evaluation, we process all of the available data using the temporal
preservation approach [13]. The properties of the PPCA and VAE models applied to the IMS dataset are given in the Appendix.

3.1.2. Analysis methodology
The HI and proposed LHI metrics used in this work produce indicator signals. These signals must be post-processed to quantify

the responsiveness of the proposed indicators to the presence of a fault. It is emphasised that the analysis methodology is merely a
means to facilitate quantitative metric comparison. Hence, we do not propose that this methodology is optimal for CM, only that it
allows us to distinguish and quantify the performance of the metrics. For the IMS dataset, the indicator signal RMS and the amplitude
of the spectral component corresponding to the ball pass frequency for the outer race (BPFO) is used for performance quantification
purposes. The latter is used as the a priori for the considered IMS dataset is that a bearing fault occurred. As the indicators all have
different orders of magnitude, the available indicators are standardised using the records used for LVM training. The standardisation
process ensures that different indicators are non-dimensionalised, and removes any interpretation bias to the offset and the scale
of the indicators [65,66]. The theoretical BPFO is 236 Hz or 7.092 shaft orders [64,67]. To allow for a quantitative performance
comparison of the different metrics, the area under the receiver operating characteristic (ROC) curve (AUC) is used. As discussed
in [13], the usefulness of the AUC in CM applications for rotating machinery is acutely sensitive to the shaft speed 𝑓𝑠, model window
length 𝐿𝑤 and the sampling rate 𝐹𝑠 of the measured data. The AUC ignores sensor time and is used to quantitatively compare the
performance of the considered HIs and LHIs, providing insight into the indicator’s sensitivity to the fault present in the data. The
reference class distribution is developed using the indicator signals corresponding to the measured vibration data used for LVM
training.
11
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To quantify the similarities and differences of the considered HIs and LHIs on an inter-method and intra-class level, the Pearson
orrelation coefficient, represented by 𝜌𝑋,𝑌 for two random variables 𝑋 and 𝑌 , will be calculated for the RMS of the indicator signals
hrough record time. The sample Pearson correlation coefficient, represented by 𝑟𝑥𝑦, is a linear correlation measure that is formulated
y normalising the covariance between two random variables and is calculated for 𝑁 sets of paired data

[(

𝑥1, 𝑦1
)

,… ,
(

𝑥𝑁 , 𝑦𝑁
)]

using

𝑟𝑥𝑦 =
∑𝑁

𝑙=1
(

𝑥𝑙 − E [𝑥]
) (

𝑦𝑙 − E [𝑦]
)

√

∑𝑁
𝑙=1

(

𝑥𝑙 − E [𝑥]
)2
√

∑𝑁
𝑙=1

(

𝑦𝑙 − E [𝑦]
)2

, (33)

where E [⋅] is the expectation operator.

3.1.3. Results
In Fig. 6 the HI and LHI indicator results are shown. Most metrics detect and respond to some change in the vibration data in

the region around record number 500. This indicates that the response to anomalous data manifests in both the data space and the
latent manifold. The dual nature of the responsiveness to anomalous data in both the data space and the latent manifold is useful
for condition inference. As the number of latent manifold metrics surpasses the number of data space metrics, the damage detection
process is enhanced by incorporating additional LHIs. Thus, the fusion of both data space and latent manifold indicators is powerful
for condition inference. Each of the conceptual categories have metrics that respond to the anomalies present in the data, which
emphasises the benefit of considering and using metrics from the conceptual categories proposed in Section 2.5. Furthermore, an
explicit LVM with linear transition functions is responsive to the anomalous data present in the considered IMS dataset. Thus, both
the linear and nonlinear explicit LVMs can capture the latent manifold of the reference IMS vibration data, and both manifolds are
indicative of damage.

Due to the number of responsive metrics in Fig. 6, we will discuss metrics that appear to be unresponsive to the presence of
the anomalous vibration data. These standardised metrics are 𝐿𝐻𝐼 (8)𝑃𝐼 and 𝐿𝐻𝐼 (8)𝑃𝐷 for the PPCA model seen in Figs. 6(c) and 6(d)
respectively. The unresponsiveness of the 𝐿𝐻𝐼 (8)𝑃𝐼|𝑃𝐷 metric is expected for the PPCA model as this metric represents differential
ntropy of a Gaussian distribution, and this is only a function of 𝜮 . However, the covariance matrix of the PPCA latent posterior
istribution is independent of the data [29,31]. Regardless of whether the PI or PD characteristics of the LHI are inspected, the
esulting PPCA model can only respond to damage through changes in the posterior mean 𝝁 (𝐱). In the PI and PD formulation, the
AE 𝐿𝐻𝐼 (8) metric is responsive to the anomalies in the IMS vibration data. This result emphasises the need to consider both the PD
nd PI perspectives of the latent manifold when deriving LHIs, as the method in which the latent manifold responds to anomalous
ata is not guaranteed. Hence, metrics that monitor both the characteristics of the path traversed and the path traversal rate in the
atent manifold are imperative for condition inference.

In an inter-method analysis of Fig. 6, the PPCA model produces stronger latent manifold deviations. The PPCA model metrics
onsistently have a larger scale change in comparison to the VAE metrics, for metrics that exhibit a response to the anomalous data.
his scale change is quantifiable as the indicator signals are standardised. While the reconstruction indicator, 𝐻𝐼 (1), for the VAE
odel appears to be more sensitive to the anomalous data, the latent manifold, while responsive, is less sensitive to the anomalous
ata. This indicates that a linear latent manifold is sufficient for condition inference purposes, and indicates that the generative
ransition function, the VAE decoder, is more expressive than the latent posterior transition function.

To quantify the intra-class similarities for the considered metrics, the sample Pearson correlation coefficient was calculated using
he RMS trends seen in Fig. 6 on a intra-class and inter-method level. The former refers to the correlation for metrics within different
lasses while the latter refers to the correlation between the metrics from a specific model class with all the metrics from another
odel. In Fig. 7, the intra-class correlation is shown. Evidently, from the intra-class correlation, most indicators from both models

re highly correlated as the median of both methods is greater than 0.75. However, the tails in Fig. 7 suggest that there are unique
esponses in both methods, as the correlation distribution is spread over the 𝑟𝑥𝑦 domain. This suggests that, for the IMS dataset,
ost of the indicators presented in this work exhibit similar responses when inspecting the indicator signal RMS. In an inspection

f Fig. 6, one would expect that the distribution-based metrics for the PPCA model have strong correlation and hence selecting
ither 𝐿𝐻𝐼 (6)𝑃𝐷|𝑃𝐼 or 𝐿𝐻𝐼 (7)𝑃𝐷|𝑃𝐼 would have been suitable. Additionally, the 𝐿𝐻𝐼 (4)𝑃𝐼 and 𝐿𝐻𝐼 (4)𝑃𝐷 metrics exhibit clear similarity, and
ence either of these would have been suitable for the dissimilarity-based class. In an inter-method correlation comparison, shown
n Fig. 8, the indicators from the different classes exhibit non-similar responses on an inter-method level. This indicates that the
hoice of method influences the sensitivity of the indicators to the fault present in the data. This indicates that the metrics used in
his work are model formulation dependent. The prototype-based indicator from the PPCA model has a condensed 𝑟𝑥𝑦 range, which
uggests that this indicator exhibits a similar response to the indicators obtained from the VAE model. The indicators from the VAE
odel, on an inter-method level, are unique to the PPCA model, as the 𝑟𝑥𝑦 distribution is spread over the domain for each of the

ndicator classes.
To infer the damage present in the IMS dataset, the spectral amplitude of the analytical BPFO component was monitored. In Fig. 9

he BPFO amplitudes are shown for the HIs and LHIs considered in this work. It is evident that many of the proposed LHI indicator
ignals contain this spectral component and that it grows over the experimental lifespan. The temporal preservation approach used
n the model evaluation stage is critical to ensuring that we can access and trend this spectral component. Thus, it is possible to not
nly detect the anomalous data in the IMS dataset, but the cause of the anomalies may be attributed to damage on the outer race
f the bearing. Fig. 10 depicts the AUC results for the considered HIs and LHIs. The AUC provides a quantitative perspective on the
12
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Fig. 6. The RMS of the standardised HI and LHI indicator signals for the PPCA and VAE models. The results for each LHI category is shown for the PPCA and
VAE models. In (d), 𝐿𝐻𝐼 (8) in both the PI and PD formulation for the PPCA model cannot be seen as the presented figures are log-scaled and the standardised
metric is zero throughout record number. Note that the model indicator is given in the 𝑦-axis label of each sub-figure.

bearing fault development during the experimental lifespan is clear. Furthermore, the variation in manifold sensitivity emphasises the
requirement for an ensemble-based latent inference procedure, as different perspectives of the latent manifold produce a variation in
the metric response. The VAE model HI and LHI indicators are more sensitive to the bearing self-healing phenomena present around
record 750, which results in an AUC reduction. The strength of the PPCA AUC deviations indicates that facets of the PPCA latent
manifold is more sensitive to the anomalous fault data, and the PPCA latent manifold response is significantly more noticeable than
the VAE manifold response.

Hence, from the results in Figs. 6, 9 and 10, the proposed HIs and LHIs are useful for condition inference. The results in Figs. 6
indicate that the metrics are responsive to the fault present in the data, and that the RMS of the LHI is a suitable method for indicator
trending. Fig. 9 serves as an indication of the usefulness of performing temporal preservation during the model analysis stage, as
the fault type is isolated and identified. By performing an inter-method and intra-class analysis of the RMS trends of the indicators
for the IMS dataset: (i) the metrics from the likelihood-based class that monitor the latent manifold offer similar insight, (ii) the
nonlinear model has a more sensitive response in data space rather than in the latent manifold, (iii) the dissimilarity metrics exhibit
similar responses across methods and only the 𝐿𝐻𝐼 (5) metric has a unique response to the other metrics, (iv) the 𝐿𝐻𝐼 (6) and 𝐿𝐻𝐼 (7)
metrics respond similarly, and (v) the uniqueness of the PI distribution-based metrics and the multivariate-based metrics is LVM
methodology dependent.
13
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Fig. 7. Violin plots of the sample Pearson correlation coefficient on an intra-class level for the IMS dataset. Note that the intra-class comparison is visualised
n a per-method level as we compute all of the 𝑟𝑥𝑦 terms for all metrics of a given LVM method to compare class-wide similarity.

Fig. 8. Violin plots of the sample Pearson correlation coefficient on an inter-method level for the IMS dataset. Note that the inter-method comparison is visualised
on a per-class level as we compute all of the 𝑟𝑥𝑦 terms for all metrics of a given indicator class and all metrics from another LVM method to compare method-wide
similarity.

3.1.4. Comparison
To compare the LHIs used in this work to HIs from other works, two methods were used. For the first method, the Mahalanobis

distance-based HI proposed in Wang et al. [68] is used. For the second method, a set of sparsity measures that provide HIs are
used. These sparsity measures utilise the squared envelope spectrum and are designed to exhibit sensitivity to the impulsiveness
of repetitive transients. The sparsity measures considered here are the spectral kurtosis [18], the spectral negentropy [69,70], the
smoothness index (SI) [71], the Gini index (GI) [72], the ratio of the 𝐿2 and 𝐿1 norm (𝐿2

𝐿1
) [73], the Hoyer measure (HM) [74], the

ox–Cox (BC) measure [75], and the skewness. Note that we do not consider a passband [𝑙, ℎ] filtered version of a signal 𝑥𝑖[𝑛] as
ur objective is not to obtain a transformed signal that maximises the sparsity measure. Methods focused on the optimal passband
re well detailed in the literature, e.g. [19], but are beyond the scope of this work. The BC measure hyper-parameter 𝜆 is set to 0.5
s this represents a sparsity measure between the spectral kurtosis and the spectral negentropy.

In Fig. 11(a) the results of using the HI proposed in [68] for the IMS dataset is shown, and it is responsive to the bearing fault.
owever, its performance is inferior to the proposed HIs and LHIs as it is less responsive. Additionally, this HI is designed for bearing

ault detection, uses hand-crafted time-domain features, and is temporally non-preserving, whereas the proposed LHIs require no
rior knowledge of the fault mode and are trained on the observed vibration data alone. Thus, the responses from the proposed
HIs, in comparison with the methodology from [68], are useful and exhibit a clear response to the bearing fault present in this
ataset.

The sparsity measures in Fig. 11(b) exhibit sensitivity to the bearing fault and are sensitive to the change in condition in the
egion surrounding record 500. Each of the considered sparsity metrics are non-monotonic, attributed to bearing self-healing, and
re indicative of a change in asset state. The proposed LHIs, in comparison, exhibit similar sensitivity and are not designed to
nhance any property of the observed data. Hence, they are useful to vibration-based CM. Additionally, the fault type can be
nferred from the LHIs, which is only possible for the sparsity measures if they are used in a demodulation-band framework [19]
r a blind-deconvolution framework [22,76].
14
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Fig. 9. The amplitude of the BPFO spectral component for the standardised HI and LHI indicator signals considered in this work. In (c) and (d), the amplitude
of 𝐿𝐻𝐼 (8) for the PPCA model cannot be seen as the metric is zero and the presented figures are log-scaled. Note that the spectral components for the considered
HIs and LHIs were zero-mean adjusted using the values for the records corresponding to the training data and shifted to 1 for comparison purposes.

3.2. Gearbox dataset

The Centre for Asset Integrity Management at the University of Pretoria has made available an experimental gearbox dataset
to benchmark the performance of the proposed HIs and LHIs [77]. The experimental gearbox dataset has representative data for
a gearbox in a healthy and unhealthy condition with complex operating conditions. The available data was obtained through two
distinguishable collection processes. In the first experiment, 100 vibration data samples were obtained for the gearbox in a reference
(assumed healthy) condition. In the second experiment, the gearbox was disassembled to seed a localised gear tooth fault on the
gear. An additional 200 vibration data samples were collected from the point of fault initialisation. The experimental setup, shown in
Fig. 12, consists of an electrical motor, a step-down helical gearbox, two-step up helical gearboxes, and an alternator. The sampling
rate of the optical probe attached to the input shaft of the centre gearbox was 51.2 kHz. Each of the available vibration samples
from the centre gearbox was recorded for 20 s at a sampling rate of 25.6 kHz. In Fig. 13(a) the operating conditions for each
vibration sample are shown. Following [13] and [78], we low-pass filter the available data with a third-order Butterworth filter
around 3200 Hz. In Fig. 13(b), the statistical properties of the available vibration data samples are shown.
15
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Fig. 10. The AUC for the standardised indicator signals considered in this work. In (c) and (d), the AUC is zero as the 𝐿𝐻𝐼 (8) for the PPCA model is independent
of the data and thus exhibits no deviations or changes in value. An AUC of 0.5 indicates that the indicator signal is indistinguishable from the indicators from
the reference healthy data.

3.2.1. LVM development
For analysis of the gearbox dataset, 25% of the available healthy gearbox data is used for LVM training. The available healthy

records are processed using Eq. (13), split into the training and validation datasets using a 80%−20% split procedure and standardised
using Eq. (15). To perform model evaluation, we process all of the available data using the temporal preservation approach [13].
The use of the temporal preservation approach during model evaluation produces a set HI and LHI signals from which the state of
the experimental state may be inferred. The Appendix details the properties of the PPCA and VAE models for the gearbox dataset.

3.2.2. Analysis methodology
The HIs and proposed LHI metrics used in this work produce indicator signals. As it is known that the fault characteristic

present in the gearbox dataset is a gear tooth fault, an analysis procedure is followed to enable quantitative comparison of the
metrics considered. The metrics, by design, are not insensitive to the non-stationary OCs present in the gearbox data. Hence, the
analysis procedure used here is to quantify and, where applicable, highlight the usefulness of each indicator without sensitivity to
the variation in the asset operating conditions. This analysis procedure is merely a means to enable metric comparison, and we do
not propose that this procedure is state-of-the-art. To post-process the indicator signals, the time-synchronous average (TSA) of the
16
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Fig. 11. The Mahalanobis distance metric from [68] and the sparsity metrics applied to the IMS dataset.

Fig. 12. A schematic of the experimental gearbox setup [77].

Fig. 13. The operating conditions and the per-record RMS and kurtosis for the vibration data available from the experimental gearbox dataset.

indicator signal is used to ascertain whether the gear tooth damage is detectable. The TSA of signal 𝑥𝑖[𝑛], 𝑛 ∈ Z, is given as

𝑥𝑇𝑆𝐴[𝑛] =
1
𝑁𝑟

𝑁𝑟−1
∑

𝑙=1
𝑥𝑖[𝑛 + 𝑙 ⋅𝑁𝑠], 1 ≤ 𝑛 ≤ 𝑁𝑠, (34)

where 𝑁𝑟 is the number of shaft rotations, and 𝑁𝑠 is the number of points per rotation [79]. The resulting TSA signal is a sequence
of 𝑁𝑠 points and represents the deterministic component of 𝑥𝑖[𝑛] for one shaft rotation. Each TSA signal is realigned with respect to
the tachometer butt joint. The location of the tachometer butt joint is found using the Bayesian geometry compensation algorithm
proposed in Diamond et al. [80]. To qualitatively compare the LVMs considered in this work, and to assess the responsiveness of
different indicators, a GMM-based algorithm is used to quantify the presence of an isolated fault [31]. In this algorithm, a GMM
with two components is used to model the TSA. For the TSA of a healthy indicator signal, the components of the GMM should have
17
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Fig. 14. The TSAs for a selected subset of the HIs and LHIs considered in this work.

little to no observable statistical difference. However, for the TSA of an unhealthy indicator where localised damage is present, the
components of the GMM should be statistically different. To quantify the statistical difference between the two local Gaussians of
the GMM, the symmetric KL divergence is used. This divergence metric is useful as it offers an analytical solution, does not favour
one of the local distributions over the other, and is non-negative. Given parameters of the two local GMM components (𝜇0, 𝜎20 ) and
(𝜇1, 𝜎21 ), the symmetric KL divergence becomes

𝐾𝐿𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 =
1
2

(

𝜎20
𝜎21

+
𝜎21
𝜎20

+

(

𝜇1 − 𝜇0
)2

𝜎21
+

(

𝜇0 − 𝜇1
)2

𝜎20
− 2

)

. (35)

The use of the GMM-based algorithm allows for trending of the properties of the TSA over the experimental lifespan. As with the
IMS dataset, we standardise the TSA of the indicators to remove any bias to the scale or offset of the indicators prior to employing
the GMM-based algorithm. To quantify the similarities and differences of the considered HIs and LHIs on an inter-method and
intra-class level, the sample Pearson correlation coefficient, given in Eq. (33), will be calculated for the symmetric KL divergence
trends through record time. To allow for quantitative performance comparison of the different metrics, the AUC is used. However, as
the fault in this dataset is localised around one gear tooth, we carefully select the synchronous average indicator values in the region
of the tooth in which the fault was seeded as the test set for AUC evaluation. This ensures that we can quantify the responsiveness
of different LHIs for this dataset without succumbing to AUC insensitivity issues. Note that the AUC procedure used is specific to
the fault present in the gearbox dataset and cannot be readily applied to every fault case.

3.2.3. Results
In Fig. 14 the TSAs for a selected subset of the HI and LHI metrics considered in this work are shown as functions of record

number. The selected subset of metrics showcases the TSAs of metrics from the data space and the latent manifold for both the
PPCA and the VAE model. Evidently, through the inspection of Fig. 14, the gear tooth fault is detectable by both the PPCA and
VAE models. In Figs. 14(e) and 14(f), the TSAs of the 𝐿𝐻𝐼 (6)𝑃𝐷 metric for both LVMs are ineffective for condition inference. This
result emphasises the necessity to consider several LHI metrics in the latent manifold, as the method of LVM latent deviation is not
guaranteed.
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Fig. 15. The TSA GMM-based symmetric KL divergence trends for the HIs and LHIs considered in this work.

In Fig. 15 the GMM-based symmetric KL divergence trends using the post-processing methods discussed in Section 3.2.2 are
shown. These trends are necessary to enable a quantitative metric comparison of the considered HIs and LHIs. Quantitative
comparison metrics such as monotonicity and trendability, discussed in [81], are not considered here as we do not propose that
the post-processing methodology used is a direct requirement for LVM-based condition inference. Fig. 15 shows that many of the
metrics are responsive to the gear tooth fault. In Figs. 15(b) and 15(d), the Euclidean-based PD metrics are seen to be uninformative.
However, as seen in Fig. 15(b), the angular metric 𝐿𝐻𝐼 (5)𝑃𝐷, which is PD, is indicative of the damage present in the vibration data.
The 𝐿𝐻𝐼 (8) metric, which monitors the entropy of the latent posterior distribution, exhibits no response to the gear tooth fault. This
result indicates that both the PPCA and VAE models respond to the damage in the data through the posterior mean 𝝁 . While this is
expected for the PPCA model, the VAE model, by design, had a posterior mean and a posterior covariance that were functions of the
input data 𝐱. This result emphasises the importance of considering metrics from the conceptual categories proposed in Section 2.5,
as they ensure that all facets of the considered LVMs are understood. Fig. 15 indicates that both the PPCA and VAE models are
useful for condition inference on the gearbox dataset. Thus, important considerations must be made when investigating alternative
LVM formulations, and PPCA may serve as a useful baseline for performance comparison and quantification in future work.

In Fig. 16, the violin plots of the intra-class correlation at a per-method level are shown. Fig. 16 shows a clear correlation between
indicators from different classes, and the metrics with weak correlation most likely belong to indicators evaluated in the PD setting,
19
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Fig. 16. Violin plots of the sample Pearson correlation coefficient on an intra-class level for the gearbox dataset. Note that the intra-class comparison is visualised
on a per-method level as we compute all of the 𝑟𝑥𝑦 terms for all metrics of a given LVM method to compare class-wide similarity.

Fig. 17. Violin plots of the sample Pearson correlation coefficient on an inter-method level for the gearbox dataset. Note that the inter-method comparison is
visualised on a per-class level as we compute all of the 𝑟𝑥𝑦 terms for all metrics of a given indicator class and all metrics from another LVM method to compare
method-wide similarity.

namely 𝐿𝐻𝐼 (4)𝑃𝐷, and 𝐿𝐻𝐼 (6−8)𝑃𝐷 . This highlights that there is some variety and uniqueness in the responsiveness of the indicators
considered in this work.

Fig. 15 is used to further analyse the indicators that exhibit strong positive correlation. The 𝐻𝐼 (1) metric response is unique
for the PPCA model, but all other metrics in the likelihood-based class respond similarly. Hence, using a single manifold-based
metric from the three considered in this work would have been sufficient for condition inference. In the dissimilarity-based class,
the 𝐿𝐻𝐼 (4)𝑃𝐼 and 𝐿𝐻𝐼 (5)𝑃𝐷 exhibit similar responses for the VAE model but not for the PPCA model. This indicates that the metrics
in this class are unique and offer unique insight for this dataset. For metrics from the distribution-based class in the PI setting, the
responsive metrics, 𝐿𝐻𝐼 (6)𝑃𝐼 and 𝐿𝐻𝐼 (7)𝑃𝐼 , would exhibit strong positive correlation for both the PPCA and VAE models. This similarity
indicates that choosing either of these metrics would have been suitable for condition inference on this dataset. However, Fig. 15(c)
shows that 𝐿𝐻𝐼 (6)𝑃𝐼 is more responsive to the development of the gear tooth fault. In Fig. 17 the violin plots are shown to enable an
inter-method analysis. From Fig. 17, is clear that the classes with strong similarity are the dissimilarity-based metrics from the PPCA
model, and the distribution-based metrics in the PI setting for the indicators from both models. The distribution-based metrics in the
PD setting are outliers in the inter-method analysis, and this is attributed to their non-sensitivity to the presence of the gear tooth
fault. This is distinct to the inter-method responses from the IMS dataset and highlights the uniqueness of the indicators proposed
in this work and the requirement for an ensemble based latent inference procedure.

In Fig. 18 the AUC responses for the synchronous averaged indicator signals are shown using the approach described in
Section 3.2.2. Fig. 18 shows that there are responsive and unresponsive LHIs in the conceptual categories. It is evident that the
PD setting is a poor indicator framework for this dataset, but if we investigate the PD setting under a different coordinate system
then indicator responsiveness can be obtained through 𝐿𝐻𝐼 (5)𝑃𝐷. This highlights the necessity to consider metrics from different
conceptual categories as each represent a different manifold perspective.

Hence, from the results in Figs. 14 and 15, it is possible to detect the gear tooth fault present in the data and establish the point of
fault development using the proposed HIs and LHIs. The TSA results ensure that the tooth fault can be detected and isolated, and the
analysis methodology detailed in Section 3.2.2 ensures that we can trend the TSAs for quantitative performance quantification. The
Euclidean-based PD LHIs were found to respond inadequately to the gear tooth fault, which indicates that the manifold response to
20
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Fig. 18. The AUC for the synchronous average of the indicator signals around the gear tooth of interest. In (c) and (d) the AUC is zero as the 𝐿𝐻𝐼 (8) metric for
oth models is insensitive to the tooth fault. An AUC of 0.5 indicates that the TSA of the HI and LHIs is indistinguishable from the indicators of the reference
ealthy set.

he tooth fault is to drive data away from the healthy manifold. By performing an inter-method and intra-class correlation analysis
or the gearbox dataset: (i) the methods from the likelihood-based class that monitor the latent manifold offer similar insight, (ii)
here is strong positive correlation for the responses for the metrics considered in this work between the PPCA and VAE models, (iii)
he 𝐿𝐻𝐼 (6) and 𝐿𝐻𝐼 (7) metrics exhibit a similar response, and (iv) the PD setting is not useful for condition inference for the gearbox
ataset. This dataset induces complexity through time-varying operating conditions, and the LVMs used in this work produce both a
ata space and a latent manifold that is practical for condition inference purposes. The proposed LHIs capture different perspectives
f the latent manifold, and the quantification of the perspectives given in Section 2.5 ensures that the LHIs considered are sufficient
or manifold condition inference.

Finally, in a comparison between the indicator responses exhibited for the IMS and gearbox dataset, detailed in Fig. 6 and
ig. 15 respectively, the uniqueness of the indicators presented in this work is exhibited. Not only do many indicators respond to
he damage present in the data, but the responsiveness of the indicators is revealed to be dataset dependent. Furthermore, for the
earbox dataset, indicators are sensitive for vibration data with clear non-stationary OCs. These results advocate for the use of an
nsemble-based LVM indicator approach as the latent manifold of LVMs is dependent on the fault conditions, the environment and
perating conditions, and the asset of interest. By utilising indicators from each of the proposed conceptual categories, a richer
nformation stream for condition inference becomes accessible and gives rise to an improved vibration-based CM methodology.
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Fig. 19. The GMM NLL metric from [82] and the sparsity metrics applied to the gearbox dataset.

3.2.4. Comparison
To compare the LHIs used in this work to HIs from other works, two HI methods were used. For the first method, the GMM-

based NLL HI proposed in Heyns et al. [82] was used. Note that the GMM parameters were optimised using the same practices as
for 𝐿𝐻𝐼 (1). For the second method, the set of sparsity measures from Section 3.1.4 were calculated. In Fig. 19(a) the results using
the methodology from [82] is shown. The proposed LHIs, in comparison with the methodology from [82], are useful and capable
of exhibiting a clear response to the gear fault present in this dataset. While the methodology in [82] is designed for the detection
of gear faults, the LHIs in our work exhibit similar responses without any directed pre-processing steps. Additionally, many of the
LHIs exhibit a similar response to the GMM NLL, which further advocates for an ensemble-based condition inference approach as
this allows for multiple diagnosis avenues. The sparsity measures in Fig. 19(b) are noticeably sensitive to non-stationary OCs not
due to the gear tooth fault. While a change in condition is present around record 100, this may be attributed to the intervention
step required to seed the tooth fault and the presence of the fault is not more pronounced in subsequent records. The lack of a clear
degradation trend in the sparsity measures is attributed to the complexity of the gearbox dataset, and this highlights the necessity
to consider focused post-processing practices to infer the fault type, as was done for the proposed LHIs. The considered sparsity
metrics alone are not indicative enough to motivate asset maintenance.

4. Conclusion

The latent manifold of LVMs was shown in this work to be a powerful tool for condition inference. LVMs require no historical fault
data, capture the intrinsic behaviour of an asset in a healthy state, and offer a data space and a latent space for condition inference.
Not only does the LVM latent manifold exhibit a sensitivity to the presence of different faults, but the source of the damage can be
accurately inferred in the presence of constant and non-stationary OCs. By considering two datasets with different fault sources, it is
shown that the important facets of LVMs, the data space and the latent manifold, are useful for vibration-based CM. By considering
several LHIs from the conceptual categories proposed in this work, it was shown that capturing different manifold perspectives is
an important endeavour to understand all aspects of the considered models. The manifold perspectives are important as the latent
manifold is unique to a given asset, and thus it is not possible to identify an optimal LHI or manifold perspective that generalises
to all possible assets. Hence, the ensemble of LHIs considered in this work ensure that the condition inference process is robust and
not dependent on the performance of a single indicator.

By considering the conclusions drawn from the per-dataset investigations and analysis procedures, a set of conclusions may be
drawn on the indicators used in this work between the considered datasets. We summarise the main conclusions as follows:

1. The likelihood-based indicators that monitor the latent manifold (𝐿𝐻𝐼 (1), 𝐿𝐻𝐼 (2), and 𝐿𝐻𝐼 (3)) did not offer unique responses
on an inter-method and intra-class level. Hence, we recommend that future researchers start with the 𝐻𝐼 (1) and 𝐿𝐻𝐼 (1)

metrics as representative metrics from this class of indicators.
2. The 𝐿𝐻𝐼 (5)𝑃𝐷 metric from the dissimilarity-based class offers unique insights into the latent manifold and the response therein

to anomalous data. Hence, we recommend considering one dissimilarity metric in both the PI and PD setting and 𝐿𝐻𝐼 (5)𝑃𝐷 as
a starting point.
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Table 2
The PPCA model properties used for model training.

Dataset type 𝐿𝑤 𝐿𝑠𝑓𝑡 CCR

IMS 512 256 80%
Gearbox 512 256 80%

Table 3
The VAE model properties used for model training.

Dataset type 𝐿𝑤 𝐿𝑠𝑓𝑡 Latent dimensionality Number of training epochs Learning rate Batch size (𝐵)

IMS 512 256 𝑑 = 50 2000 1𝑒−4 512
Gearbox 512 256 𝑑 = 50 2000 1𝑒−4 512

3. The distribution-based class is a useful class for LHI derivation. This work found that there was little noticeable difference
between 𝐿𝐻𝐼 (6) and 𝐿𝐻𝐼 (7) on both datasets. Hence, we recommend using 𝐿𝐻𝐼 (6) and 𝐿𝐻𝐼 (8) as two representative metrics
when starting off with this class.

4. The response of the PI and PD metrics are unique to the considered dataset. Hence, we recommend ensuring that both settings
be investigated in future research into LVM-based CM methodologies.

5. There is clear benefit to an ensemble-based condition inference approach due to the intricacies associated with assets and
the manifestation of faults in the observed vibration data. Utilising numerous metrics provides a modular fault diagnosis
framework and can enrich the condition inference process.

In future investigations, focus must be given to improving the robustness of LVMs to complex operating environments and fault
omponents that do not manifest through strong perturbations in the vibration data variance. Complex operating environments may
nduce extraneous impulsivity not related to the development of a fault, and such an environment impedes the condition inference
ask. LVM-based methodologies must be capable of overcoming this hurdle to remain a competitive alternative to state-of-the-art
ignal processing techniques. Faulty components that do not exhibit strong, detectable perturbations require LVM methodologies
hat are highly sensitive to changes in the asset state. Finally, it is also important to quantify how LVMs respond to assets that
ontain more complex phenomena.
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ppendix. LVM model properties

It is pertinent that all applicable properties of the LVMs used in this work are detailed. Pytorch [83] was used to optimise the
AE model parameters. The system used to train the models had an Intel i7-8750H processor and a Geforce RTX 2070 graphics
ard. The properties of the PPCA and VAE models for the datasets considered are given in Tables 2 and 3 respectively. The
umulative contribution rate (CCR) was used to obtain the number of latent variables 𝑑 for the PPCA model [31]. In Table 4 the
etwork architectures of the VAE models used in this work are detailed. This work chose the latent encoding and data generation
unctions to be mirror images of each other. This was done by selecting the properties of the one-dimensional convolutional and
e-convolutional layers such that an equivalent representation expansion or reduction is obtained from one layer to the next. The
ontrollable properties of the convolutional and de-convolutional layers are the stride length 𝐿𝑠𝑡𝑟𝑖𝑑𝑒, the kernel size 𝐿𝑘𝑒𝑟𝑛𝑒𝑙, and the
adding length 𝐿𝑝𝑎𝑑 . For the VAE models, the validation model loss was monitored to ensure that no overfitting occurred. The
odel parameters for the training epoch with the lowest validation loss were retained and used for condition inference. The Adam
23

lgorithm [84,85] was used to optimise the VAE model parameters.
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Table 4
The network architectures for both the VAE latent encoding networks and data generation networks. A depth order of 0–6 define the latent encoding network,
while the generative network is the reverse of this order. Note that the posterior mean and covariance are both functions of the fourth network depth level. The
parameter 𝐵 is the batch size. The activation functions for the hidden layers of the encoding network are TanH, while for the generative network the hidden
layer activation functions are ReLU. Note that ↓ denotes a convolutional layer, while ↑ denotes a de-convolutional layer.

Network depth Layer operator Output layer dimensionality 𝐿𝑠𝑡𝑟𝑖𝑑𝑒 𝐿𝑘𝑒𝑟𝑛𝑒𝑙 𝐿𝑝𝑎𝑑 Activation function

0 Input layer R𝐵 ×𝐿𝑤 N/A N/A N/A Linear
1 ↓/↑ R𝐵 ×32× 𝐿𝑤

4 4 32 14 TanH (↓)/ReLU (↑)
2 ↓/↑ R𝐵 ×64× 𝐿𝑤

16 4 32 14 TanH (↓)/ReLU (↑)
3 ↓/↑ R𝐵 ×128× 𝐿𝑤

64 4 32 14 TanH (↓) /ReLU (↑)
4 Fully-connected R𝐵 × 𝐿𝑤

2 N/A N/A N/A TanH (↓) /ReLU (↑)
5 (posterior mean) Fully-connected R𝐵 × 𝑑 N/A N/A N/A Linear
6 (posterior covariance) Fully-connected R𝐵 × 𝑑 N/A N/A N/A Softplus
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