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Summary

It is well-known that non-Newtonian fluids such as polymers melts do not
satisfy the usual adherence boundary condition. On the other hand, the
available theory relies heavily on the no-slip assumption. The purpose of this
work is to establish the well-posedness of the initial-boundary-value problem
for flows of second grade fluids subject to general partial slip boundary con-
ditions. It is assumed that the fluid satisfies the usual thermodynamical
restrictions, that the domain of flow is bounded and simply-connected, and
that the slip yield stress is zero.

The proof is based on a fixed point formulation of the problem which de-
composes it into three linear ones: a Stokes type problem and two transport
problems. After proving the solvability of these auxiliary problems by the
Faedo-Galerkin method, the existence of a unique classical solution, local in
time, is established by means of a Schauder fixed point theorem. Then global
a priori estimates are derived to obtain a unique global classical solution for
sufficiently small data and large viscosity. The solution is found to be stable
under mild restrictions on the slip operator.
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Opsomming

Dit is algemeen bekend dat nie-Newtonse vloeistowwe soos gesmelte polimere
nie die gebruiklike geen-glyding randvoorwaarde bevredig nie. Nogtans steun
die bestaande teorie swaar op die geen-glyding aanname. Die doel van hi-
erdie werk is om te toon dat die begin- randwaardeprobleem vir vloeie van
tweede-graadse vloeistowwe onderhewig aan algemene gly-randvoorwaardes
goedgeformuleer is. Dit word aanvaar dat die vloeistof die gebruiklike ter-
modinamiese beperkings bevredig, dat die vloeigebied begrens en enkelvoudig
samehangend is, en dat die gly-drumpelspanning nul is.

Die bewys is gebaseer op 'n dekpuntformulering van die probleem wat dit
ontbind in drie lineére probleme: 'n Stokes-tipe probleem en twee transport-
probleme. Die oplosbaarheid van hierdie hulpprobleme word bewys deur die
Faedo-Galerkinmetode, en daarna word die bestaan van ’n unieke klassieke
oplossing, lokaal in tyd, bewys met behulp van 'n Schauder-dekpuntstelling.
Globale a priori afskattings word dan afgelei om ’'n unieke globale klassieke
oplossing te verkry vir klein genoeg data en groot genoeg viskositeit. Die
oplossing is stabiel onder matige beperkings op die gly-operator.
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Chapter 1

INTRODUCTION

Heaven knows what seeming nonsense may
not tomorrow be demonstrated truth!

A. N. Whitehead

1.1 Newtonian Fluids and Boundary Slip

The question of whether there is a relative velocity between the fluid and
the obstacle when a viscous fluid flows past a fixed obstacle has a long and
interesting history. In the absence of reliable experimental observations it is
natural to expect that some kind of friction law will apply at the fluid-solid
interface. Thus in 1827 C.L.M.H. Navier formulated a boundary condition
which admits partial slip. According to Navier’s slip law the tangential
component of the stress in the fluid is proportional to the slip velocity, i.e.

o= Y on I 1.1
k(Tn), = —(v—vy), } (1)

where v denotes the velocity of the fluid, n is the outward unit normal on
the solid surface I', vy, is the velocity of the solid,

T = —pI + p[Vv + (Vv)7] (1.2)

is the stress tensor in the fluid, with p the pressure and p the coefficient of
viscosity, and k is a positive constant (k is usually called the slip coefficient,

3
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CHAPTER 1. INTRODUCTION 4

and 1/k the coefficient of momentum transfer (or friction), but for simplicity
the term slip coefficient will henceforth be used to refer to —1/k instead). In
1845 C.G. Stokes also conjectured that the no-slip condition

v=0 onl (1.3)

holds at most for small fluid velocities, and that for larger velocities the
tangential force is proportional to the square of the slip velocity, i.e.

VN = Vg

on I'. 14
E(Tn), = —[(v = v).|(v = ) } -

However, by 1850 he had rejected this in favour of the no-slip condition on
the basis of experimental observations and the argument that the presence of
slip would imply an infinitely greater resistance to the sliding of one portion
of fluid past another than to the sliding of fluid over a solid.

[ More precisely: any slip between the particles trapped in the surface ir-
regularities (which are large compared with the size of the fluid molecules,
so that the fluid-wall interaction is essentially the same as in the fluid) and
the neighbouring fluid molecules would create an infinite velocity gradient,
and the resulting infinite viscous stress would eliminate the discontinuity
instantaneously. |

Due to conflicting experimental results, however, the matter continued to
attract much debate for several more decades. This is not surprising in the
light of the considerable technical difficulties involved in acquiring accurate
measurements of fluid velocities near solid boundaries (as witnessed by the
fact that Ludwig Prandtl arrived at the idea of boundary layers only in 1904).
For a detailed discussion of these results and related references, see [1, pp.
676-9] (which gives an account starting with observations by Daniel Bernoulli
in 1738), [2] and [13, pp. 1213-4]. The relevant fact is that by the end of the
nineteenth century the validity of the no-slip condition for most real fluids
(as modelled by the Navier-Stokes/Stokes and continuity equations) under
moderate pressures and velocities appears to have been well established. The
almost universal acceptance of the no-slip condition is based on ([2]):

(a) experiments involving the variation of the physical surface,

(b) comparisons between experimental and theoretical solutions (that satisfy
the no-slip condition) of simple flow problems,

(c) direct observations of fluids near surfaces,

(d) arguments involving the molecular interactions between solids (kinetic
theory), and more recently,
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CHAPTER 1. INTRODUCTION 3

(e) comparisons between numerical simulations and experimental results of
a large array of complex flow problems.

The mathematical convenience of the no-slip condition is undoubtedly an-
other reason why it has been adopted in the vast majority of theoretical and
numerical studies to date. Modern, accurate observations [3] indicate that
this may not be fully justified (for non-wetting fluids).

One significant exception to the no-slip rule concerns the motion of slightly
rarefied gases. As early as 1875, experiments by Kundt and Warburg con-
clusively demonstrated that gases at low pressures slip past solid surfaces
[7, chapter VIII]. Maxwell in 1879, followed by Knudsen and others [8], then
proceeded to develop a theory of gas slippage. In particular, when the Knud-
sen number (Kn = A/L, where X is the mean free path of the gas molecules
and L is some characteristic length) is sufficiently large, velocity slip and a
temperature jump occur at the wall surface. Moreover, for a certain range
of Knudsen numbers this phenomenon has a continuum model: the Navier-
Stokes equations subject to partial slip conditions of the form

k(Tn), — kla—T = —(v — vy)r,
Os
a7 on . (1.5)
kza—n = ""(T - Tw)

Here k, k,, k; are positive constants, T is the temperature of the gas, T, is
wall temperature and s denotes the unit vector in the direction of (v — vy ).
(For a unidirectional flow v = (v;(z1,22),0,0) in the half-space z, > 0 this
becomes
k2—2+klg§;=vl, kzg—j;:T—Tw, z,=0.)

Various studies have yielded refinements of (1.5), including second-order
and nonlinear slip laws ([9, chapter 3], [10, chapter VIII], [11, chapter 7],
[12, 13, 14, 15, 16, 17, 18], [19, sections 1.4, 6.2], [20]). These works mostly
attempt to obtain analytical/quantitative characterizations of the slip law
and to establish the limitations of the continuum model, which is of practi-
cal relevance to high altitude aerodynamics, the launching of satellites, etc.
[As a rocket travels upwards through the atmosphere, it moves through a
continuum region (Navier-Stokes equations, no velocity slip), the so-called
slip flow region (Navier-Stokes equations, partial slip conditions (1.5)), a
transition region (kinetic theory, Maxwell-Boltzmann equation) and the re-
gion of free molecular flow (where molecular interactions are negligible). ]
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CHAPTER 1. INTRODUCTION 6

Not surprisingly, the gas slippage problem has been the subject of countless
numerical simulations (see e.g. [21, 22]).

For ordinary fluids, the free surfaces in free boundary problems (FBPs) are
generally modelled as being stress free, so that the condition of perfect
slip (usually in combination with the condition that the normal stress is
proportional to the curvature of the free surface) applies:

(Tm), =0 onT. (1.6)

The first existence results for FBPs were obtained only fairly recently, follow-
ing the work of [23] on the stationary Stokes equations in a fixed domain with
perfect boundary slip, i.e. the mixed boundary problem (MBP) with bound-
ary conditions (1.1);, (1.6). These results for the MBP — which appears as
an auxiliary problem in the fixed point approach to the FBP - have since
been extended to the time-dependent Stokes and Navier-Stokes equations
with the perfect slip condition, as well as with the inhomogeneous traction
condition

(Tn), =0, onl, (1.7)

where o, is some given function (combined with either (1.1); or a condition
prescribing the normal stress); see e.g. [24, 25, 26, 27, 28, 29, 30, 31]. The
theory of Navier-Stokes FBPs has also grown rapidly. For more detail, see
the survey [32] and the references therein.

A fundamental problem in the study of FBPs is the appearance of infinite
velocity gradients at the contact lines (points in the two-dimensional case)
where the free and rigid surfaces meet. These (apparent) stress singularities,
which result from

(a) the presence of edges (corners) in the flow domain, and

(b) the no-slip condition on the fixed part of the boundary,

have been successfully incorporated into the mathematical treatment of FBPs
by the use of function spaces with weighted norms, albeit at the expense of
much added technical complexity. As the concept of infinite forces (or energy)
is physically meaningless, this remains unsatisfactory however.

The inadequacy of the no-slip condition is particularly clear when one consid-
ers the motion of the contact line where a fluid-fluid interface meets a solid
surface. The analysis of [5] (which also applies to non-Newtonian fluids)
shows that although a no-slip condition on the solid surface is kinematically
compatible with a moving contact line if the fluid-fluid interface rolls onto or
off the solid surface, it necessarily gives rise to a discontinuous velocity field
and unbounded gradient, irrespective of the boundary condition on the fluid
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CHAPTER 1. INTRODUCTION 7

interface. The natural route — as suggested earlier by [4] - is to relax the
no-slip condition on the solid surface by applying a partial slip condition in a
neighbourhood (which should ideally not be fixed in advance, but determined
as part of the solution) of the contact line. Some numerical and analytical
(infinitesimal analysis, etc.) studies — for example [33, 72, 76, 78, 89] — have
focused specifically on the stress singularities and the extent to which it can
be alleviated by permitting partial slip. In fact, the well-posedness of certain
FBPs for the Navier-Stokes equations with partial slip conditions on the fixed
boundaries has been established in [34, 35, 36, 37, 38, 39]. On the other hand,
the work of [6] indicates that the effect of long-range Van der Waals forces
in suppressing the singularity at the contact line may sometimes dominate
over that of slippage.

It is worth noting here that the slip coefficient S in Navier’s slip law, written
as
(Tn), =S(v —vy), +0, onl, (1.8)

may be a function of & € I'. Thus condition (1.8) (with o, = 0) may de-
scribe perfect slip (S = 0), partial slip (—oo < § < 0) and no-slip (after
division by § = —o0) on different parts of the boundary.

(Figure 1 illustrates typical velocity profiles in a neighbourhood of the bound-
ary for these three cases. It is assumed that v = (v1(z2),0,0), z; > 0, so

that (1.8) reduces to

9
a_Z: = —Sv, = |S]or.)

With regard to the MBPs for incompressible Navier-Stokes flows subject
to partial slip, there are some theoretical results for both thermally conduc-
tive fluids [40] and isothermal fluids [41, 42, 44, 45, 46], as well as several
numerical /analytical studies [47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58].
The well-posedness of the Navier-Stokes equations for compressible heat-
conducting fluids has also been studied [59, 60, 62]. For the isothermal case,
the work of [64, 65| is particularly interesting. They numerically solved an
extrusion problem subject to a nonlinear slip law of the form

ma

(Tn), = —my(1+ ) |2)(v —vw), onl, (1.9)

1 4+ ms|(v — vw)-

where the m; are positive material parameters. When the slip velocity is in
the range between the local maximum and minimum of this S-shaped slip law
(see Figure 2(b)), the flow is unstable and a hysteresis effect ~ self-sustained
oscillations of the pressure drop and the mass flow rate at the exit — occurs.
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CHAPTER 1. INTRODUCTION 8

Partial slip conditions are also encountered in a wide variety of situations
in which the flow is modelled by the Stokes equations or some other simpli-
fication/approximation of the Navier-Stokes equations. Firstly, for viscous
flows past/through porous materials, Navier’s slip law (referred to as the
condition of Beavers and Joseph, or of Saffman, in this context) is applied
on the permeable boundary to match the flow inside the porous material
(usually described by Darcy’s law or a generalization of it) with the Navier-
Stokes/Stokes flow on the outside [66, 67, 68, 69, 70, 71, 72, 73]. Navier’s law
(here called the Maxwell condition) also appears in lubrication models of the
motion of a viscous droplet over a solid surface [74, 75, 76, 77] and fluid mod-
els of glaciers [78, 79]. Models that approximate the boundary behaviour of
fluids may also involve some kind of slip condition [80, 81, 82, 83, 84, 85, 86].
For example, the boundary layer analysis of [87] employs the quadratic slip
law (1.4). There does not appear to be many applications to Newtonian
flows of yield stress slip conditions, i.e. partial slip laws in which the shear
stress must exceed some critical value (henceforth called the slip yield stress)
before slip occurs, but the analytical study [89] is an example. Interestingly,
for rarefied gases [88, p. 240] suggests a condition of this kind in which the
slip yield stress is proportional to the normal stress, namely (1.1) with &

defined by

- _|(’Tn)~n| i n n)n

0 otherwise,

where q; and g, are positive constants. Lastly, one notes that vorticity
boundary conditions of the type

VN = VyN

on I,
(curlv—c)xn:O}

where ¢ is prescribed, also allow tangential slip [91, 92]. [90] gives other
examples of such “kinematic” slip conditions.
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CHAPTER 1. INTRODUCTION 9

Z3 p) Z2

A I T1

(a) no slip (b) partial slip (c) perfect slip

Figure 1
Typical velocity profiles in a neighbourhood of a solid boundary.

(T )| [(Tn)-| [(Tn).|
Oy
(v — vw),| (v — vw)-| (v — vw)-|
(a) Navier, Stokes slip (b) non-monotone slip (c) yield stress slip
Figure 2

Examples of partial slip laws.
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CHAPTER 1. INTRODUCTION 10
1.2 Nonlinear Fluids and Boundary Slip

A large variety of fluids, including biological fluids (blood, protein solutions,
food, etc.), molten metals, multigrade oils, printing inks, paints, suspensions,
polymer solutions and molten plastics, exhibit a wide spectrum of memory
and nonlinear effects (dependence of the stress on the deformation history,
shear thinning/thickening, stress relaxation, creep, normal stress differences,
yield stress) which cannot be described by the linearly viscous Newtonian
model (1.2). The study of these interesting substances, collectively known as
non-Newtonian (or nonlinear) fluids, has intensified with the growth of
the polymer and plastics industry over the last four decades. In the process a
complex body of theory and models has been developed, the detail of which
is not important here; see [93, 94, 95, 96] for an overview.

Experimental observations of wall slip in the flow of nonlinear fluids such
as paint, paste, polymeric solutions, lubricants, hydraulic fracturing fluids,
biological fluids, emulsions and polymer melts have been reported since the
1920’s ([3]). Recent experimental measurements of polymer melts show that
the shear stress at the wall is a nonlinear function (S-shaped, as in Figure
2(b)) of the slip velocity ([97, 98]). In the case of highly entangled polymers,
a yield stress slip law applies, and the slip-stress function may have more
than one local minimum ([99]; see Figure 2(c)). Several analytical/numerical
studies have produced stochastic-mechanical molecular theories (in which the
polymers are modelled as beads consisting of Hookean spring-dumbbells) to
explain this nonlinear behaviour and to derive formulae for the associated
macroscopic slip laws ([100, 101, 102, 103]). The relevant point is that in
general non-Newtonian fluids do slip past solid surfaces, and that these slip-
stress relations are nonlinear.

Despite the above-mentioned developments, Navier’s slip condition — which
involves only one parameter — continues to be used in numerical simulations
of non-Newtonian flows (for various fluid models) with boundary slip ([104,
105, 106, 107, 108]). To mention one alternative, the slip law in [109] is
defined piecewise, with the shear stress proportional to different powers of
the magnitude of the slip velocity for different ranges of the slip velocity.
Other simple models include perfect slip ([110]) and ones in which the slip
velocity is proportional to a power, or a hyperbolic function, of the magnitude
of the tangential stress ([111]).

The stick-slip problem — in which there is a sudden transition from no-slip
to perfect slip along the boundary, with a resulting stress singularity — has
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CHAPTER 1. INTRODUCTION 11

also been analyzed for some non-Newtonian fluid models ([112, 113, 114]). In
particular, [113] shows that for a second grade fluid (defined in the next
section) the shear stress is O(r~'/2), where r is the distance to the singularity,
while the pressure and the normal stress are O(r™'). Hence the total force on
the wall behaves like Inr, which is physically unreasonable (not integrable).
This suggests that a partial slip condition should be applied — perhaps a yield
stress slip condition of the form

— n),|—o m 1 n o
(v—vw)T: f(l(T )Tl Y)I(Tn)'rl fl(T )T|> ¥y (111)

0 otherwise,

where the non-negative function f(-) and slip yield stress o, are determined
experimentally, as in [114] (for a power-law fluid).

The existence theory for non-Newtonian fluids with partial wall slip ap-
pears to be scant; I am only aware of the following two results for incompress-
ible nonlinearly viscous fluids: [115] considers the steady rectilinear motion
in a cylindrical domain (so that v = (v1(z1,22),0,0)) of a fluid with stress
tensor

T =—-pl+MA,, A, =Vv+ (Vo) (1.12)

where the effective viscosity M = M(]|A;|?), subject to a slip law of the type
(1.8) with § = S(Jv|%, @), © € 9N (which reduces to

duy

M(2|Vv|?) o

= S(Jui]}, 2)v1, @€ 0N.)

Under suitable conditions on M and S, the existence of a unique weak solu-
tion is established by means of a monotone operator argument. More gener-
ally, [116] considers the nonstationary, nonisothermic motion in a bounded
domain of a fluid (1.12) with M = M(|A4|?,0), where § denotes the temper-
ature, and slip law (1.8) with S = S(|v|?,6). The Faedo-Galerkin method is
used to prove the existence of a generalized solution of the initial-boundary-
value problem in a given finite time interval. The restrictions imposed on S
in these two papers are given in Remark 5.10 on page 95.
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CHAPTER 1. INTRODUCTION 12

1.3 Second Grade Fluids

Amongst the many families of models for nonlinear fluids that were proposed
during the past 50 years or so, those of differential type (see [94] for the
precise meaning of this), also called Rivlin-Ericksen fluids, have proved to be
exceptionally successful and popular. An important subclass of the fluids of
differential type are the fluids of complexity n. The Cauchy stress tensor
for an incompressible fluid of complexity n is of the form

T = —pIl + F(Ay,..., A,),

where the spherical stress —p/ reflects the assumption of incompressibility,
and A,,..., A, are the first n Rivlin-Ericksen tensors ([93]), defined recur-
sively by

A1 = V’U + (V’U)T,

A'n = DtAn—-l + An—l(vv) + (VU)TAn—la n Z 2’

where D; denotes the material time derivative. Thus, for example,

A, = DiA + A (Vo) + (Vo) A4,
Az = D, Ay + Ay(Vo) + (Vo)T A,
= D} A; + 2(D; A;)(Vv) + 2(Vo)T(D,A,) + A(D,Vv) + (D, Vv)T A,
+ A;(Vo)? 4+ 2(Vo)T Ay (Vo) + (VoT)? A,

Fluids of grade n are examples of fluids of complexity n. In particular, the

stress tensors for fluids of grades 1,...,4, respectively, are assumed to be of
the following form ([94, p. 494]):

TW = _pI 4 A,
T = 71 4 0, Ay + 0, A2,
TO = 70 1 8, A3 + B,(A1 Az + A2 A)) + Batr(A?) A,
TH = 78 L 4 Ay + 12(AsA; + A Ay) + 7, A2
+ 74(A2 AT + A2Ap) + 75(trAz) Ay + 6(trA2) A2
+ [1(trAs) + ystr(Az Ar)] Ay,

(1.13)

where p, a;, 0; and +; are (possibly temperature dependent) material coeffi-
cients. Hence a first grade fluid is simply a Newtonian fluid, and a second
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CHAPTER 1. INTRODUCTION 13

grade fluid is a generalization of it. For a short derivation of the grade 2

tensor (as an expansion to the tensor for a simple fluid with fading memory),
see (117, pp. 52 — 54].

The validity of the second (and higher) grade model as an exact descrip-
tion of a real fluid has been the subject of some controversy over many years
([118,119, 120, 121, 122,123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133]),
despite the seemingly conclusive stability study [119]. However, the lucid
analysis and survey of [132] — which discusses the somewhat messy history of
the debate in depth — has finally resolved the issue. In short, when the ma-
terial coefficients are consistent with the restrictions of thermodynamics
(see section 2.1), the second (and third) grade model is a perfectly valid
constitutive equation.

Special flows of second and third grade fluids have been investigated analyt-
ically and numerically by several authors, and a number of exact solutions
have been constructed (e.g. [134, 135, 136, 137, 138, 139, 140, 141, 142, 143,
144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 158, 159]). Al-
though the equations of motion for a second grade fluid involves third-order
spatial derivatives, the no-slip condition suffices in these studies because of
the additional assumptions. However, [161] and [162] provide examples in
which the no-slip condition does not determine the solution uniquely. In
[163] this is overcome by imposing additional velocity and shear rate condi-
tions at the boundary, but physically meaningful boundary conditions of this
kind have not yet been identified. The no-slip condition is also inadequate for
certain problems in bounded domains; see [164] and the references therein.

The question of the existence, uniqueness and stability of solutions to the
general initial-boundary-value problem for an incompressible second grade
fluid in a bounded domain, with no slip, has only been addressed recently.
The first step was taken when [165] proved the global (in time) existence
and uniqueness of a generalized solution to a linearized version of the
problem by formulating it in terms of v = v — a;Av and applying the
Faedo-Galerkin method. Then [166] followed a similar approach (using the
quantity curl (v — a3 Av) and applying the Faedo-Galerkin method to the
full problem) to obtain a unique solution, global in time if @ C R? and local

in time if Q C R3, for flows with
(03] 20, a1+a2=(). (114)

Similarly, [167] established existence results for certain one-dimensional flows
of a so-called power-law fluid of grade two (with shear-dependent viscosity).
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CHAPTER 1. INTRODUCTION 14

Significantly, [168] succeeded recently in proving the global existence of the
variational solution — which is also classical if the data is sufficiently smooth
- by this direct approach.

The first existence and uniqueness results for classical solutions were es-
tablished by [170], who formulated the problem as a fixed point problem in
u = v — a1 Av. No restriction is placed on a5 in [170], but a3 > 0 must be
sufficiently large for the global existence result to hold. This is somewhat
counter-intuitive, especially as [171] proved that the stationary problem is
well-posed for arbitrary values of ;3 > 0 and a;. They considered a fixed
point problem in w, based on the Helmholtz decomposition Av = w + V.
This approach was generalized in [172] and [173] to obtain local and global
existence results for a class of complexity-2 fluids with shear-dependent vis-
cosity which include second grade fluids that satisfy (1.14), as well as certain
third grade fluids (see section 2.1). The main virtue of these fixed point
methods (which were apparently adapted from [190]) is that it decomposes
the nonlinear problem into linear ones. Furthermore, by taking the data
sufficiently small, the nonlinearity can be controlled by the linear terms.

Employing a different fixed point argument (in which the unknown is u =
curl (v — o3 Av)), [174] showed that the lower bound imposed on «; in [170]
can be removed if (1.14) holds. This result was extended to third grade
fluids by a similar argument in [175]. Moreover, using multivalued fixed
point theory, [176] derived a local existence result for flows subject to the
Dirichlet boundary condition

v = v, on 01}, (1.15)
and showed that the solution is unique if v,-n = 0 on 0.

Lastly, note that in the above-mentioned existence studies the initial condi-
tion is effectively of the form

(Bv)(0) =vg inQ,

where B is a linear operator determined by the fixed point decomposition of
the problem.
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1.4 Thesis Problem

The techniques (specifically the evaluation of boundary integrals arising from
Green’s formulas) used in the stability and existence and studies mentioned
above in many instances rely in an essential way on the assumption of no
slip, which — as the remarks in the previous sections suggest — may be in-
appropriate for second grade fluids. To evaluate the second grade model
(and, for that matter, any other nonlinear model for which no convincing ex-
perimental data is available) properly, it should be studied under conditions
that allow for the possibility of slip.

The aim of this thesis is therefore to prove the existence and uniqueness of
classical solutions — local and global in time - subject to general stress-slip
boundary conditions of the form

(Tn), = $(jv])o +d

vn=>_0

} on 82 x (0,T), (1.16)

where n denotes the outward unit normal to 992, d is a tangential surface
force, and the slip coefficient S is assumed to be a smooth function of the
magnitude of the slip velocity. (Note that the slip yield stress in (1.16) is
zero, i.e. when d = 0, the slip velocity is nonzero whenever & = (Tn), is.)

It is assumed that (1.14) holds with oy > 0.
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Chapter 2

THE SLIP PROBLEM

Better a slip on the floor than a slip of the tongue.
Sirach 20:18

This chapter starts with an introduction of the governing equations (section
2.1), followed by a discussion of the slip boundary condition (section 2.2)
and a (preliminary) formulation of the slip problem as a fixed point problem
(section 2.3).

16
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CHAPTER 2. THE SLIP PROBLEM 17
2.1 Equations of Motion

As indicated in section 1.3, the Cauchy stress tensor T for an incompressible
fluid of grade two is given by

T = —]51 + ,uA1 + a1A2 + a2A12, (21)

where p is the pressure, p is the viscosity, and a; and a, are the normal
stress moduli. A; and A, are the first two Rivlin-Ericksen tensors, i.e.

A1 = Vv + (V‘U)T,
A2 = DtAl + AIVv + (V'U)TAI,

with v denoting the velocity field and D, = 8/0t 4+ v-V the material time
derivative. Using the identity

A Vv + (Vo) A = (Vo) 4 2(Vo)T (Vo) + (VoT)?
- Af + A1W - WAl,

1
where W = §(Vv — (Vo)7T), the stress tensor can also be written as

T =—pl + pA; + (DAL + AW — WA ) + (o + )AL (2.2)

[119] derived necessary and sufficient conditions for a fluid modelled by this
relation to be compatible with thermodynamics (see pp. 196 — 198 of
[119] for the precise meaning of this, and for the formulation of the following
two inequalities). In particular, the Clausius-Duhem inequality implies that

p>0, at+a=0, (2.3)

and the assumption that the Helmholtz free energy is a minimum when the
fluid is in rest requires that

Under these restrictions the equations of motion (conservation of linear mo-
mentum and of the total mass) for an incompressible second grade fluid in
a thermally passive environment (so that the temperature and therefore
also u, ay, ay are constant) are

%(v—aAv) —vAv=Vp—curl(v—-—aAv)xv+g n 0 x (0,T),

Vv =0
(2.5)
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CHAPTER 2. THE SLIP PROBLEM 18

where Q) denotes the (fixed) domain of flow in R?, T > 0 is a chosen length
of time, curlv =V x v, a = a1 /p, v = p/p, p is the constant density of the
fluid, and the modified pressure

. 1 1
p=6=plp—5lol +alv-bv+ 1Ai), (26)

Here the body force has been split into a conservative part pV¢ and a ro-
tational part pg (i.e. V.g = 0 in Q, g'n = 0 on 0f2) via the Helmholtz
decomposition. The derivation of equations (2.5) — (2.6) can be found in
section 2.4. Note that once v and Vp have been determined from (2.5), Vp
is fixed by (2.6).

Remark 2.1 (a) It is worth pointing out that the derivation of conditions
(2.3) - (2.4) in [119] does not require the choice of a boundary condition,
and is therefore valid in the present situation as well. On the other hand,
the no-slip condition does play a crucial role in the proofs of asymptotic
stability in [119, 120], and the unboundedness and instability results (for the
case ag < 0) of [119, 120, 121]. In fact, seemingly insurmountable technical
difficulties (due to the non-disappearance of boundary integrals containing
higher-order derivatives) would otherwise appear. However, [127] showed
that the rest state of a second grade fluid in a half-space (or domains with
flat boundaries) with stress-free boundaries, i.e. perfect slip, is conditionally
stable for arbitrary a; if 4 > 0, @; > 0, and unstable if ¢; < 0. As the partial
slip condition is in a sense intermediate to the extremes of no and perfect
slip, this provides additional support for the use of assumptions (2.3) — (2.4)
here.

(b) The thermodynamic restrictions on the material moduli of a third grade
fluid (see section 1.3) were shown by [120] to be

2 ZO) (03] 207 |a1 +a2| S V 24#’ﬂ3)
Br=0, B=0, B3>0,

which reduce to (2.3) - (2.4) when 85 = 0. Under these conditions the stress
tensor (1.13); becomes

(2.7)

T = —pI + pA; + a1 Ay + A} + Ba(trAd) A, (2.8)

The corresponding equations of motion are given on page 27 in section 2.4.
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CHAPTER 2. THE SLIP PROBLEM 19
2.2 The Slip Boundary Condition

Let Q2 be a bounded domain with boundary 92 of class C?. Setting S = S/p
and d = d/p, the tangential stress condition (1.16) on 92 becomes

o = (Tn), = pS(lol)v + pd, (2.9)

which can be written as
v

|v]

where R(x) = S(z)z corresponds to the slip-stress functions sketched in
Figure 2. To simplify the analysis somewhat (in particular the estimates
derived below), it will be assumed that S is not a (general) function of
y € 0. It is also convenient to assume that S is a smooth function of |v|?,
but this is not a serious restriction: for any chosen m > 0 and M > 0, one
knows from Sobolev’s imbedding theorem [201] that there is a constant L
such that the ball B(0, M) in H™*?(Q) is contained in the ball B(0, L) in
C™(Q). Assume that v € H™?*(Q) with ||v|[ms2 < M, let S € C[0, L] and
let K be any fixed constant. Then, by Weierstrass’ theorem, for every € > 0
there exists a polynomial N, such that

o =pR(|v])— + pd, (2.10)

. €
IS(V2) = K = Ne(@llowar) < 7
and thus .
||S(.'I,') — (K + Ne(.’E2))”C[0,L] < m < €, (211)
, el
IR(z) = (K + Naellown < Tog < (212)

Hence, without loss of generality (at least when (2.9), (2.10) is viewed as
an approximation of an empirical relation), one may assume that S(z) =
K + N(z?%), z € [0, L], for some constant K and function N € C*[0, L?].
Actually it is sufficient here (see Remark 2.4(e) with regard to the dependence
in y) to assume the following:

Assumption 2.2 The slip coefficient S is of the form
S(y,z) = K(y) + N(z%), (y,z) €90 x]0,L], (2.13)

with K € C™(99Q) and N € C™|0, L?] for some m > 0.
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CHAPTER 2. THE SLIP PROBLEM 20

It will actually be sufficient to take N € C"™. The following lemma shows
that N then has the boundedness and continuity properties necessary for the
arguments in Sections 3.3 and 4.1:

Lemma 2.3 Suppose that m >0, f € H™(R?), N € C™[a,b] and that N(f)
is well-defined in Q. Then

(a) N(f) € H™(2) and
IN(llm < [N llen (10172 + C(Qm){[|| fllm + | flI7])- (2.14)

(b) Form =0 orm > 2, if N € C™*[a,b] and g is a function with the same
properties as f, then

IN(f) = N(@)llm < C(Qm)[[Nllem (1 + I fllm + Ngll)IS = gllm- (2:15)

Form =1, if f € H*(Q), g € H'(R) and N(g) is well-defined, then

INC(F) = N(g)ll: < COINlor (L + VA = glls- (2.16)

Proof. The inequalities are derived from the chain rule for the derivatives
of N(f); see Section 2.4.

Remark 2.4 (a) It appears that to date only certain diluted polymer sus-
pensions have been clearly identified as ones for which the second grade model
is an accurate description ([132]). Moreover, there is seemingly no experi-
mental data available on the interaction of a second grade fluid with a fixed
surface — of any material or degree of roughness — that can be used to infer
a suitable slip law. The model (2.9), (2.13) — which should be viewed as an
additional constitutive law — was chosen because it is sufficiently general to
incorporate the vast majority of the models for nonlinear fluids appearing in
the literature, including stress-slip relations with multiple local extrema (e.g.
the bell-shaped curves of [100] and the refinements thereof in [99]). Moreover,
its relation to Navier’s slip law is simple and it is mathematically convenient.

(b) One limitation of (2.9) — potentially significant (but also immaterial) in
the light of the absence of empirical data — is that it excludes the possibility of
a yield stress condition; due to the factor v in the right hand side, v is nonzero
whenever o is. As mentioned in Section 1.2, for some nonlinear fluids the
modulus |o| of the tangential surface stress must reach a critical value, say
oy, before macroscopic velocity slip occurs. In the absence of evidence to the
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contrary, it would be desirable to have a slip model for second grade fluids
which allows for this possibility. One would then have an interesting free
boundary problem, since (although 0 is fixed) the slip region is not known
in advance, so that one does not know where to apply the slip law and the
no-slip condition. In an iterative numerical method this may conceivably
be overcome by incorporating a stick-slip test into the solution scheme (e.g.
at each point of the boundary, use the velocity field calculated during the
previous iteration to test whether |or| < oy: if so, use v = 0 there during the
present iteration; else apply the slip law there), but there does not appear to
be any theoretical results of this kind for nonlinear fluids. The model (2.9),
(2.13) does allow for points of no-slip to occur, but it is not necessary to
determine these explicitly since (2.9) applies on the whole boundary.

Furthermore, for the method of proof employed here it was necessary to
express the tangential surface stress vector o as a function of the slip velocity
v, and in the case of a yield stress condition this is not possible where v = 0
(since one only knows that |o| < oy).

(c) If @ = 0 and N = constant, then (2.5) and (2.9) reduce to the Navier-
Stokes equations and Navier’s law, the usual slip law for such fluids. It would
therefore be reasonable to assume that N = N(0) if @ = 0, but this is not
necessary here.

Note that one may always assume that N(0) = 0; if not, replace N and K
by N — N(0) and K + N(0). Then, by the mean-value theorem,

IN(Hllo < 1N llce 1 fllo,
so that the term involving || can be dropped from (2.14).

(d) In (2.13) N is expressed as a function of |v(y)|?, rather than |v(y)|, to
satisfy the conditions of Lemma 2.3. The only purpose of the coefficient p is
to help simplify equation (II)* on page 46; it could just as well be absorbed
into S.

(e) For the sake of simplicity, it is assumed N is not a function of y € 99, but
such dependence can easily be incorporated into the work (by adapting the
estimates for V). This would allow for possible variations in the stress-slip
interaction due to local changes in the roughness or material properties of
the boundary surface. As a further generalization — for situations where it
cannot reasonably be assumed that the temperature is constant (for example
in die casting processes) — one could consider general temperature-dependent
slip laws (as in [116)).
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2.3 Fixed Point Formulation

The method of [174] can be adapted as follows. Applying the curl operator
to equation (2.5); and using the identity

curl (u x v) = v-Vu —u-Vo + (V-w)u — (V-u)v (2.17)
with
u = Bjv = curl (v — aAv), (2.18)
so that V-u = V-v = 0, one obtains
du + V(u curlv) \Y% Vu+h
— + —(u —curlv) = u-Vv —v-Vu
ot  « in Q x (0,7),
Veau =0 (D
u(O) = Ug in Q,

where h = curlg and ug = B;vg.

Furthermore, using an extension n of n to (2, extend

a = Byv = (An), (2.19)
to 2 by defining
a=A(v)n—(n-A(v)r)n in Q. (2.20)
Then
v-Va; = vp(A1n; — i Ay iig) &
= vk(A1ijen; — A AyrjalijRg)
+ vk(Avijhyk — Arri(Refn) k), 0= 1,2,3,
so that
(v V)A |7 — (R+[(v-V)A |R)R =v-Va+b in
and thus

([(v-V)Ai]n), = v-Va+b on 49, (2.21)

where b is defined by its components

bi = Ay jvie(Nefjfg) x — Avijvkie

_ (2.22)
= Alrj(’v'V[fLrﬁjﬁ,']) - Al,'j(’erﬁj), 1= 1,2,3.
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It follows that

= pu(Ain), + al([— + (v-V)A; + AW — W Ay|n),

=,ua+a1(8—a +v-Va +b+c),

ot
where
c = ([AW - WA,n),, (2.23)
so that equation (1.16); becomes
a—a+za+v Va = —Sv— —c+ ld on 0 x (0,7),
ot a (I1)*
a(0) = ao on 0},

where ag = B,vy.

Hence, existence will be proved once it is shown that the mapping

¢:(¢p,n)—» v (u,a), (2.24)

where v solves

curl (v — aAv) =

¢}mnxmjy

V=0

. (1I0)
vn =
(An), =7 }on o0 x (0,7),

and u and a are solutions of problems (I) and (II)*, has a fixed point.

Remark 2.5 (a) Note that a in (II)* is understood to denote the trace of a
function defined in 2 and that 1 can be extended as in (2.20). Moreover, if
17 = a on 0Y), then v-Vn = v-Va on 01 since v is tangential to Q2. Thus
(IIT)4 is sufficient to ensure that (2.21) will hold whenever (u,a) is a fixed
point. By the same argument, it follows from equation (2.22), that the trace
of b is independent of the choice of 7.

(b) In the exact definition of ® problem (II)* will be replaced by a problem
in Q, namely problem (II) in Proposition 3.11 on page 46.
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2.4 Appendix

Derivation of equations (2.5) — (2.6).
The local equations for the balance of linear momentum for a fluid described

by (2.2) are
v ~ 1
5 +vVo—f= ;V-T
1 0A
= V4 vV A oV (VA + Lt AW -way) (2.25)

+ (a+ B)V-A?

where f denotes the specific body force per unit mass and 8 = a /p- These
equations can be simplified in several ways by means of the identities collected
in

Lemma 2.6 Let V,, = {v € H™(Q) : Vov = 0}, m = 1,2,..., and for
ve H (N) set w=curlv=V x v and
1
A = %[Vv +(Vo)], W= 5[Vo - (Vo)T].

Furthermore, for any two second order tensors K = [K;;| and L = [L;;] with
components in H'(Q), and K symmetric, define V-K, VL and K : VL by

(V-K)i = Kji,; = Kijj, 1=1,2,3,
(VL)kji = Ljig, 1,5,k=1,2,3, (2.26)
(K : VL) = Kjs(VL)ji = KjxLjix, i=1,2,3.
Then
(a) V:Aj=Av YVveW.

(b) V+(v-VA;)=0v-V(Av)+ (Vo) : VA, YveW.
(c) V-(A,W —WA,) = (Vo)TAv+2Vu: VW Vuwvel.

(d) Ve(0-VA + AW — WA,) = 2AAW)v + V(0-Lo + %|A1|2)
Vove V.
(e) 2(AW)a =(Aw)xa YveH)), Vac R

(f) vVo=wxv+ —;—V|v[2 VY ve H'(Q).

() V-A? = 2V.[Vo(Vo)T] + ivml]? +A(Av) VoeW
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Proof. The arguments are elementary, but since (for this very reason) it
does not appear in the literature, it is copied out here to show the precise
relation between the terms in the stress tensor and those in the equations
of motion. For the sake of clarity, the components of A; will be denoted
without the subscript 1. Where applicable, the relation V-v = 0 and the
definitions (2.26) (from [210, pp. 39, 62]) are applied without mention.

(a) is self-evident, and (b) is immediate from

(vkAijk),; = vk(Vijjk + Vjjik) + Vk;Ajik

= vk(Avi) k + v j(VA ki, 1=1,2,3.
(c) Fori=1,2,3,
(AiWij — Wik Axj)

1
= §(Ui,kj + ki) (Vk,j — Vi) + §(vi,k + Vi) (Vk,55 — vjik)

1
- 5(vé,kj — Vk,ij (Vg + Vik) — 5 (Vik — Vri)(Vk,jj + vjjk)

2
= —UikjVsk T Uk,ijUk,j t Vk,iVk,jj
= Uk, (Vki — Vik),; + VkiVk,jj

= 20k ; (VW) ki + vi i DAvg.
(d) From the derivations of (b) and (c) above one has
[V-(A,W — WA, +v-VA);
= Vk,iVk,jj + Vk,j(Vkji — Vijk) + Vkj(Vijk + Vjki) + Ukvijjk
= UgVijjk t VkiVkjj + Uk Ak, ¢ =1,2,3.
On the other hand,
2(AW)v + V(v-Av));
= (Vi jkk — Vjikk )V + V505 kki + V5305 kk
= VkVijjk + UkiVkj;, ¢ =1,2,3,

and

1

1 1
Z(V|A1|2)i = Z(Aijkj),i 5

Aijkj,i = Uk,jAkj,i7 Z = 1,2,3.
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(e) Set w = Av, then AW (v) = W (u) and Acurlv = curl u, so that (e)

reduces to the well-known identity
2W(u) x a = curlu xa, Vac R’
which follows easily via the “cé rule”.

(f) It suffices to note that (w x v); = 2W;;v; = (v;; — v;:)v; and (V|v|?); =
(vjvj); = 2v;v;4, 0 = 1,2,3.

(g) For:=1,2,3, [V’(z‘lf)]2 = Aik,jAkj + Az’kAkj,j =TI+ J, with
I = vikj A; = 2035056 = 2(vikvs8),5 = 2(V+[(Vo)(V)T])i

and

1
J = vpij Ak + AikAkjj = §Akj,iAkj + Aikvi jj

1 1
= Z(Aijkj)’i + A,‘kA’Uk = (ZV|A1|2 + AlAv),'.

Observe that (g) also holds if the condition V-v = 0 is replaced by 2v; yv; x; =
Aivjki, v = 1,2,3, or, equivalently, w x V(V-v) = 0.

By the Helmholtz decomposition, f is of the form
f=Vo+g, Vig=0m0Qx(0,T), gn=00nd2x (0,T). (2.27)

Thus, setting p = ¢ — p/p and applying (a) — (b) to (2.25) yields

%(fv —alAv)+v-V(v—alv)—vAv—-Vp—g

= a[(Vv)T VA, 4+ V(AW — WA + (o + B)V-A? in Qx(0,7),
V=0
(2.28)

as in [170, 171, 172]. Alternatively, using (a), (d) - (g) to express the non-
linear terms in gradient form and/or in terms of w, one obtains

%(v—aAv)—uAv-{-(w—aAw)xv—g

= Vp + (a+A)@V(Vo)(Vo)] + Ai(ov)) (M @*(OT), (229)
V=0

where

1 1
p=9¢—plp— vl +ov-Lv+ 1 2a+ )| Al (2.30)
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These equations seemingly lend themselves more readily to analysis than

(2.28), as is witnessed by the majority of recent publications on second grade
fluids; see e.g. [138, 140, 142, 144, 154, 166, 174, 176].

Lastly, noting that tr(A?) = |A;|? and V+(|A;|?A;) = A;V]A;|*+|A,*Av,
and comparing (2.8) with (2.1), one arrives at the corresponding form of
the equations of motion for an incompressible fluid of grade 3 satisfying
conditions (2.7):

gt(v —alAv) —vAv + (w — alAw) X v
= Vp+ (a+ )2V [(Vv)(Vv)T] + Ai(Av)) b in Q x (0,T), (2.31)
+7(AiV]|A* + A’ Av) + g

V=10

/

with p as in (2.30) and v = (B3/p, as in e.g. [148, 175].

The proof of Lemma 2.3 is based on the following chain rule:

Lemma 2.7 Let N € C™[a,b],m > 1,a < b, and let f € H™(Q), with Q
a domain in R, n > 1, and suppose that Nof is well-defined on Q. Then,
for every a = (ay,...,q,), with a1, ...,a, nonnegative integers and |a| =
o+ -+ a, <m,

|| i
(o)) = 3 N DRI\ EN-D) | RZHICOI
{ﬂ17"'7ﬁ1} J=1
€ B(1,a)
) (2.32)
where the constants C(B',...,B") are positive integers and

B(,o)={{B",....0}: |B'] 21,j=1,....5, B'+ -+ = a}.

Proof. For a complex function N : C — C, sufficient conditions for the
validity of such a chain rule, and the form of the terms, are given in [206,
p. XIX]. Since the precise formula and proof are omitted, a complete proof
seems in order:

It suffices to consider a with |a| = m. If m = 1, then ¢ = e for some
1 < h < n, where e? = §,;,7 = 1,...,n. Hence (2.32) holds, because
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B(l,a) = {{a}} and Nof € L*(Q), so that O, N(f(x)) = N'(f(x))0f(x)
by Theorem 2.1.11 of [214, p. 48].

(One could also use the result of [206, p. XX]: If NV is Lipschitz continuous
and has a bounded derivative N’ with at most countably many discontinu-
ities, and f € H'(Q), then N(f) € H'(Q) and the above chain rule holds.
Moreover, N(H(R)) C H3(Q) if N(0) = 0.

Lemma 2.5 of [209, p. 219] states: Suppose that N € C'(R), N’ € L*(R),
Q) is an open subset of R, f is real-valued and locally integrable over Q and
all its first-order weak derivatives on ) exists. Then all the first-order weak
derivatives on 2 of N o f exists and the above chain rule holds.)

Suppose that (2.32) holds for a fixed m > 1 and consider any & with |&| =
m + 1. Choose an 1 < h < n for which &, > 1 and set @ = & — e". Then
|| = m, so that, by (2.32),

DON(f(z)) = ,DEN(f Z NO(f

=1

D -1 . ;
X Z ZC(IBI,,.,,'@') (HD/@f)(ahDﬂf)( H D'Bf)
{8,...,8} =t p=1 g=it1

€ B(i,a)

+iN"’+"(f(w)) > OO0 (= (Hm’ )

= N(f(@)a D% + S NO(f@)| S c@,....8)[[ DY f()
i=2 {é',...,8% =t

+ N (f(=)

&
=
8
—
n'z 3
o]
2
=
2]
~_
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where
Bhn(1, )
={{8',....07,8 +e/ 8, .8} {B',..., 8} € B(1, ),
jg=1,..,3u{{y...,¥ e} {4 ..,y e Bl - 1,a)}
— B(i,&), 2<i<m,
{2 ™ et {4 ™) € B(m, a)} = B(m+1, &) (since B(m, o) =
{{~*,...,7™}}), and the integers C(4",...,8") are determined from the

corresponding constants C(8',...,8"), C(¥',...,¥""!) by the definition of
B (i, ). Thus (2.32) holds for m + 1. 0

Proof of Lemma 2.3.
(a) Let
P@8',....05 0 = [[ pPs,
i=1

Ql,a,fy= Y C(B,....8)PB,....B85f),

{8',....8%
€ B(i, )
la|=k&

with B(z, ) defined as in Lemma 2.7, then

IN(HIIZ = 232

For m = 0 and m = 1, inequality (2.14) follows from

Ro = IN(f)llo < INlloolQI',
Ry =[[VN()llo = IN'(HV fllo < IV'llce IV fllo-

Let m > 2, then for £ = 1,...,m, using (2.32) and the inequality
ey + -+ zall® < (lzafl + -+ llzal)? < n(lleal® + - + llzall®),

one gets

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



CHAPTER 2. THE SLIP PROBLEM 30

= ) 1D NYHQG,a, £)IIF

|a|=k 1=1

< k[ > \lN‘“(f)Q(i,a,f)l%]

k
SEINGwa| D0 D01 D). CB....8)PBY....85 P
la|=k t=1

{Bla"'iﬁi}
€ B(i, a)

k
k)| N ||Gx- 1[ > ||P(ﬂ1,---,ﬁ’;f)||3]
Ial:k i=1 {}
where
C(k) = max{|B(i,a)|C(8",...,8°) : {B',...,B8'} € B(i, ),
1<i <k, |a| =k}
It remains to find an estimate for the term inside the summation:
Ifi = 1, then {B8,...,8'} = {a}, and
I1P(e; fllo = 1D fllo < 1| fllx-
If i = 2, then |#| < k-1,5 =1,2, (since |#?| > 1,5 = 1,...,i) so that
from (3.48),
1P(8, 8% N)llo < COIDP FIIDP £l < C@IFIE.
If i >3, then |87 <k—2, j=1,...,i, and so by the algebra property of

H*(92),

IP(BY-.... 8% Pllo < Cr (@) TTIDP Flla < (@Y IAIL.

i=1
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Thus

k
R? gké(k)é(ﬂ,k)uzv'l@k_l[ >y IB(i,a)I-IlfIIi‘]

|a|=k 1:=1

< C‘(Q,k)||N’||"’Cm_1[Z ||f||3rf]-
i=1

where C' = max(1,C(f), C1(2)2*-2) and (using @ C R®) C(Q, k) = k(k/2 +
1)(k+1)C (k)*C. Hence, using the inequality 22+ - - -+ 2™ < m(z® +2*™) <
m(z + z™)?, summing over k and setting C(Q,m)? = m} -, C(Q,k), one
obtains (2.14):

IN())lm < ANl Q12+ CQm)INllom=1 ([l Flm + 1f117):

(b) By the mean-value theorem and the inequalities (3.47), (3.48),

IN() = N(@)llo < IINlleollf = gllo

and, since VN(f) = N'(f)Vf,

IVIN(F) = N(g)llo
< NN'(f) = N'(g)V £llo + IIN"(9)V(F = 9)llo

< CEOIN"llcollf = gV Flls + 1NNl IV = g)llo-
This establishes (2.15) for m = 0,1. Now let m > 2. In addition to the nota-
tion defined in (a), set P(8",...,0%) =1ifr > s and let S(BY...,B f,q9)
= P(B',...,B8, f)—P(B',...,B9). By applying Lemma 2.7 and rearrang-
ing terms one obtains

DY(N(f) = N(g))

x|
=2 NN X OB B)SBY. B fr)
= {8',....8%
| € B(i, o) ]
||

+3 [NO() = NO(9)] QG ).
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and

S(B",....Bf,9)
= Zp(ﬂl,"'aﬂs_l;f)l)(ﬂs;f_g)P(ﬁs+l""’ﬂi;g)~
As in (a) it follows that for i = 1 (and |a| = k) this reduces to
15(e; £, 9)llo = [1P(a; f — g)llo < |If — gllx,
while for : = 2 one has
15(8*, 8% f,9)lo
< C@)IDP'(f - )LD glly + I FILIDE(f - 9l
< 2C(Q)max([| fllx, Ngll)ILf = gllx,

and for ¢ > 3,

IS8, 8% f,9)llo < iC1 () max(||flle, lglle) ™" ILf — glls.

Moreover, f and g are continuous since m > 2, so that by the mean-value
theorem

INO(f) = NO(g)lloo < COINHVcollf = gllzy = 1,...,m.
With the above inequalities in hand, proceeding as in (a) yields

IN(f) = N9l

< INIigollf = gllo + C (2, m)?[[N']|Gm !Z Ilgllif]llf —9llz

i=1
+ C(Q,m)2||N’]|20m_l[Z max(|| f|m, ||g||m)2i_2]||f — gllms
=1

or

IN(f) = N(@)llm < C(Qm)[IN'llem (L + I fllm + Nlgllz) | f = gllm-
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Chapter 3

SOLVABILITY OF THE
AUXILIARY PROBLEMS

The purpose of this chapter is to establish the well-posedness of the auxiliary
problems (I) - (III) and to derive a priori estimates for their solutions. First
it is necessary to introduce some notation:

) denotes a bounded and, unless stated otherwise, simply-connected domain
of class C? in R®, and Qr and 9Qr denote  x (0,T) and 99 x (0,T),
respectively. When 0{2 is required to have additional regularity, this will be
indicated.

For m a nonnegative integer and 1 < ¢ < oo, W™?(2) is the usual Sobolev
space with norm ||+, with L9(Q) denoting the space W™4(Q). For m >
1, the associated trace space is denoted by W™~1/94(9Q) and its norm by
*llm—1/q,0.00- H™(Y) denotes the Sobolev space W™2(Q) of order m with
inner product (¢, +)m, and norm ||+||,, with H°(Q) denoting L*(f2). The inner
product and norm of H™1/2(9Q) = W™-1/22(9Q), m > 1, are denoted by

(5 *)m=1/2,00 and ||*||m-1/2,90-

For a detailed treatment of these spaces, consult e.g. [201] or [209]. The
important properties here are that H™(f2) is a multiplicative algebra for
m > 2, i.e. there is a constant C; = C;(2) such that if u,v € H™(Q), then
u-v e H™() and

[w-vllm < Chlluf|m[[v]lm, (3.1)

and that the trace operator yo : H™(Q)) = H™ Y/2(0Q), m > 1, is bounded,

33
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l.e.
[70(u)|lm-1/280 < Co(,m)||ullm ¥V u e H™ (), (3.2)

and surjective, and therefore also has a continuous right inverse. The corre-
sponding spaces of vector fields are denoted by boldface letters, i.e.

wma(@) = W@,

etc., with their inner products and norms denoted as in the case of the scalar
fields.

Certain subspaces arise naturally in the treatment of the problem: for m > 0,
set

Vi, =Vo())={ve H"(Q): V-v =0},

Xn=Xn()={v eV, :vmn=0o0n 0N},
Y1 = Ya(0) = {ve H™(Q) : v.n = 0 on 99},

Zni1)2 = Zpt12(00) = {a € H™'%(3Q) : a-n = 0}.

These are Hilbert spaces with the inner products of the associated Sobolev
spaces.

Furthermore, for a given time T > 0 and Banach space Y with norm ||+||y,
LP(0,T;Y) (1 < p < o0) denotes the Banach space of all measurable func-
tions v : ¢t € (0,T) — v(t) € Y such that the norm fOT |lv(8)||}dt is finite,
L*(0,T;Y) denotes the Banach space of all measurable, essentially bounded
functions on (0,7 with values in Y, and

W0, T;Y) (k > 0,1 < p < o) is the space of functions in LP(0,T;Y)
for which the distributional time derivatives of order up to k are also in this
space. In addition,

C¥([0,T);Y) (k > 0) denotes the space of k times continuously differentiable
functions on the closed interval [0, 7] with values in Y.

The norms in L?(0,T; H™(Q)) and LP(0,T; H™ */?(Q)), 1 < p < oo are
denoted by ||*||ze,m,7 and ||*||zem—1/2,T,00, respectively.

The usual norms in W**(0,T; H™(Q)) and W (0,T; H™ /2(0Q)) are
denoted by ||*||k,m,7 and ||*||k,m-1/2,7,00, respectively, and for k = 0 by ||+||m,1
and ||*||m-1/2,1,50-

Lastly, the constant C which appears in inequalities denotes a generic positive
constant that may take different values even in the same calculation. Where
necessary, constants are fixed by the addition of a subscript or superscript,
or by using other letters. The quantities on which a constant may possibly
depend are given in brackets.
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3.1 The Stokes Problem

The first step in making the definition of the map ® in Section 2.3 rigorous
is to establish the well-posedness of the the auxiliary problem

curl (v — aAv) = ¢ }in 0
T,

V=0
von=0 ()
(Aln)'r =M }On 8QT

One needs the following two lemmas:

Lemma 3.1 Suppose that  is a bounded, simply-connected domain of class
C™t2 m >0, and let ¢ € WF(0,T;V,,),k > 0. Then there ezists a unique
vector field 1 € W5(0,T; X;ny1) such that

curly = ¢ in Qp, (3.3)
[#llkmerr < C(Q,m)l|Dllkm,- (3.4)
Proof. See Lemma 2.1 on p. 300 of [174]. O

Lemma 3.2 Let Q be an open bounded set in R",n > 2, with a boundary of
class C™*% m > 0, and suppose that

(v,7) € W29(Q) x W(Q), 1 < q < o0, (3.5)

is a solution of the problem

v—alAv+Vr=1 | .
Vew = g } in , (3.6)
vn=~h
(Arn), =1 } on 09. (3.7)
If Y € W™(Q), g € WmtL9(Q), h € Wm+2-1/99(5Q) and
n € WmH=129(50), then
v € WMH(Q), © e WmHI(Q), (3.8)
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and there ezists a constant C' = C(Q,m,q,a) such that

vllm+2q + IV |lmg + inf 7+ rlog
reR

< C([%llmg + N9llmtta + 1Bllmt2-1/0.050 (3.9)
+ H"7||m+1—1/q.q'39 + dq”vno,q)

with dy =1 for 1 < ¢ < 2,d, =0 for ¢ > 2. Moreover, if ¢ > 2, the solution
1S unique.

Proof. The proof of (3.8) and (3.9) is similar to that of Proposition 2.2
in [185] for the Stokes equation with a Dirichlet boundary condition, and is
given in full in Section 3.4.

The uniqueness for ¢ > 2 is proved in the usual way: if u is a solution of the
corresponding homogeneous problem, then taking the L*(f) inner product
of (3.6); with u and integrating by parts yields

«
lulls + 3 Il Av ()]s = 0.

Remark 3.3 (a) From the proofs of Lemma 4.2 (on page 67) and Theorem
4.4 (on page 71) it is clear that one actually only requires the case k = 0 of
Lemma 3.1 and Proposition 3.4 below to prove that ® has fixed point (in the
setting defined in Section 4.1), and the case k = 1 for deriving the additional
regularity of the resulting vector field v.

(b) If 2 is a region in R® obtained by revolution around a vector k through
a point @o, then problem (3.6), (3.7) differs from the corresponding Stokes
slip problem (without the term v in (3.6); see e.g. [23, 25]) in that (3.6)
- (3.7) does not impose a compatibility condition on % and 7. Taking the
L*(Q) inner product of (3.6); with o = k x (& — ) (which satisfies V-ug =
0, Ai(uo) = O, ug'n = 0) simply gives

(v,u0)0 + (N, Uo)os0 = (¥, Uo)o.

(Of course one still has the condition

=L
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Proposition 3.4 Let Q be a simply-connected domain in R® of class C™+3,
m > 0, and, for k > 0, let

b € WE(0,T; Vi), € WH(0,T; Zpnyasa)- (3.10)

Then there ezists a unique vector field v € W5 (0, T; X,,13) satisfying (I11).
Moreover, there is a constant C3 = C3(m,Q, a) such that

lvllkmesr < Ca(l|@llkm,T + [0]lkm+3/2,7,00)- (3.11)

Proof. Since ) is simply connected and ¢ is solenoidal, one knows from
Lemma 3.1 that there exists a uniquely determined ¥ € W5 (0,T; X,n11)
such that

curly = ¢, |[Ylmirr < C(m, Q)| @llm,1-
Hence it suffices to establish the unique solvability of the problem

v—aAv+Vr =19
in Qr,

V=0
(3.12)
vn=>0
on 0f)r,
(Ain). =7

where V is the irrotational part of ¥ — v + aAwv.

First let £ = 0. In view of Lemma 3.2 it only remains to prove that, given
Y € L*(),n € Z, there exists a solution v € X,,m € H'(R) to (3.12)
(with ¢ treated as a parameter). Inequality (3.11) will then follow by taking
suprema over [0,7] in (3.9). This result follows by simplification from [27],
where the corresponding stationary Navier-Stokes slip problem is considered.
The Stokes problem with perfect slip (1 = 0) is studied in [23, 25].

For k& > 1, differentiating the equations (3.12) k times with respect to ¢, using
the uniqueness of the solution — in short, replacing ¢, n and v by their k-th
t-derivatives in (3.12) — and applying the estimate derived for £ = 0 shows
that v € W5 (0, T; X,n+3) and that (3.11) holds.

Remark 3.5 (a) As WY%(0,T; H™**(Q)) is continuously imbedded in
C([0,T]; H™*3(Q)) (see e.g. [212, p. 480], [206, p. XIII] or [185, Chapter III,
Lemma 2.1]), it follows that

v € C([0,T); H™*(2)) (3.13)
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if £ > 1 in Proposition 3.4.

(b) It follows from the linearity (in both the data and solution) of the problem
and the a priori estimate for the stationary problem that if instead of (3.10)

one assumes that
¢ € C([0,T); V), m€C([0,T]; Znyssa),

then v also satisfies (3.13).
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3.2 The Transport Problem

One advantage of the fixed point formulation (2.24) over a more direct attack
on the problem lies in the relative simplicity of problem (I) (and problem (II)
in the next section): the nonlinear third-order equation (2.5); is transformed
to the linear first-order equation (I);. The resulting initial-value problem

Ou + i/-(u —curlv) =u-Vvo—v-Vu+h inQr,

Jt  «a
Veu =0 in 7, (D
u(0) = uo in Q

is solved in [174] via the Galerkin method and the following inequalities:

Lemma 3.6 (a) For m > 0 there is a constant Cy = C4(Q, m) such that if
v € Xpnyo and u € H™(N), then

vV, u)m| < Cal|0llmtrimyllull, (3.14)
with C4 =0 4ifm=0, and r(1) =2, 7(2) = 1 and r(m) = 0 for m > 3.
(b) For s =1,2,3, u € H**(Q) and v € H*(Q),
[u-Vollo < Cs(Q)]|ulls—s vl (3.15)
(c) Fors=1,2, u € H>*(Q) and v € H'**(Q),
[w-Vols < Cs(Q)||ulls-s][v]]14s- (3.16)
(d) If m >2,u € H™(Q) and v € H™(Q), then

[w-Volln < Cs(Q)][e]lml|vllmtr- (3.17)

Proof. Inequalities (3.14) — (3.16) are proved via the Sobolev imbedding
theorem as in [187], and inequality (3.17) follows from (3.1). See Section 3.4
for the detail.

Allowing for greater regularity of the initial velocity field, Lemma 2.4 of [174]
can be slightly extended to
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Proposition 3.7 Let ¢ and m satisfy one of the conditions
() g=0,m>1,(b) g=1,m >0, (c) g=2,m >0,
and assume that Q is class C™T9+3,

If’U (S LOO(O,T, Xm+3) wzth ||'U”m+31’1" S M, h € LOO(O,T, ‘/;,H.q) (md Ug €
H™(Q), then there exists a unique solution u to (1)1, (I)s such that

w e L®(0,T; H™(Q)) N W(0, T; H™+1(Q)),

du

dt

v
S CG(Qv m,q, Ma T7 E’ ||h||m+q,T, ”u0||m+9)'
(3.18)

llmsnz + }
m—1+q,T

Moreover, if Veug =0 in , then Veu =0 in Q.

Proof. Case (a) is Lemma 2.4 of [174] and the other two cases are proved
in the same way by making use of Lemma 3.6. Note that for each £ > 0, the
statement for case (c¢) with m = k implies case (b) with m = k 4+ 1, which
in turn implies case (a) with m = k + 2. A detailed proof can be found in
Section 3.4. O

Alternatively, to highlight the dependence on the regularity of v, one can
write Proposition 3.7 as

Proposition 3.8 Let m > 1, assume that Q is of class C™*3, and de-
fine n(1) = 2, n(m) =1 form > 2. Ifv € L®(0,T; X;nyn(m)) with
|ollmtnm)r < M, h € L*(0,T;V,) and up € H™(Q), then there exists
a unique solution u to (I)1,(I)s such that

u € L*(0,T; H™(Q)) n Wh*(0, T; H™ (),
(3.19)

du v
”u“m,T + HE’ S 06(Qa m, M, T7 ;’ ||h“m,T7 ”'LL()”m),

m—-1,T

with Veu = 0 if Veuo = 0.

Proof. The statements for m = 1 and m > 2 follow from parts (b) (with
m = 0) and (c) of Proposition 3.7, respectively.
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Remark 3.9 (a) The condition V-v = 0 in Propositions 3.7 and 3.8 is only
necessary for establishing the incompressibility of u, because the boundary
condition

vn=0 on dQr

alone ensures the uniqueness of the solution (see page 56).

(b) It is shown in e.g. [212, Chapter XVIII] that the space

W (0,T; H™(Q), H™'(Q))
= {u € [*(0,T; H™(Q)) : v’ € L2(0,T; H™'(Q))},

which equipped with the inner product
(u,V)w = (4, V)1 + (0,0 )17

is a Hilbert space, is continuously imbedded in C([0,T]; H™ '/%(Q0)). Hence
(3.18) with ¢ = 0 implies that

u e C([0,T); H™'*(Q)). (3.20)

(c) Proposition 3.7(a) is sufficient for the arguments in Chapter 4 and has a
simple proof (the Galerkin method), but does not establish that w : [0,7] —
H™(9Q) is continuous. Using the theory of [186] — [188] (which involves the
use of strongly continuous groups), [193] proved the well-posedness of a class
of initial-boundary-value problems for transport equations of the form

%?—+v-Vu+Au=f in Qr,

where A = [a;;] denotes a matrix, of which (I); is a special case. From this
one can extract the following result, which shows that the solution does have
the persistence property if v is sufficiently regular.

Proposition 3.10 For m > 0, let  be of class C", r = max(1,m), let
h € LY(0,T; H™(Q)), uo € H™(2) and define n(0) = 4, n(1) = n(2) = 3,
n(m) =1 form > 3, and assume that

v e L*(0,T; H™ ™) (Q)) n Wh*(0, T; H™™)=1(Q)) (3.21)

with
ven=0 on 0.
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Then problem (1), (1); has a unique solution u € C([0,T); H™(§)) and there
are constants C = C(Q},m) such that

v
vT C(= + [©lmtnm.7)T
[ llmz < Clltollm + =[[Vllmsrz + [kl mr)e @ e

(3.22)
Moreover, if m > 3 then

v
vT C(= + |vllmr,7)T
[ullm-17 < C(l|thollm-s + |0l + |B]| 2t m-r,r)e " )

and if v*, o*, uj, v*, h* is another set of functions verifying the above

hypotheses and u* is the corresponding solution, then

I — u*|lm-rr
*

v v
< Clllwo = ugllm-1 + Tl =v = —0*[lm7 + |h = R7{|pt o1,

vT v v
+ (lwollm + —lvllmsrr + hllzsmz)(|- = [+ llo = 0"|lm 1) %

v I/* *
C(=+ = + Ivllmsrr + [0 |lmsr,7)T
Xe (8] «

1.

Proof. Extend v to [-7,0] by v(t) = v(—t), extend h in the same way
and set

EZI-}-VU, f:—V—curlv—%—h.
a a

Then, for m < 2, assumption (3.21), the imbedding mentioned in Remark
3.5(a) and the Sobolev imbedding H*t?(Q) < C*(f1) ensure that

v, Ac L*(~T,T;C"(Q) N C([-T, T}; C™"(Q)),
f e Ll'(-T,T; H"()),

so that one may apply Corollary 2.3 of [193] (withk=m,[=0,n =N =3,
p = 2) to obtain the desired result. Similarly, for m >3, (3.21) implies that

v, Ae L®(-T,T; H™(Q) N C([-T, T, H"7}(Q)),
f € Ll(_TaT;Hm(Q))a

and therefore Corollaries 2.3* and 2.4* of [193] apply.
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3.3 The Boundary Problem

The aim of this section is to formulate and solve a problem in §) with the
property that the trace of its solution is a solution of problem (II)* (see page
23). A natural approach is to simply extend the terms in the right hand side
of (II)7 to § by using their form on 92 and an extension 7t of n.

Let 0Q be of class C™** m > 0. Then n € C™"(90), so that it can be
extended to a vector field A € H™3(Q) (with || ||ms3 < C||n|lmis/200 =
C(9); in fact, according to Proposition 4.9 on p. 251 of [209] one may take
i € C™(Q)). In the same way K € C™*%(9N) can be extended to a
function K € Cm+2(0).

Thus, given ¢,n and v as in Proposition 3.4, and a constant M such that

lvllmts,r < M, define @ as in (2.20) and b as in (2.22). Then, using the
algebra property (3.1) of H™?((Q),

lallmiz < | AL(V)72||lmiz + |

< ClIVollmta(llfllmsz + Dl lmez,

(A (0)2) 72

while
16illm+2 < | Avrjor(frtin) kllmez + || Avijoenj kllms2

< CH(|Arillmeallvellmez

|(7er7720) k|| 2

+ | Avijllmez vkl ma2l[ 72 kllm+2)
S C”V’U”m+2”v”m+2(3l n 12'n+2 + 1) n Im+3u 1= 17273’
with C independent of v (and m,n), and thus
ac Loo(oa T; Y;n+2)a Ila”m+2,T < C(Q’ m)Mv (323)
be L0, T; H* (D)), ||bllmsar < C(Q,m)M?>. (3.24)
Similarly, define ¢ in Q2 by
c=(AW-WA)n - (n (AW - WA, )n)n, (3.25)

then
[cillm+z < Cl[[AIW — AiW i [[msa [ 2] me+2

+ CHI[AW — AW i [lmsall k|l et

< OVl (Ifellfge +1)

Al ma2 || || a2

|ﬁ’”m+2’ 1= 172a3’
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with C independent of v, and therefore
c € L®(0,T; Yut2), llcllmiar < C(Q,m)M2 (3.26)

In addition, N(-) being independent of y € 912, N(|v|)v is well-defined in Q.
Moreover, for any v € H™*?(0Q), it follows from (3.1) that |v|? € H™+*(Q)
with |||v[?||ms2 < Ci||v]|2, 42, and therefore from (2.14) that

IN(0)) iz < || N]jomta2 (19112 + C[Cu |02 42 + CP 01252, (3.27)
Hence, again by (3.1), S(|v|)v € L*°(0,T; ¥42) with

I5(w))ollmsz,r

. (3.28)
< CQ,m)([[Klomsz + [ Nllomez (1> + M? + MP™+)) M.

(One can replace m + 2 by m + 3 here, but (3.28) suffices for (3.30); below.)
Lastly, if d € L>(0,T; Z,,13/2), then, using any bounded right inverse of the

trace map, d can be extended to a vector field d € L>(0,T; Y42) such that

]tz < C(Q,m)|dllmssya,r,0-

These extensions (plus the requirement on 7 in Proposition 3.4) suggest the
following problem:

Given v € L*(0,T; Xmmy3) with ||v||mesr < M, find @ € L*®(0,T; ¥42)
satisfying

da v 1 L~

— +—a+v-Va=-5(v|)v—-b—-c+ —d in Qr,

gt « a o

an =0 on 0, (3:29)

a(0) =ap in Q,
where ao € H™1?(Q) is defined as in (2.20), using v, instead of v.

However, due to the boundary condition (3.29), and the absence of a “com-
plementing” term (corresponding to Vr in (3.6)) in equation (3.29);, one
cannot expect this problem to be well-posed in general. Moreover, since
Y] is dense in L*() (so that no Helmholtz-type decomposition is possible;
Y, = L*(Q) as in [191] is the only possibility) and, to my best knowledge, the
orthogonal complement of ¥, in H"() has not been characterised for any
n > 1 ([191] only gives a characterisation of the orthogonal complement of
X, in Y,), it is not clear how a proof analogous to that in [189, 192] could be
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constructed. Instead I shall formulate a problem with a solenoidal solution,
so that the properties of X,, can be exploited as in [189, 192].

Eztension to Q.

Given any ¢ € L>(0,7;V,), m > 0, n € L*°(0,T; X,;n42) (with the right
hand side of (3.11) smaller than M so that ||v|lmi3r < M), let v be as
in Proposition 3.4, define b as in Section 2.3 and let d € L*(0,T'; Z,,43/2).
Then, by (3.26), (3.28) and the well-known existence results for the Stokes
problem ([183, 184]), there exist unique functions 3,&,d € L®(0,T; Xmy2)
and scalar fields py, p;, ps (unique up to a constant) such that

A$+Vp =0 inQr
Ve5=0 inQp,
5= S(|v])v on IO, > (3.30)

I3llmt2,r
< C(Q,m)([|Kllgmsz + || Nllemea (1" + M? + M*™+) M,

/

)

Aé+Vp, =0 inQr
V¢ =0 inQp,
¢ = ([A1W — W A,|n), on dQr,
[€llmtar < C(Q,m)M?,

(3.31)

and

Ad + Vps =0 in Qp )
V'é =0 in QT,
d=d on 89y,

Idllmtar < C(Q,m)|dllmissar,o0 )
Furthermore, by (2.21) and (III)4,

/39 bn=- /89(v'Va)~n = — /aﬂ(v-Vn)-n,

and therefore there exists a unique vector field b € L*®(0,T; Yu42) solving

(3.32)
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the Stokes problem
Ab+Vpy=0 inQp )
Vb= -V-(v-Vn) = —(Vo)T : Vi in Qr,
b=b on 80,
Bllmszz < CQm)(M + [0llmszr) M, )

> (3.33)

the last estimate following with the help of the trace theorem, (3.24) and the
inequality

C(D)||v]|3||m if m=0,
CEOvllmszlnllmsz if m>1,

which is easily proved by means of (3.47) and (3.48) (see the proof of (3.16),
s = 1) and (3.1). Lastly, with ao defined as in Section 2.3, one can find
wo € Xpqp such that wo = ap on 9N and ||wol[ms2 < C(Q, m)||@ol|mt3/2,00
(via a Stokes problem, for example). For any such choice of wq one has

Proposition 3.11 Let ) be a bounded domain of class C™**,m > 1, and
suppose that n,v,8,b, ¢ and d are as described above. Then there ezists a
unique solution

w € L®(0,T; Xiny2) N WH2(0,T; Xpny1), Vg€ L=(0,T; H™2(Q))

to the problem

a—w+iw+v-Vw+Vq=}‘ in Qr,
Jat  a

V"w - 0 in QT, \ (II)

wn=0 on dQr,

w(0) =wy in§, )

where }' =5s/a— b—é&+ cvl/oz € L*(0,T; Y,42) and wo € X,n42. Moreover,

dw
m — |l Valln < Qm,T,v,a,M,...
lewllmsar + 15 s + [Vallnsar < Co(0,m, T,v, 538

o[ K llomsa, [ Nllgmse, l[wollmez, I dllmayz, 00, [0llmear)-

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



CHAPTER 3. SOLVABILITY OF THE AUXILIARY PROBLEMS 47

Proof. The proof follows that of [189, 192], and is given in Section 3.4.
The restriction m > 1 is necessary for the derivation of an a priori estimate
of the irrotational term in (II);.

Remark 3.12 (a) The function q in (II) is the solution (unique up to a
constant) of the problem

Ag = V+(f —v-Vw) = —V(v-Vw + b)
=V-(v-V[n—w]) = (Vo) : V(n —w) in Qr,

% — (]“c —v-Vw)n = —(v-Vw + b)n on dQr,

the second equality in both equations following from (3.30) - (3.33). Now, if
w = 7, then (by (III)4 and (2.19)) w = n = (A1n), = a on 907, and thus,
by Remark 2.5(a) and (2.21),

v-Vw =v-Va, v-Vw+b=([(v-V)A;]n), on 0Qr.

This implies that Vg = 0 and, taking the trace of equation (II);, that the
slip boundary condition is satisfied.

(b) By the argument leading to (3.20), it follows from (3.35) that
w € C((0, T}, H™(q)).

In fact, assuming only that d € L'(0,T; Z,,13/2), so that de LY0,T; Xony2)
with
[t miz,r < C(Q,m)||d||z1 mys/2,7,00;

one sees from (3.30)4, (3.31)4 and (3.33), that f € L*(0,T; H™*(Q)) with
”f”Ll,m+2,T <C(Q,m,aq, ”I;’”C"‘“” [ Nllgmt2, (|0l mts,rs [0llmtz,r)T
+ C(Q,m)||d|| 11 m+372,1,50-

Hence, by virtue of the statements in (a), the following lemma — a slight
variation of Proposition 3.10 — shows that if (u,w) is a fixed point of ® (as
defined in Section 4.1), then

w € C([0,T]; H™*(Q)). (3.37)
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Lemma 3.13 For m > 1, let Q be of class C™?, let wo € H™?(Q),
f € LY0,T; H™**(Q)), and assume that

v € L2(0,T; H™2(Q)) N Wh(0,T; H™'(Q))
with
vn=0 on Jdr.

Then the initial-value problem

ot

a_w+ﬁw+v.vw :f in QT,
- (3.38)

w(0) = wo in Q,

has a unique solution w € C([0,T]; H™?(Q)) and there are constants C =
C(Q,m) such that

v
C(= + [[0llmtar)T
[w]lmizr < Cllwollmts + | Fllzt meaz)e @ :

(3.39)

174
C(— + |[v|lmt2,1)T
|w||ms1,7 < C(l|wollmsr + | Fllotmerr)e @ .

Moreover, if v*, o*, wj, f*, v* is another set of functions verifying the above
hypotheses and w* is the corresponding solution, then

lw = wlm1,r < C{llwo = willms + 1 = F¥llormerr

V*

v v
+ (llwollms2 + ||f||L1,m+2,T)(|E - §| + [[v — v ||my1,7) X

v ¥
Cl—+ — m I T
O+ Dt ol + [ iar) T

Proof. As in the proof of Proposition 3.10, extend v and f symmetrically
to [—T,0] and set A = (v/a)I, so that

v, A€ L®(=T,T; H™*(Q)) n C([-T,T); H™*(Q)),
f e L'(-T,T; H""*()),

and then apply Corollaries 2.3* and 2.4* of [193].
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3.4 Appendix

Proof of Lemma 3.2.
Firstly, write equations (3.6) in the form

1 1 1
(A - “‘)Ul — Ty = — —y,
o o o
1 1 1
(A = =)o ——Ty = — =y,
o o o
1 11
(A= =)vn —=mp = — —tn,
[0} o o
U1,1 + V2,2 .o + Un,n = g.

Let vpy1 = —7/a and f = (—¢1/e, ..., —¢,/@, g), then this becomes
N
Zfij(a)vj(ic) =fi(z)inQ, :=1,...,N, (3.40)
=1

where N =n+1,8 = (01,...,0,), and the matrix [¢;;(€)],€ = (&1,...,&) €
R", is given by

0(8) = €26 — Ve, | =€+ + €, 4,5=1,...,n,
(&) = —in(§) =&, 1=1,...,n, (3.41)
£n+l,n+l(€) =0.

Following the proof of Proposition 2.2 in [185, p. 34] for the Stokes problem
with a Dirichlet boundary condition, define two systems of weights by s; =
vo. =8, = 0,841 = —1,and t; = ..., = 2,tp41 = 1. Then s; < 0 and
degree(£;;(§)) < si+t;, as required by [184, p. 38]. The matrix [£;;(£)], where
£;;(€) consists of the terms in £;;(§) that are of order s; + ¢; in §, is then
identical to the corresponding matrix in [185]:

113k —&
€12 —&
[€;(€)] = - : (3.42)
€7 —¢n
& &L o & 0]

It is easy to show by induction that £(€) = det[£};(§)] = [€]*", so that
L(&) # 0 for nonzero real €, i.e. (3.6) is elliptic. In fact, (3.6) is uniformly
elliptic in the sense of [184] (with m = n, A =1 in (1.7) of [184]).
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Moreover, the supplementary condition on £ is satisfied: £(§) is of even
degree 2n, and for every pair of linearly independent real vectors §,€' — in
particular, for each point & of 90, & a tangent and & a normal at « — the
polynomial £(€ + 7€) in T has exactly n roots with positive imaginary part,

namely 7%(§,&') = i[€]/|€':
LE+7E) = [(E+7E) &+
= (|& + &))"
= [&'PP(r —dl&l/1E' D™ (r +il€l/1€])"

Let 7 (x) € C™t'(89),h = 1,...,n, denote a system of orthonormal vectors
spanning the tangent plane at ¢ € 9 and set ¢ = (n-7!,..., 97" h).
Then the n boundary conditions (3.7) can be expressed as

N
Y Buj(=, 8)vi(x) = ¢u(x) on 89, h=1,...,n,
j=1

where _ -
di dyz di, 0
d21 d22 e d2n 0
[Brj(,€)] = : : P (3.43)
dn—l,l dn-—l,Z .. dn—-l,n 0
| Ri(®) ma(x) ... na(z) O |
with dp;(2,€) = rf(2)(n(x)-€) + n;(2)("()-§), h=1,...,n -1,
7 = 1,...,n.
Take ry = ... = r, = —1 and rp,q1 = —2, then degree(By;) < ry + t; and

[Bj,;] = [Br;], where Bj.(x,&) consists of the terms in By;(x,§) that are
of order rp + t; in §&. Now it only remains to verify the complementing
boundary condition (which ensures that (3.6), (3.7) is coercive):

For an arbitrary & € 0, let n denote the (outward) unit normal at x, let £
be any nonzero real tangent vector to 99 at x, and define L7*(+) = £/, (-),

7,k=1,...,N. Then
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[B;Lj(ﬁ + ™n)][L1(€ + )]

(7'117' + b1n1)Q(7) .. (Th7 4+ b1y ) Q(7) 20,7
(127 + bany)Q(T) e (721 + ban, ) Q(7) 26,7
(rf'r + b,.L_lnl)Q(T) e (TP 4+ b,;_lnn)Q(T) 2bn._17'
n1Q(T) naQ(7) T

(3.44)
where Q(7) = |€|? + 72, b, = TI-E.
(Since &:n = 0,|n| = 1, one has
€ +7nf* = Q(r), dii(,§+7n) =7/ +ni("€) = 7’7 + bun,
et (TP + bang) (& + mnj) = 2bp, Y00 ny(& + ) = 7.

Let 7+ = 77(¢,n) = ZIZ[, set M*(7) = (r — 7)™ and suppose that C =
(C1,...,Cy) is a constant vector with the property that, as polynomials in 7,

n N
Y Ch(> BiL*) =0 (mod MT), k=1,...,n,
h=1 7=1

le.
Clr(rh, o 1 0) F by, . by, DT — 7H)(r 4 1) (3.45)
=0 (mod M%), k=1,...,n—1, '
7C(2by,...,2b,-1,1) =0 (mod MY). (3.46)

From (3.46) one gets C+(2by,...,2b, 1, 1):2‘6‘.” This; if'n = 2, then (3.45)
implies that

_ ) 1
C'(Tkl’ .. '7TI? 1a0) = _Zlglnkc'(bh .- 'abn—la 1) = _§|€|nkcn,
so that

1
(Cy. ..y Cua, §I£|Cn)'(7',:,. ) =0, k=1,...,n,

or

O 44 Gy T 4 2 [EICm = 0,

and therefore C = 0. If n > 3, (3.45) implies that
Cit'+---+Choym™ ' =0 and C+(by,...,b,_1,1) = 0, so that C = 0. Hence
the rows of [B};][£?*] are linearly independent modulo M* (7).
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The statement of the lemma now follows by applying the classical Theorem
10.5 of [184]. The change in notation is

N=n+1(n2>2), p = q,

t' = max(t;) =2 m=n,A=1,

¢ = max(0,r, + 1) =0, £=m>0,
l+ti=m+2(=1,...,n), L+tppn=m+]1,
l—si=m(t=1,...,n), £— 8,1 =m+1,

b—rp=m+1(h=1,...;n), L—rpp=m+2.

(W]
Proof of Lemma 3.6.
Recall the well-known estimates
I£gllo < CIfl2ligllo, f € H*(Q), g € L*(9), (3.47)
I£gllo < CONSflillgll, f,9 € H'(Q), (3.48)

which follow from the Cauchy-Schwarz inequality and the imbeddings
H*(Q) — Cp(Q) and H'() — L*(Q), respectively.

(a) One has
(v-Vu,u), = Z (D*(v-Vu), D%u),

lof < m

with

D*(vVu) = (0-V)D*u+ Y Cop(D’v-V)D*Pu,

0<B <L

(03] (0 a3
Cop = .
? (ﬂ) (6) (ﬂ)
As in [187], ((v-V)D*u, D*u)o = 0 since v € X, 42. Thus inequality (3.14)

follows from the following inequalities for 0 < 8 < a (which satisfy |a — 8| =

|| = 1B]):
If |3| = 1, then by (3.47),

I(D°0-9) D" Pufly < C|D°0 1ol Y D ullo < Clos|ulljal
If || = 2, then by (3.48),

I(DPo-V)D*Pullo < C|D°lls [V D"~ ull; < Cllollallee
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If |3] > 3, then by (3.47),
I(DPv-V)D*Pullo < C||DP0llo| VD Pull; < Cllolijslwllja-is1+3-

(b) The inequalities for s = 1,2, 3 follow from inequalities (3.47), (3.48) and
(3.47), respectively.

(c) In the light of the estimates (3.15) for ||v-Vu||o it suffices to note that,
by (3.47) and (3.48), for every 1 <4,k < 3,

[wjkviillo < Cllujellllvills < Cllullzflv]l2,

lluvigrllo < Cllujllzllvijillo < Cllwlla]lv]l2,
and

llwjkvigllo < Cllujrllollvillz < Cllwllillvlls,

l[wvkllo < Cllwsllsllvelly < Cllul1flv]ls.
(d) This is clear from the algebra property (3.1) of H™(Q2) for m >2. O
For the proof of Proposition 3.7 and some of the proofs in the later chapters
one needs a version of Gronwall’s lemma. In the literature this usually

refers to results of the type in (a) — (c) below, but in some papers (e.g.
(170, 174, 172, 176]) the inequality in (d), also goes by this name.

Lemma 3.14 (a) Let f, g : [to, To] — R be continuous functions and
¢ : [to, To) = R an integrable function, with g,c > 0 on [to, Tp], which satisfy

FO 90+ [ do)f6)ds, Vi€ T
Then

t

f(t) < g(t) +/ g(s)c(s)efst e(rdrds, V t € [to, To].

to

(b) Let f,g : [to, To) — R be continuous functions, with g decreasing, which
for a constant ¢ > 0 satisfy

fm59m+g[fwm,VtemJ&

Then
f(t) < g(t)e "),V t € [to, To).
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(c) Let f € L*®(to,To) and suppose there are constants ¢ > 0, b such that

f(t) < b+c/ f(s)ds, Vte€ [to,To).

Then
f(t) < bet=%) for a.e. t € [to, To).

(d) Let f : [to,To) — R be a nonnegative continuous function with an in-
tegrable derivative a.e. in [to,To) (i.e. [ is absolutely continuous) which, for
constants b, ¢ (of any sign), satisfies

f'(t) <b+cf(t), for ae.t € [ty,To)

Then !
J(0) < I fl1o) + A - 1), Ve[ Rl (349)

with the inequality reducing to f(t) < f(to) + b(t —to) if ¢ = 0.

Proof. (a)is given in [215, p. 508], (b) is Proposition 3.10 of [208, p. 82],
(c) is given in [197, p. 124], and (d) follows by factor integration. (For other
versions of the lemma, with stronger smoothness conditions on f and g, see

[211, p. 436].) o

Proof of Proposition 3.7.

The proof is by the Galerkin method, of which the first step is to derive a
priori estimates for the solution of problem (I). Let m and ¢ satisfy any of
the relations (a) — (c), then it follows from Lemma 3.6 that

{ Cs||v]l3]| ) ifm+qg=1 [(3.16),s =2
[wVollmig < _
Csllvllmtorillwllmtg if m+q>2 [(3.17)]
< Cs|v|m3]w]lm+q, (3.50)
Callvllallwll} ifm+qg=1 [(3.14),r =2]
[(0-Vu, w)miq| < ¢ Callvlls]|ull3 if m+q=2 [(3.14),r =1]
Callvllmollwlliy, f m+q>3 [(3.14),r = 0]
< Cyllvllmsllulirgs (3.51)
Csllolallull fm4g=1 [(3.15),s = 1]
[v-Vullmntg-1 < ¢ Csllvll2f|ull2 if m+q=2 [(3.16),s = 1]

[
Csl[vllmig-rllullmey if m+q>3 [(3.17)]
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< Cs|[vllmtal[ellmes- (3.52)
Taking the H™1?(Q) inner product of (I), with u gives

1d

v
2 dt || Hm-}-q —”’U,” = E(Curl v, u)m+q + (u~Vv, u)m+q

m+q
= (VU u)pig + (B ). (3.53)

By the triangle, Schwarz and Cauchy inequalities,

|(curl v, w)msgl < V2[[0llmtgl|wllmrg < 2||v||m+3 + ||u||3n+q,

(3.54)
(R @)mtg| < H[Rllmiqlltt]lmtq < ”h“m+q “u||m+q’
Hence, from (3.50), (3.51), (3.53) and (3.54) one obtains
—||u||'r2n+q ||u||m+q
di (3.55)
< 2(Cy + Cs)||vllmesllull7 g, + || 7ss + _||h||m+q
By using ||v||m+3 1 < M and inequality (3.49), one finds that
v
”u“m+q,T < DI(Q’ m+q,T, M, E’ ||h”m+q,T, ||u0||m+9)7 (3‘56)

with
Do = 2(Cs + Cs)M — g

awM?* 2a 1

D} = ||uoll7yqe™" + ( + —IIhHm+q,T)D—(eD°T - 1).
14 0

Furthermore, from (I), and inequalities (3.50) and (3.52) it follows that

du
1o nraer

14
< —(llullmio-1.r + V2 0llntar) + 205 0llmssrllwllmiar + hllmio-1.r

14
S DZ(Q) m—+ q, T’ Ma 57 “h”m-}-q,T, ”uollm'i'Q)
(3.57)

where

v
D, = E(Dl +V2M) +2Cs Dy M + |||y q-1,1-
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Using the estimates (3.56) and (3.57), one can now show by the Faedo-
Galerkin method (as in [185, Chapter III] or the proof of Proposition 3.11
below) that there exists a solution to problem (I) with the stated regularity
properties. The uniqueness of the solution follows easily:

If u' and u? are any two solutions of (I), then u = u' — u? solves the
homogeneous problem

a_u + Yu = wVv—-vVYu in Qr,
ot  «a
u(0) = 0 in Q.

With f(¢) = ||u(t)]|2, using (v-Vu,u)o =0, (3.15) and ||v|sr < M gives

.;_ F(8) + Z1(8) < CsM (1), £(0) =0, (3.58)

and thus by (3.49), f = 0, i.e. u; = uy. Observe that w is unique even
if v is not solenoidal, since by a simple integration by parts, the boundary
condition v'n = 0 on 07 and inequality (3.47) one obtains

—(0-Vu, w)o = %(V-v, ) < C(OMF(2),

and therefore again an equation of the form (3.58).

Lastly, the incompressibility of w is proved as in [174, p. 38]: Taking the
divergence of (I); and using the identity (2.17) and the incompressibility of
v and h = curl g yields

%g. + gg = -V (curl (u x v) + (v) = —v-V(

where ( = V.u. Multiplying this equation by (, integrating over ! and
noting that (v-V{,()o = 0 since v € X, one obtains

d v
E”CHS = —;HCH& ¢(0) =0,

and therefore { = 0 in [0, T]. 0

The proof of Proposition 3.11 relies on the following two well-known results,
the second of which is usually referred to as “Aubin’s lemma”.
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Lemma 3.15 Let T > 0 and let X and Y be Hilbert spaces or separable
Banach spaces with dual spaces X' and Y'. Suppose that Y is continuously
and densely imbedded in X. If

u, — u weakly* n L°°(0,T; X")

and d
;;” — x weaklyx in L*(0,T;Y"),
then d

Proof. See [200, p. 68].

Lemma 3.16 (a) Let Xo, X, X, be three Banach spaces, with X, and X,

reflexive, such that
Xo == X <= X,.

Then, for any 0 < T < o0, 1 < p; < 00, t = 1,2, the space

d
W = W(0,T;po,pr; Xo, X1) = {v € L7(0,T5.X0) : 7 € LP(0, T3 X)),

equipped with the norm
dv
lollw = llvllzeo 07:x0) + 1= 11221 0,150,

is a Banach space. Moreover, one has the imbeddings

W — C([O, T];Xl),
(3.59)
W —— LP(0,T; X).
(b) If, in addition, X, is a Hilbert space, then one may take py =1 in (a).
(c) If Xo, X, X1 in (a) are Hilbert spaces, then
W(O, T, Xg, Xl) = W(O, T, 2, 2, XQ, Xl)
is a Hilbert space with the inner product

dv dw
(v,w)w = (va’w)m(o,T;Xo) + (Et_’ E)LZ(O,T;Xl)-
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Proof. See [199, p. 57] or [185, p. 271] for (a), and [185, pp. 274 — 278] for
(b) and (c). m]

Proof of Proposition 3.11.
The proof is by the Faedo-Galerkin method with a special basis, as in the
proof of [189] for the Euler equations.

Baszs.

Let m > 0 be fixed. For each g € Xy, the mapping v — (v,g)o defines a
bounded linear functional on X,z and thus, by the Lax-Milgram theorem,
there exists a unique Lg € X,,42 such that

('U,g)o = (’U, Lg)m+2 Vv € Xonto. (360)

In fact, as 0f is of class C™** (for the construction of n), it follows from
Theorem 4.1 (with k = 2) of [191] that Lg € X,,4+4. (It is mentioned in [192]
and [191] (see (4.27) on p. 1294) that Lg € Xy(nyy) if O is of class CA™+2),
but this is not necessary; v-Vw, € H™*?(Q) if w, € H™3(Q2).)

The linear operator L : Xy — X is self-adjoint, bounded (with ||L||. < 1)
and compact (since H™?(Q) << L*(Q)). Furthermore, X, is an inner-
product space (a closed subspace of L*(2)) and L(Xj) is dense in X (since
if v € Xo and (Lg,v)o = 0 Vg € X, then (g,Lv)y = 0 Vg € X, i.e.
Lv =0, and thus v = 0 as L is injective). Hence (by Theorem 6.4-B of [196]
or Theorem 7.C of [203]) L possesses a sequence of nonzero eigenvalues (1/X;)
(with A; = 00,7 — 00) such that the corresponding sequence of eigenvectors
(y;) is orthonormal and complete in L%(f)) and satisfies:

Yy, (S Xm+3, Ai(’v,yi)o = (vayi)m+2a Yo (= Xm+2, 1= 1,2, e (361)

For each n > 1, let Y™ = span{y,,...,y,}, and let P, : L*(Q) — Y™ denote
the corresponding orthogonal projection. (Note that, by (3.61), (y;, ¥;)m+2 =
bijAi 1,7 =1,2,... Hence the y; are orthogonal in Xp4a, ||¥;]|%42 = A, and
P, is also the orthogonal projection of X,, ;2 onto Y™.)

Approzimate Problem.
For n > 1, set wo, = P,wo and consider the following problem:

Find

n

wa(t) = gni(1)y; (3.62)

i=1
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satisfying

-

ow, v .
+ S Wn +v-Vw,,y,)o = (F,¥,)0, 1 =1,...,n,

(8t

w,(0) = won,

(3.63)

where f = §/a — b — &+ d/a. The equations (3.63) are equivalent to the
system of n linear first-order ordinary differential equations

gn(t) + An(t)gn(t) = £a (1),
gn(o) = 9on> (364)
where A, (1), f,(t) and g, are defined by

Anij(t) = Ai(t) = g + (v(t)-VY;,Y:)os

fm(t) = fi(t) = (}'(t)7yi)03
Joni = goi = (Wo,Y;)o, 4, J=1,...,n.

As
v v
Al <~ 4 [ollzzliy;ll < = + max(VAs, ..., VAWM,

[fil W fllor <N fllzr < C(Q e, [ Klie2s [[Nllo2s M; | dllaj,r.00, 11l2,7)

(from (3.30) — (3.33)), the coefficients A;;(t) and fi(t) are integrable and
bounded on (0,7'), and therefore the classical results of [195] (see p. 74 and
Problem 1 on p. 97-98), ensure that this problem has a unique solution on
[0, T satisfying

g, € C°([0,T)", g, € L*(0,T)",

ie.
dw,
wn € C°([0, T]; Xmra), % € L0, T; Xpmsa)- (3.65)
(As m + 4 > 2, the partial derivative g:fn also exists and equals tn a.e.
in Qr.)
A Priori Fstimates.
Equation (3.63) can be written as
dw,, v v
(T: yi)o + (_wm yi)O + (P[’U’V'wn + b]’ yi)o
14 a
1 ! (3.66)
=(=3-¢+—d,y)o, i=1,...,n,
a a

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



CHAPTER 3. SOLVABILITY OF THE AUXILIARY PROBLEMS 60

where P denotes the orthogonal projection of L*({2) onto X,. Multiplying
(3.66) by A; and using (3.61) gives

dw,, v v
(g Yodmez + (SWn, Yi)miz + (Plo-Vwn + b, 4)me2
« (3.67)
1 1. ’
= (—é —é+ _d,yi)m+2, 1= 1,...,7’L,
a e
and multiplying this by gn:(t) and adding in ¢ = 1,...,n yields
1d v
2 walga + Zlwals
v 1
= —(Plv-Vwy, + b], Wn)m42 + (E:é — &, Wn)mt2 (3.68)

= —(an, wn)m+2 - (v-an, wn)m+2 + (}.,wn)m+2a
where, for each t € I, ¢,(t) satisfies the Neumann problem

Ngp = =V[v-Vw, + b = —(Vv)T : Vw, — Vb in Q,
09,
a_n = [U.an + b] n on 0f).

Despite the problematic Vw,-term in the boundary condition (which disap-
pears in the case of the no-slip problem) the method of Lemmas 1.1 and 1.2
in [189] (which involves a local representation of 92, the classical regularity
results for the Neumann problem (see [182] or e.g. [207, pp. 13 - 15]; 0 is a
bounded open set of class C™*?), and the fact that H™*'(Q) is an algebra
for m > 1) can be used to show that

IV4a(t)lm2 < Cs(Qm)(M w2 + [[Bllm2)- (3.69)
Furthermore, according to (3.14),

|(v'vwmwn)m+2| SC4||v”m+2+r(m+2)||wn”3n+2’

< C4M”wn”3n+27

while ! |
| fllmse < ;||~§||m+2 + ||bllm+z + ||€]|ms2 + ;||dl|m+2-
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Hence, applying the Schwarz and Cauchy inequalities in (3.68), one gets

v
__“w”l||3n+2 + a’”wn”?nn
1. v . 1
< S l8llm+z + (Cs + 1)l[Bllm+z + [|€llmsz + —ldllms2}|wn]lme2
+ (Cs + Ca)M|Jw, |2

1
<{(Cs + C)M + 5(e1 + &2 + €3 + )} |wall 2y

1o (Cs +1)% » 5 1o 1wy
W g — _ _
o gz 13 lmss + 5 M1Bllmsa + 5l + 55 1l
With e.g. ey = ... = €4 = v/(4), this gives

d v
s + (% = 2(Ca+ C)M) s

4 4o o dar 4
< El|s|'3n+2 + 7(08 + 1)%16]12 1, + 7||CH31+2 + EHdanm
M?.

_ o, ) . (3.70)
< o, m{—( [ K lomsa + [ Nllomss (1917 + ¥ b))

2 1
+ ol llmraz + M) + —|dl2 o070} = F,

where the last inequality was derived from the estimates in (3.30) - (3.33).
Thus, by Gronwall’s inequality (3.49),

|lwallmtar < En, (3.71)
where F; depends only on

Q,m,T,a,v, M, ”Ig"lc”‘“v ”N”C"‘“v ”w0“m+27 ”nl|m+2,T7 “d”m+3/2,T,39a

and is defined by

F
B2 = w0l + (7 — 1), By =2(Ca+ C)M -,

independent of n, i.e. w, remains bounded in L*(0,7T; X,.42) as n — oo.
Since the y, are orthogonal in X, (3.63); can be written as

dw,

dt

+ -V~'wn = P.P(f — v-Vuw,).
(87
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Thus, using (3.71) for m =1,

dw,

I/ “
llor < Zllwallog +[lv-Vwsllor + | Fllor

< +C@ME: + | Fllo,

i.e. w!, remains bounded in L*®(0,T; L*(?)) as n — oco. (One can also de-
rive this estimate by multiplying (3.63); by ¢/,;(f), summingover: = 1,...,n,
applying the Cauchy-Schwarz inequality and then dividing by ||w’,(¢)|o-.)

Passage to Limit.
The estimates derived above show that

(w,) is bounded in L*(0,T; Xny2), (3.72)
dw, . . . 1o g
( o ) is bounded in L*(0,T; L*(9)). (3.73)

From (3.72) and the fact that L*°(0,7; X,,4+2) (where X,,;2 is identified
with its dual X7 ,, via the Riesz representation theorem) is the dual of
LY0,T; X,ny2), which is separable, it follows that there is a subsequence
(w,) of (w,) and a function w* € L*°(0,T; X,n42) such that

w, — w* weakly x in L=(0,7; X,p12). (3.74)

This implies that w, — w* weaklyx in L*(0,T; L*(Q2)). (Given any ¢ €
L*(0,T; L*(9)), applying the Riesz representation theorem to the functionals
y = (y,0(t))o on X,,42 shows that there is a function € € L}(0,T; X,.12)
(with [[§(2)][m+2 = [|@(¢)llo) such that

| @ e dt= [ (@), €0)madt Vue L7015 Xnia).)

Hence, using (3.73) and Lemma 3.15 (with X = Y = L*(Q)) in a similar
argument as above, one can extract a subsequence (w,) of (w,) such that

dw, R dw*
dt dt
Furthermore, as T is finite, (3.72) - (3.73) implies that

weakly * in L®(0,T; L*(2)). (3.75)

(w,) is bounded in L*(0,T; X,12),

dw, . . .
(—;-DZ—) s bounded in L*(0,T; L*()),
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and therefore, by Lemma 3.16, there exists a subsequence (w;) of (w,) and
a function w € W(0,T; Xnya, L*(2)) such that

w; — w weakly in W(O,T;'Xm+2, L*(Q)), (3.76)

w; — w strongly in L=(0,7; X, 41). (3.77)
(3.74) means that for each ¢ € L*(0,T; Xmt2) D L*(0,T; Xpt2),

T
|| et = 00, 8Oz &t —0, g — o0,
0
i.e. w, — w* weakly in L?(0,7; X,,+2). On the other hand, (3.76) implies
that w, — w weakly in L?(0,7T'; X,n42). Hence w* = w.

Now let ¢ € C°([0,T]) and y € Xo. Then there is a sequence (y™),y" € Y™,
such that y* — y in L*(Q). Thus, defining 9, () = ¢(t)y" and ¥(t) =

e(t)y,
¥, — 1 strongly in L*(0,T; L*(Q)). (3.78)

From equation (3.63) one deduces
T ” .
[ w0+ L)+ o) Tw o), w000 e = [ (00,00t Vs

By virtue of (3.78) and (3.76), which implies that w, — w’ weakly in
L*(0,T; L*(%)),

T T
/0 (wi(t),4,(t))o dt —> /0 (w'(t),9¥(t))o dt, s — oo. (3.79)

Furthermore, (3.77) ensures that w, — w strongly in L?(0,T; L*(Q)), so
that

T T
/0 (ws(1), %, (1))o dt —> /0 (w(t), $(B)o dt, s —ro00.  (3.80)

Similarly, since (3.77) implies that w, — w strongly in L?(0, T; H'()), the
estimate ||v-V(w; — w)l|lo < C5(Q)||v]|2,r]|ws — w]|1 shows that v-Vw, —
v-Vw strongly in L2(0,T; L*()) and therefore

T T
/0 (v-Vw,(t),1,(t))o dt -—)/O (v-Vw(t),¥(t))o dt, s — oo. (3.81)
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Lastly, it also follows from (3.78) that

/( (), ¥,(t))o dt-——>/ dt, s — oo. (3.82)

Hence, in the limit one obtains

[ G+ L)+ o0V, p)ee®) & = [ (FO,wur(t) dt
v (/S XOa v pE CO([O,T]),
and thus, by the density of C°([0,T1]) in L?(0,T),

dw
o dt

or equivalently,

+Z'w+va f.y Jo=0, Vye€ X, forae. te(0,T),

dw 1% v ]_v o ]_v
D P(v-Vw + b) + —5-¢&+ ad for a.e. t € (0,7). (3.83)

In the light of (3.75) and the classical Helmholtz decomposition, this estab-
lishes the existence of ¢ € L(0,T; H'()) satisfying equation (II);. In fact,
as P € L(H™(Q)) with ||P||. = C(Q) (see [185, p. 18]; 9Q € C™*?), one
gets

142
dt m+1,T

< OO m)[Vlminrlwlimre + [Blmsns) 5

+ g”w”mH,T + —lI8llmrrr + N1Ellmerr + é“a“vvwl,T
< By,
where
E3(Er,Q,m, v, 0, ||K|lomss, [|Nllemr, M, | dllms1 /o100, [0llmsr7),
= C(R,m){(Z + M)Ey + M? + M[nllmss.z

M, . _ 1
+ E(HR llgmtt + || N[ gmei [|QY2 + M? + M?P™+2]) + a‘l|d||m+1/2,T,an},

by applying the estimates (3.15), (3.30)4 — (3.33)4 and (3.71). Hence

d
7}:‘ € L®(0,T; Xmy1), q€ L™(0,T; H™?*(Q)).
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The initial value w(0) is well-defined and belongs to X, because w €
W20, T; Xo) C C([0,T]; Xo). To verify the initial condition, choose a
function ¢ € C'([0,T]) with ¢(0) # 0 and ¢(T) =0 (say ¢(t) =1—1¢/T) in
the definitions of ¥ and 4, above (3.78). Then

! —s 9’ strongly in L*(0,T; L*(Q2)). (3.85)

Hence, integrating by parts (see [212, p. 477]) and using (3.79) (or (3.80) -
(3.82)), (3.77) and (3.85), one finds

_ /0 (w(t), ¥'(t))o dt — (w(0),y)ow(0)

T
- / (w!(1), (2))o dt
T v o
[= /0 (—Ew(t) —v(t)-Vw(t) + f(t),9(t))o dt
T
= Jlim | (—gws(t) — v,(t)-Vaw,(t) + F(t),%,(t))o dt ]
T
= Jim [ (o), 6, (0))o
T
=~ lim [ (w,(t), ()0 dt — lim (w,(0),3,)o(0)

T
B —/0 (w(t),¥'(t))o dt — (wo,y)or(0) Vy € Xo,

and therefore w(0) = wo as wo € Xo.

Lastly, as w is solenoidal by construction, it remains to note that w is unique
by the argument in the proof of Proposition 3.7; see (3.58). (It follows that
one may take (w;) to be the whole sequence (w,).)
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Chapter 4

LOCAL SOLUTIONS

He who despises small things
will fail little by little.
Sirach 19:1

By construction, the nonlinear terms in the original problem were either
transformed to terms which are linear in the unknowns of the auxiliary prob-
lems (I) — (III), or became data terms in these problems. Hence in the
previous chapter the nonlinear aspect of the problem was restricted to the
derivation of bounds for terms in the right hand sides of the equations, which
was easily accomplished via the algebra property of the Sobolev spaces. In
this chapter the nonlinearity of the problem, essentially contained in the
mapping @, is addressed by means of a Schauder fixed point theorem. In
this way the fixed point approach also allows one to circumvent some “hard
analysis” by exploiting the “soft analysis” imbedded in a general theorem.

66
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4.1 Existence

The existence proof is based on the following version of the Schauder Fixed-
Point Theorem:

Lemma 4.1 Let G be a nonempty, closed, convex subset of a Banach space
X, and suppose ® : X D G — X is a continuous operator such that ®(G) C
G and ®(G) is relatively compact. Then ® has a fized point.

Proof. Seee.g. [205, p. 153] or [198, p. 171].

Let T > 0,m > 1 and suppose that 2 is a bounded simply connected domain
of class C™**. Given D > 0,uq € V,, with ||uol|m < D, and wo € Xppz
with ||wol|m+2 < D, define the Banach space

X = X(T,9,m) = C(0,T]; Vaos) X C([0,T)s Xmys),
with the norm

(&, m)llx = max(||@|lm-1,7, [[llm+1,7),
and the subset
G =G(T,Q,m,D,ug,w) = {(¢p,n) € X :
¢ € L7(0,T; H™(Q)), [[@llmr < D, ¢(0) = uo,
n € L=(0,T; H™(Q)), |[llmszr < D, 1(0) = wo}.

G is clearly nonempty (take ¢ = uo, = wo), and for d € L*®(0,T; Ziny3/2),
h € L*(0,T;V;,), Propositions 3.4, 3.7 and 3.11 show that the map

2: X DG+ X:(¢,m) — (v,n) — (u,w),

where v denotes the solution of problem (III), and u and w are the solutions
of the corresponding problems (I) and (II), is well-defined. Furthermore, one
has

Lemma 4.2 (a) For any T, D, ug, wo and h that satisfy the above condi-
tions, G is bounded, conver and closed in X, ®(G) is relatively compact in
X, and ® is continuous.

(b) For arbitraryv >0, a >0, m > 1, K,N € C™? 4y € V,, wg € Xy2,
h € L*(0,00; W), d € L®(0,00; Zp13/2) and D > D, = max(||to||m, ||wol|m+2)
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there exists a T* > 0 such that ® has a fized point for any 0 < T < T*. In
particular, one may take

1, FD?*+F,, .
‘I—T’_O-ln(—FODz n Fl) if Fo > 0,
T* = b D2 (4.1)
_;1 x if Fp <0,
where
Fo = CoD — g, CO = CO(Q,m,a),
2 2
2
Fr = max(P00 L 2y R,
2 2 G 4 g
CoD>1. - 2 z ! "
F = Co{ == (S LI K [omes + [N llomaa (1957 + ClDY+ (Cao D™ )]

2 1 2
+ alCio + D) + —|ldlimss/2.00.0},
with Co(Q,m) as in (3.70) and C1o(2,m, ) as in (4.22).

Proof. (a) The proof of Lemma 3.1 in [174] can be adapted in a straight-
forward manner to the present situation. This is not surprising as problems
(I) and (II) are apparently similar in many respects. The main difference is
in showing that the mapping (¢, n) — w is continuous, which is done as in
the proof of Lemma 2.2 in [170] (or Theorem 2.3 in [172]). The complete

proof is given in Section 4.3.

(b) In view of (a) and Lemma 4.1 it only remains to show that ®(G) C G. For
any (¢,n) € G, (u,w) = ®(¢,n) satisfies the required initial and regularity
conditions according to Propositions 3.4 (k = 1), 3.8 and 3.11. Moreover,
with Cyo defined as in (4.22), it follows from (3.11) and the definition of G
that the corresponding solution v of problem (III) satisfies ||v |43, < CroD.
Hence, taking M = C1oD, one sees from (3.55) and (3.70) (on pages 55 and
61) that both ||u||?, and ||[w||%,, satisfy the inequality

F1()+ g F(t) < Fi + CoDf(t), Co = 2(Cy + max(Cs, Cs))Cho,

in f. Here C4(2,m) and Cs(2) are the constants in Lemma 3.6, and Cs(Q2, m)
is as in (3.69). Thus, setting Fo = CoD — v/a = max(Dy, Ep) and applying
the Gronwall inequality (3.49) with f(0) < D?, one obtains

S0 < (D + P = 1) + D2, Vie T (42)
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If Fy > 0 the right hand side of (4.2) is less than or equal to D? if

1 D? — D?
<T*= =—In(l + ———*—
IsT Fo n( +D3+F1/Fo),

which is (4.1);. If Fy = 0 one has f(t) < ;T 4+ D? and thus (4.1);. This is
also sufficient if Fy < 0, because (4.2) then gives

(4.3)

f(t) < DZefot ¢ %(e%t -1 < D*+ AT. (4.4)
0
a

In summary, one has the following local (or “small-time”) existence result:

Theorem 4.3 Let Q) be a bounded, simply-connected domain of class C™14,
m > 1, and assume that v > 0, « > 0, K,N € C™*?, D > D, > 0,
g € L*(0,00; Xjnp1) and d € L®(0,00; Zyt3/2). Then there is a constant
Ci = Cy(Q,m, ) > 0 with the property that if vo € X,n43 and

[vollm+3 < CuDx, (4.5)
then there exists a T > 0 such that the slip problem
%(v — alAv) —vAv +curl (v — alv)=Vp+g in Qr, \
Ve =0 in QT,
0A,
([I/Al + a( EY, + ’v-VAl + AIW — WA])]TL)T \ (46)
= (K + N([v|*))v+d on 0,
vn = O on aQT,
’U(O) = o in Qa J

has a solution
v e C([0,T]; H™(Q)) n W'(0,T; H"*(Q)),
Vp e L*(0,T; H™()),

and there are constants Cyo and C1y, depending only on Q, m and «a, such
that

(4.7)

||'U||m+3,T < CloD,
dv .
=5 Itz < Cually + D+ [[Klloms + C(D)||Nllgm+]D (4.8)

+ llcurl gllm-1,r + lldllm+1/2,7,00)-
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Moreover, if m > 2 and
ge Wl'w(O,T; Hm_l(Q)), de Wl,oo(o, T;Hm_1/2(09)),

then
2

% € L°°(0 T: Hm+I(Q)), vE Cl([O’T];Cm—l(ﬁ)), (4.9)

so that v is a classical solution if m > 4.

Proof. Let uy and wy be defined as before, then there is a constant
C = C(Q,m,a) such that max(||wo||m, ||[wo|lm+2) < C|lvo|lm+s. Thus, with
Cie = 1/C, h = curlg and T = T* as in (4.1), Lemma 4.2 ensures the
existence of a fixed point (u,w) € G of the associated mapping ®. By
definition of G and Proposition 3.4 (with £ = 0 and k = 1, resp.), the
corresponding solution v of problem (III) satisfies

URS LOO(O, T, Xm+3) N WI’OO(O, T, Xm+2). (410)
Moreover, from the definition of G and the proof of Lemma 4.2,
max(||w|lm,z, |wllm+27) < D, ||V]lmisr < M = CroD,

where Cio = C10(2,m, @) is as in (4.22). Setting M = CjoD and replacing
D by D in inequality (3.57); (with ¢ = 0) yields

|| ||m 11 £ C(Q,m,a)(v+ D)D +|[h|ln-1,1-
Similarly, replacing E; by D in (3.84) (with n = w) gives

|| ||m+1T < O(Qm,a)(v + D + || Kllgntt + C(D)|[Nllms41)D

C(Q,m)

+ |Id||m+1/2,T,3Q)

so that (4.8), is immediate from inequality (3.11) with k& = 1:

du dw
1 s < €, @) S e + G ).

Furthermore, reversing the steps in Section 2.3, one can write equation (I);
as

curl [%(v — alAv) —vAv + curl (v — aAv) xv —g] =0 in Qr.
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Eliminating the curl then yields (4.6); for a unique Vp € L*(0,T; H™(Q2)).

Concerning the initial condition, the continuity of v on [0, T'] guarantees that
v(0) € X2 is well-defined. Moreover, since the map B : H™2(Q)
V,._1 is continuous for m > 1,

curl (v(0) — aAv(0)) = Byv(0) = Bl(tli_l)% v(t))
= tli_% Biv(t) = th_r;% u(t) = uo = curl (vo — aAvy)

in V,,_;. Similarly, via the boundedness of By : H™?(Q) s Zont1/2, ONE

gets
(A1(v(0))n), = ap = (Ai1(vo)n), on IN.

Thus v(0) — vo € X2 C X3 is the solution of the stationary version of
problem (III) with zero data, which is identically zero, i.e. v(0) = vg € Xpny3.

Lastly, noting that n(m) < 3 for m > 1, it follows from (4.10), Proposition
3.10 and Lemma 3.13 that

LS C([O,T]a‘{n)’ w e C([O’T];Xm+2)7
which, in turn, as indicated in Remark 3.5(b), implies that
v € C([0, T]; Xinss3)-

The smoothness property (4.9) can be derived by arguments analogous to
those in [174, pp. 310 — 311]. See the proof in Section 4.3. O

An alternative, slightly more natural, formulation of the theorem is:

Theorem 4.4 Let ), m, v, a, K, N, g and d be as in Theorem 4.3 and let
vo € X,ny3. Then, for each € > 0, there is a time T > 0 such that problem
(4.6) has a solution with the regularity properties (4.7) and (4.9). Moreover,
there are constants C = C(Q,m,a) and C = C(Q, m, e, ||Vo|lmys + €) such
that

[v]lmtar < C(llvollm+s +€),
dv ~ .
I= limszr < Ol + 1+ [[Kllemts + [ Nllgmt: [([vollmes +€)
+ |leurlgllm-1,r + ||dllmt1/2,7,80)-

Proof. Set D, = ||vo||lm+3/Cx, D = Ds + €/Cy and apply Theorem 4.3.

The following remarks motivate the need for additional a prior: estimates in
order to establish global (or “large-time”) existence.
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Remark 4.5 (a) From the definition of F} in Lemma 4.2 one has the lower
bound y o
F1 Z maX(4Cloa, 09(010 + 1);‘)010D2, (4.11)

which results from the term (v/a)curlv in equation (I) and the terms b
and $ in equation (II). This implies that, for any choice of D,, the time
T* in (4.1) is bounded with respect to D. For example, if D — oo then
Fo, Fi/Fy > C(Q,m,v,a)D and therefore T* — 0 (see (4.3)). On the
other hand, if D, = 0 and D — 0, then (4.1); gives T* < C(Q,m,v, a),
irrespective of the values of h, K, N and d. Here one could attempt to
improve on (4.1); by using

F
t < 2 _Fut ___}_ Fyt _ 1 < N
f()—D*e +F0(e ) D* FO
instead of (4.4). However, even if D, K, N, d and g are all zero, inequality
(4.11) shows that —Fy/Fy > aFy/v > C(),m,v,a)D?, where

_ 2
C = max(4Cho, Co(Cio + 1)%)010 (4.12)

is unknown (in general at least) and cannot be assumed to be less than 1.

(b) The boundary condition (A;m), = 1 in problem (III) is independent
of a. Hence, unlike the situation in [170], the constant C3(2,m,a) of the
estimate (3.11) for the Stokes problem — and therefore C1o(2,m, a) in (4.22)
— is not of the form C(2,m)/a. Thus, in view of the first term in (4.12), it
seems impossible to deduce directly from (4.1), the existence of a solution
for an arbitrary finite 7' (not to mention a global solution as in {170]) by
choosing « sufficiently large, and a/v and D correspondingly small.
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4.2 Uniqueness

The important relation here is Korn’s (second) inequality:

Lemma 4.6 If ) is a bounded domain with a Lipschitz continuous boundary,
then there is a constant k = k(2) > 0 such that

A ()5 + [lvlls > llvlli Vv e HY(Q). (4.13)

Proof. See [202, p. 110], [207, p. 86], [48, p. 701] or [22, p. 31]. o

The following lemma (with ¥ = () shows that the solution obtained in
Theorem 4.4 is unique:

Lemma 4.7 Let Q be a bounded domain of class C* with 00 = T U X,
I'NY =0, and suppose that F : X3 — Z;,5(I') is an operator with the
continuity property

I1F(v) = F(v')]lor < Cr( [|vlls, [v']ls)llv —'ls ¥V v,0" € X3 (4.14)

Then, for any0 < T < 00, @ >0, B = a2/p € R, and arbitrary data v, €
X, vy € L®(0,T; Z5/5(%)), f € L*(0,T; L*(Q)) andd € L*®(0,T; Z,5(T)),
the problem

%% +v-Vo=V-T(v,p)+ f in Qr,
Vev =0 in Qr,
v, = Ux on X,
(Tn).(v) = F(v)+d on 'z,
v(0) = vg in Q,
where
- 1 p 0
T(o.9)= T = —%I + VA1 + (7 AL+ vV A+ AW - WA
+ (e +B)A],
can have at most one solution v,V with
d
v € L°(0,T; H¥(Q)), d—’t’ € L=(0,T; H'(Q)).
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Proof. Let v',p' and v2, p? be any two solutions of problem (4.15) and
set T4 = T(vi,p),i =1,2, V = v! —0? P = p' — p?>. Then, subtracting
the equation (4.15); in v? from the corresponding equation in vl, taking the
L?*(9) scalar product of the difference with V' and integrating by parts, one
gets

;;lt”V”O (v!-Vo! — v2. Vol Ve
=([T" = T?In,V)opa — (T = T*,VV), (4.16)

= (F@") ~ F(©), Viaor — 5(T" = T% A(V))e.
For each ¢t € [0, T}, v? € X3, so that
(v2VV, V) =0
and thus, using (3.47),
(v Vo' — v Vo?, V)| = |(V-Vo', V)o| < C(Q)|[v a7l VIle  (4.17)
In the same way one has
(v*-VA(V), A1(V))o = 0,
and so, with the help of (3.48) and Korn’s inequality,

(0" VA (v') — v*-V A1 (v%), Ai(V))o| = [(V-VAi(v'), Ai(V))o]

< SO r (4 (V) + IV IR

(4.18)

CONM s zlIV 11l AL(V)lo <

S

Similarly, by (3.47),

(A1(v')? = Ay (v?)?, AL(V))o|

= [(Al(V) A1 (v') + A (v")AL(V), AL (V))ol (4.19)
< C@Q([[v' sz + [[0*[la ) AL (V)5-

Furthermore, since A;(V)W(v!): A;(V) = W(vl)Al(V):Al(V) =
W(v'): A;(V)? = 0, it follows as in (4.18) via (3.47) and Korn’s inequality
that

(AW — WA (v') — [A;W — W A{](v%), A1(V))ol
= (A (v )W (V) — W (V) A;(v?), Ay(V))ol

< S0 laalla (VI + VIR,

(4.20)

Q
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Lastly, by the trace theorem, assumption (4.14) and Korn’s inequality,
(F(v") = F(v*), V)or| < C(I|A:()I[} + [lv]I3) (4.21)

with ¢ = Cy(Q)Cr(Q, ||v}||sr, |[v?|ls,r)/k. Collecting inequalities (4.17) -
(4.21) into equation (4.16) yields

d 2, @ 2 C 2, @ 2
el bt < < et
FUVIE+ SIAVIR) < —Es VI + F1A (VIR

with C = C(, ||vY||s.1, ||[v¥|ls.1, CF, @, v, |a+8]). Since V(0) = 0, Gronwall’s
lemma implies that V = 0, and consequently also VP = 0.

Remark 4.8 (a) Inequality (4.14) holds for F(v) = (K + N(|v|*))v, since
~ using the imbedding H?(Q)) — C'(Q) and inequalities (2.16), (3.1) and
(2.14) - one has

I1F(v) = F(v')|lor < CQ)(IK]lcollv = [l + J1)
with
Ji = IN(jv]*)v = N([o'*)o'|ls < J2 + Js,
J2 = [{N(lv[*) = N([v'|*)}oll;
< C@lolslNller (1 + IV P)lI)lI(v + v')-(v = o)l
< C@)INllc2llvlls(1 + vl (Hllls + llv'lls)llv — vl
Js = [IN(Jv'")(v — v)]lx
< COQIINlles (VIQL+ CO) IV Plls + NIl PI3)llv = o'l
< COIINlle(1+N1¥'ll5 + [[¥']I5)][v = 'lls-

(b) With ' = ), the Lemma provides a simple uniqueness proof for the
Dirichlet problems (on bounded domains) considered in [166, 170, 174, 176].
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4.3 Appendix

Proof of Lemma 4.2(a).
The convexity and boundedness of GG is obvious.

To prove that G is closed in X, let (¢,,7,),n = 1,2,..., be a sequence in
G converging to (¢,n) in X. Then ¢(0) = uo and 5(0) = wo because

max(||¢(0) — wollm-1, [[1(0) — wollm+1)
= max(||¢(0) = ¢,(0)llm-1, 1(0) = 7, (0)l|m+1)
< l(@,m) — (@ ma)llx =0, n— o0.

Moreover, for a.e. t € [0,T], (¢,(t)) is a bounded sequence in the reflexive
Banach space H™()) and therefore has a subsequence (¢, (t)) which con-
verges weakly to some %(t) in H™(Q), which (by a corollary of the Hahn-
Banach theorem; see e.g. [204, p. 262]) implies that

1% (@)llm < lim inf]|¢y,, (@)]/m-

As H™(Q) —— H™'(9), the subsequence converges to 9 (t) in H™ '(Q)
and hence by uniqueness of limits, ¢(t) = 9(t) € H™(Q) with ||¢(t)|lm <
D. (Alternatively, since H™(Q2) — H™ '(Q), the subsequence converges
weakly to t(t) in H™ '(Q)) and hence by the uniqueness of weak limits,
@(t) = ¥(t).) In the same way it follows that i € L*°(0,T; H™**(Q2)) with

7llm+2,r < D. Thus (¢,m) € G.

To prove that ®(G) is compact, let (w,,w,),n = 1,2,..., be any sequence
in ®(G). Then there is a sequence (¢,,n,) in G such that (u,,w,) =
®(¢p,,n,) satisfies ||(wn, wn) — (Wn, Wy)||x < 1/n,n = 1,2,... With v,
denoting the solution of problem (III) corresponding to the data (¢,,n,,),
we know from (3.11) (with k = 1) that

[oallmtar < Ca(Qym, a)(l|@nllmr + Co(Qm)|7,|lmt2,7)

(4.22)
S Clo(Q, m, a)D,

where Cyo = C3(1 + C2), and thus from (3.18) that
uw, Iis bounded in L*(0,7T;V,,),
du

d—tn is bounded in L*(0,7'; Vio_1).
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This implies that w, is bounded in W'%(0,T; V,_,), which is compactly
imbedded in C([0,T]; Vn-1) ([172, p. 538]), so that (u,) has a subsequence
which converges to, say, u in C([0,T]; V;,—1). By a similar argument, based
on (3.36), the corresponding subsequence of (w,) has a subsequence (w,,)
which converges to a w in C([0,T]; X;41). Hence (@, wn,) = (u,w) in
X.

For any (¢,n),(¢,,n,) € G, let v,v, be the solutions of the corresponding
problems (III) and set (u, w) = ®(¢, n), (¢,, w,) = ®(¢,,n,). Then v—v,
is the solution of (III) with the data (¢ — ¢,,7 — m,,), and as in (4.22) we
have

||v||m+3,T7 ”v"||m+3,T < C]o(Q,m,a)D, (423)

“v - vn”m+3,T < CIO(Qamaa)l|(¢>n) - (d)m ﬂn)“X, (424)
and thus by case (a) of (3.18), with M = CjoD,
|w|lmr < Ce(Q,m, T, D, a,v). (4.25)
Furthermore, via (3.14) - (3.17) we obtain

|lu-Vv — % VUg||m-1
< uV(v = vn)llm-1 + [[(w — wn)-Vor|lm (4.26)
< Cs(l[uflm-1llv — vallmtz + | = wn|lm-1]|Vnllm+2)
and
(V8 = eVt & — )i
< I(v = vn) Vet|lm-al|te = Un|lm-1 + [(Vn V(2 = Un), w — )i

< Csllv = vnllmsalluflmlle = wnllm-r + Callvnllmsrlle — wa|l7, ;.
(4.27)

Subtracting equation (I); for u, from the one for w gives

2(u —un) + g(u —u,) = u'Vv —u,Vu, —v-Vu + v,-Vu,

ot

v
—curl (v — v,).
+acur (v—v,)

Let dn(t) = ||# — wn|lm-1- Then taking the inner product in H™ () of
this equation with w — u,, and applying the Cauchy-Schwarz inequality and
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(4.23) - (4.27) yields
[d1 () + =dn(t)]dn(t)

Qv
< [;”” — Up|lm + Cs||w]lmoi]|v — vnllmia + Csdn()||Vn]lm+2
+ Cs|lv = Vn|lmzl|®llm + Cal|vnllmt1dn(t)]dn(t)
< [(C4 + C5)CroDdn(t) + 2(;’;- + C5C6)C1oll(@,m) — (@, 1) |l x]dn ()

or

/\ = g - (04 + Cs)CloD, f = 2(‘2 + 0506)010-
It follows that
| = tn|lm-1,r < K1|l(&, 1) = (¢, 1)l x (4.28)

with K; = (T if A = 0 and K, = £(1 — e7*T)/) otherwise, i.e. the map
(¢,m) = u:G~ C([0,T); H"*(Q)) is Lipschitz continuous.

Subtracting equation (I); for w, from the corresponding equation in w gives

0

a(w —wy) + —Z—(w —wy,)+ V(g —g¢,) +v-Vw —v,-Vw,
1 v v
= a(é—én)—b+bn—é+én,

where $, denotes $(v,), etc. As in [170, 172] one can avoid the difficulty of
deriving an estimate for the irrotational term by working in L*(f). Define
Yn(t) = ||w — w,||o and take the L*(2) scalar product of the above equation
with w — w,. Since by (3.14) and (3.15)
(v-Vw — v, Vw,,w — w,)|
< (v = o) Vw, w — wy)o| + (v V(W — wn), w — wn)ol

< Gsllv = vnllz][w]liya(2),

application of the Cauchy-Schwarz inequality and division by y,(t) yields

v 1 PRI
() + =yn(t) < =|I8 = Sullo + |b—=bnllo+ ||& — én
)+ Z0n(0) S ZI8 = Ballo + 1B =Bollo+ e =2 0

+ Csllv — valls][w]ls-

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



CHAPTER 4. LOCAL SOLUTIONS 79

By construction, § — 3, satisfies the Stokes equation with zero body force and
is solenoidal in Qr, and is equal to S(|v|)v — S(|v,|)v, on 0§d7. Hence, for
each t, it follows from the well-known results of [183] (see Theorem VII), the
extension (3.28), the trace theorem, the algebra property (3.1) and Lemma
2.3 (with f = |v|%, g = |v.|?, so that || f — g||2 < Ci||v + va||2]|v — va||2) that
15 — 8nll2
< COS(vl)v — S(jvnl)vnlls/z00
< COQ(IKllo2llv = vallz + CLIN (v P)]l2llo = valls
+ CilIN([v]*) = N(jval*)ll2llvall2) (4.30)
< C(Q)lv - val2-
{I1Kle> + [ Nlle2 (122 + C(@)[ Cullv]l3 + CPllvlI3])
+ CQINlle2 (1 + Cllvllz + CEllvall) Cr(l[vlz + llvall2)}-
One could also use the estimate of [183] for || — s,||;, but the H?*(Q)-

estimate is convenient and suffices since m > 1. In the same way, with ¢ and
¢, denoting the extension (3.25) for v and v, respectively, one obtains

1€ = énlls < C(Q)[|([Ar(v)W (v) — W (v) Ay(v)]n),
— ([A1(va)W (v5) = W(wvn) As(vn)]n)7l3/2,00
< C(Q)lle = enll2
< C()(llvlls + llvalls)llv — valls.
Furthermore, with b and b,, defined as in (2.22),

(4.31)

Ab-b)+V(r—m,)=0 in Qr,
Vb -b,) = (Vv,)T : Vi, — (Vv)T : Vi in Qr,
b—b,=b—b, on 907,

and thus, by [183] and the trace theorem,
16— bulla < CO)(I(VO)T : Vi — (Vou)T : Y lly + b —balla) (4.3

with r r
[(Vo)" : Vg — (Vua)" : Vi, |lu

<IV(v = )" - Vaplli + [[V(va)" - V(0 = m,)lla
< COQ)(llv = vallsllnllz + l[vallslin — mall2)
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according to (3.34);, and, for : = 1,2, 3,

16i — bni 2

<N A(v)ri (v = va)-V[Reif])]2 + | AL(v — vn)rj (Ve V[R5 |2
+ [A1(v)i;((v — va)Vij)|l2 + [[A1(v = v )ij (V- V)2

< C(llvllsllv = vall2 + [[v — vallsllvall2).

Collecting the inequalities (4.30) — (4.32) in (4.29) and using (3.36) (with
m = 1) and (4.23) - (4.24) one gets
, v
yn(8) + —yn(t) < 7ll(¢,m) — (¢n,ma)llx, y(0) =0,
v =7(Qm, T, 0,0, D, | K|lcs, | Nlca),

and thus
[w — wallor < Kal|(@, 1) — (D, 1)l x (4.33)

with K; = ay(1 — e™*T/*)/u. Now let (¢,,n,) — (¢,m) in X, then it
follows from (4.28) and (4.33) that
u, — u in C([0,T); H* (), w, — w in C([0,T); L*(Q)). (4.34)

Suppose that (w,,) does not converge to w in C([0,T]; H™*!(2)), then there
exists an € > 0 and a subsequence (w,, ) such that

”wnk - w”m+l,T 2 €, k= 13 2> v (435)

By the precompactness of ®(G) in X, (u,,,w,,) has a subsequence

(W, , W, ) which converges to, say, (u*,w*) in X. This and (4.34), implies
that w,, — w = w* in C([0,T]; H™*'(Q)), contradicting (4.35). Hence
(un,w,) — (u,w) in X, i.e. ¢ is continuous. 0

Proof of Theorem 4.4 (contd.).
Differentiating equation (I); with respect to ¢ gives

Pu v, O0u ov ou v Ov ou Oh
o T O TPy 28, Wo L iy — 0oV e 4
gz T glar Teurlgy) = Vet uVg — g Ve e Vgt o
where h = curlg, so that
oh

bt 00 . m—2
5 € L=(0,T; H'7(Q).
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According to Propositions 3.8 and 3.4, for m > 1,
du

w€ L0, T H™(Q), = € L*(0,T;H™ (),
v € L0, T; H™(Q)), fi—” € L*(0,T; H™*(Q)),

and therefore, for m > 2, one can use Lemrna 3.6 to obtain the estimates

|| Vvllm—zT < CsH Hm 2.7||0|lm41.7 < o0,
”“ w2 5 |2 < CSHUHm 2T|| ||m+1T < o0,
|| Vullm 2,7 < Csll IImTlluIIm 1,7 < 00,
ou
lo-V o llm-27 < CsllvllmTll ||m 1,1 < 00,
and hence
u € W*(0,T; H™*(9)). (4.36)
In the same fashion, differentiating (IIT); with respect to ¢ yields
Pw viw v o GOw 108 ob o¢ 1 1 od
—_—— — w _____ —
ot? a0t Ot ot adt 8t Ot adt
Now, from Proposxtlon 3.11 one has
d
w € L2(0,T; Xmi2), % € L°(0, T; H™(Q)),
and therefore, from Lemma 3.6 for m > 2,
Jv
15V awlnr < Coll el < oo
ow
lo-V 5 llmr < CsllvllmTll ||m+1T < oo.

In addition, differentlatmg the Stokes problern defining § with respect to ¢
and using the boundedness of the trace map v, : H™(Q) — H™ /2(09),
one finds

08 8])1 _ )
AE ot 0 .
93 ¢ 1n QT7
S
Vigr =0
08 0 A )
22 = Zyo(Kv + N(|v[)v)
ot ot o0
oo ov i 2\, OV (on %,
= 2N'(jvl)(v- 5 )0 + (K + N(lo[) 5, |
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and thus, using the a priori estimate for the Stokes problem (with ¢ treated
as a parameter) and the algebra property (3.1),

s
“5?”"»1
< C@Q,m)(|Kllom + IN(o®)llma + [IN'(|0*) Izl 0lZ, T)” IImT < oo

since, as in (3.27),

IN([o*)llmr < C(Q,m, [[0]lm2) Nllcm,
IN' (0] lmz < C(Qm, [[0]|m ) [Nl omss

By similar reasoning it follows that

ab 0}34 )

NAN—+V—=0
o a ot ot ; \ i Qr,

v w

ob; 8 Lo 0 Do o)
= = (5 Ay (0) (0-V it + Aw(v><a—§’-wnrnmi1)

3 o v on 0f)r,
(atAltJ(v))(v'VﬁJ) All](v)( Vn]) 1= 1, 21 3’ )

and consequently, with the help of the estimate (3.34), that

dv

154 lmr < CQm)(lllmsrr(lwllmz + [[0llm,1)

dw v
0 llmnr (15 o + 15 ) < 00

One also has

o¢ Opa
AE 5 0 .
P in Qr,
V. i 0
e 0
% = ZHA)W(o) - W) A(@)nl, o 00,

and as a result, via (3.1),

dv
1% b < COQm) s ol < o0,
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In the same way it follows that

od ad
||§||mT < C(Qam)”—t‘”m—l/zman < 00.

0
Collecting all the bounds, one obtains
w € W0, T; H™(Q)). (4.37)
In conclusion, from (4.36), (4.37) and Proposition 3.4 one deduces that
v € W0, T; H"(Q)),

l.e.
d
v, d—'t’ € W0, T: H™()) < C([0, T); H™(Q)),

or

v € CY([0,T); H™(Q)) — C*([0, T]; C™'(Q)).
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Chapter 5

GLOBAL SOLUTIONS

The aim of this chapter is to construct a global solution by repeated applica-
tion of the local existence theorem. The main hurdle is to derive appropriate
time-independent estimates in order to establish that the solution always re-
mains in the same ball as the initial data. This is done for an arbitrary oo > 0
and slip coefficient S(-) under the assumption that the initial data and the
force fields are sufficiently small and that v is sufficiently large. However, the
existence and stability results do not apply when (2 is rotationally symmetric
and S(-) is allowed to have nonnegative values.

84
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5.1 Existence

The following result is a slight variation of Lemma 2.5 of [174].

Lemma 5.1 Let T > 0 and suppose that y(t) is a non-negative, continu-
ous function on [0,T] with an integrable derivative in (0,T) satisfying the
inequality

y'(t) + [k — G(y()]y(t) < F(t) Vie[0,T], (5.1)

where ky > 0, G is a non-negative, continuous function such that G(z) < kz
for all z € [0,¢] for some k; < ki and € > 0, and F is a non-negative,
integrable function. If

y(0) + fOT F(t)dt<e

then

yamwm-kgly@mssmm+l.m@® Vie0T].  (52)

Proof. Assume there is a f such that y(f) = € and y(t) < € for all ¢ € [0, 7).
Then k; — G(y(t)) > k1 — ky and thus y'(¢) < F(¢) for all ¢ € [0,%). Thus,
integrating over [0,¢) and using the non-negativity of F(t), one gets

y@sm®+me&<a

0

a contradiction. Hence y(t) < € for all t € [0,¢), so that inequality (5.2)
follows from integrating (5.1) over [0, 7. ]

The following three versions of the Poincaré-Morrey inequality, the first
two of which will be used later, highlights a difference between the no-slip
and slip boundary conditions.

Lemma 5.2 Let § be a bounded domain with a Lipschitz continuous bound-
ary. Set

S=span{B xx: B R |B|=1, Bisasymmetry azis of O}

and let || - ||s denote the norm in L*(Q)/S. In addition, for an arbitrary
subsurface ¥ C 0 with meas(X) > 0, define

Hi(Q)={ve H'(Q):v=0o0n X}
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Then there exists a constant Cp = Cp(Y) such that
AL (0)ll5 + lvll§ 00 = Crllvlls ¥ v e H(Q),
A1 (0)ll5 + lo-nllg 50 > Crllvlls ¥ v e HY(Q), (5.3)
A1 (v)ll3 > Crllvli3 Vv e Hy(Q).

Proof. See [22, p. 31], [48, p. 701] and (213, p. 115] (or [202, p. 115]),
respectively.

Under the
Assumption 5.3 Q has no azes of symmetry.
one can use the previous two lemmas to derive global a prior: estimates:

Lemma 5.4 Let Q) be a bounded simply-connected domain without symmetry
azes, with OQ of class C™**, m > 1, a > 0 and K,N € C™*%, Then there

s a constant )
v =v"(Q,m,a,||K||cmtz, | V]| gm+2)

such that for each v > v* there exist positive constants 8o, 81, Yo, Y1, which
depend at most on Q, m, v, o, |K||cm+2 and || N||gm+2, and have the following

property:

(a) If, for any given T > 0, initial values ug € V,,, wo € Xp42 and force
ﬁelds g c Lz(O,T, Xm+1), dc L2(0,T, Z’m+3/2) with

|[%olm + |wollm+2 < o, |Igllz2,me1,7 + l@l|L2,mt3/2,7,00 < Y0, (5.4)

(u,w,v) is a solution of the corresponding problems (I) - (III) with (¢, n) =
(u,w) (and thus Vq = 0) and satisfies

u € L2(0,T; H™(Q)) N Wh(0,T; H™ ' (Q)),
w € LOO(O, T; Xm+2) N WI'OO(O,T; Xm+1),
v € L%(0,T; Xmys),

then

T
v
[l r + lwlngsr + %/0 (ll(s)ll7 + llw(s)lmy2 ) ds

< i lluollm + llwollmusz ) + M(lglze merr + 1€lz2 miss27,00);

(5.5)
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(b) If, in addition, g € L*(0,T; X)) and d € L=(0,T; Zyny1/2), then

12 iz + 122
7 lm—1,7 7 lm+1T

< C(Q’ma a)(”g”m,T + ”d||m+1/2,T,3Q) + C(Q’ m,v,a, ”R’”C"‘“v

| N |lcm+2, ||wollm + || wo|lms2, |9l 2 ms1,r + | ]| L2,m4372,7,00)-

(5.6)

Proof. (a) First it is necessary to derive some

Estimates of v.
From the proof of Proposition 3.4 and inequality (4.22) it is clear that for
every fixed ¢ one has the estimate

lo(®)l74s < Cro(Q, @) ()17, + 1w (t) 7 12)- (5.7)

Furthermore, applying the identity (2.17) to equation (I); with w = curl (v—
alAv) gives

%curl (v — alv) + g(curl (v — alAv) — curlv) + curlg

= —curl (curl (v — aAv) x v) in Qr,

which implies that

%(v — alAv) —vAv = Vp—curl (v — alAv) x v+ curlg in Qr

for some p € L*°(0,T; H™()), since ) is simply-connected. By proceeding
as in Section 4.2, i.e. writing the above equation in the form

9
_5;_’ +v-Vo =V-T(v,p)/p +g,

taking the L*()-inner product with v, applying a standard Green’s formula,
and noting that

(v-Vu,v)o = (pI, A1)o = (V'VA, A1)o = (A/W - WA, A1) =0,
one arrives at
d o
Z(lvlg+ Sl Awle) + vl A lls
= 2(g,v)o + 2(S(v]), [v[*)o00 + 2(d, v)o,00
< 2C2(Q)*[ISllcollvlly + 2(lIgllo + C2(D)lldllo p)lv]l1-

1
< 2Co(7IISlle + eIl + =(llglls + C2(D)*l1dllg 00), & > 0-
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Assuming that © has no axes of symmetry, it follows from (5.3); and Korn’s
inequality (4.13) that

Cp ICCP
Al 5) >
G+ ol > o=

Setting € = vkCp/(4Cp + 4), integrating over [0,t], applying (5.9) and
. o (o]
min(1, D)o < (O + 2101

Ao = lvll:. (5.9)

(5.10)
(87
lvollg + S 11 A1(vo)llg < max(1, 2a) vz,

and dividing by min(1, &/2)x, one obtains

T T
A
ol + 0 [ llo(e) s < dalloll+ 32 [ (lg(s) 13 + 12 0) s,

- 2 I/CP 2 2
A1 = max(1, a)(QC'p ) Kcz(ﬂ) 1S1lee),
1 2
Ay = ;ma,x(l, —(;)max(l,2a),
3o = max(1, Cy(Q)max(1, 2)XC £ 1)
a’ k2Cp
(5.11)
if 4Cp +1
V> vy = w@(g)?”s”m, (5.12)
«Cp

[ Alternatively, setting f(t) = ||v(¢)]|2 + («/2)||A1(t)||2 and applying
2Cp a
25 2, @ 2
Il 2 2ol + 2l Al

and (5.10); to inequality (5.8) with ¢ = min(l, @/2)vcCp/(2aCp + 4) leads
to

, 2 2aCp +4
(1) < e f0) + max(1, Co(@)max(t, )22 g2 4 a2 ),
a’ vkCp
e 220 0
A = oCp 1+ 2 — max(l, a)ncz(ﬂ) IS llce,

and thus, via Gronwall’s lemma and the inequalities (5.10),

- Az -
lo@IF < Az lwolli + 721 = e (g (Ol + I14(1)]3.00)
* (5.13)

/\3*
1x

——(lg@lls + 1d®)lg0a) V¥t €0,T],

< Agllwoll? +
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2 ,2aCp +4
where Az, = max(1, Cy(Q)*)max(1, 5)2—/95};?

/ (sl ds

A2
< (1= T fwoll} +
*

, and

T
)\3*

VAI* 0

(1 =) (llg(s)IIs + lld(s)1I5,00) ds

}‘3*

VAt

A T
< A—levollf + / (lg(s)lig + lld(s)1I5,50) ds
1x 0

(5.14)
for any given T > 0, if

2. 2aCp +4
> % = 1, I U
v > o, = max( a) Cr

Note that the right hand sides of the estimates (5.11) and (5.13) — (5.14) are
independent of T. The remainder of the proof is a direct generalization of
the proof of Lemma 2.6 in [174], and is given in Section 5.3.

Co()’]|S o ]

An alternative to Assumption 5.3 is

Assumption 5.5 There is a constant Sy > 0 such that
S(z) < =S Vz>0.
Instead of Lemma 5.4 one then has
Lemma 5.6 Let Q be a bounded, simply-connected domain of class C™*,
m>1, a>0and K,N € C™*2, with Sy as above. Then there is a constant

v* = v*(Q,m, a, So, || K||gmez, || N||gm+2)

such that for each v > v* there exist positive constants do, 01, Yo, Y1, which
depend only on Q, m, v, a, |K||cm+> and ||N||cm+2, and have the property
described in Lemma 5.4(a).

Proof. Inequality (5.7) remains unchanged, but inequality (5.8) becomes

d «a
ol + 214112 + A + 25001013 50

S 2(9, ’U)o + Q(d, 'U)o,aQ (515)

CpS, So 2 2
2 ° lollg + -2‘”1’“3,89 + mllgll% + §0”d||c2),asz-

<
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Furthermore, by the Poincaré-Morrey inequality (5.3); and Korn’s inequality,

(Cr + IO + IOl 00

>CﬁAmmm+§fn(m3 (5.16)

> kCplv(t)|I + |I Ol Vtelo,T).

Thus, integrating (5.15) over [O,t], applying inequalities (5.7) and (5.16),
taking the supremum over [0,7] and dividing by min(1, a/2)k, one gets

T T
|wmm+mﬁ W@WN&+WAIMKQM®

- (5.17)
< nslwollt + 04/0 (lg(s)lle + lld(s)llo.00) ds
where
— WS 2 _ 1 1 2
m = CpSomax(L, ), n2 = (v — vo)—max(1, —)
1 2 2 2 1
N3 = ;max(l, a)max(l,Za), = —-max(1, )max(l, C—P),
if 5
v Z Vg = (CP + E)S[) (518)
[One could also set f(t) = |lv(t)||2 + g”Al(t)“g and use
C
( 50p + )||A (®)lls + —||v( Mioon > Crf(t) + —2—’3||v(t)||§
to obtain
o)+ CPSOf( )+ (v = vo)l| A (t)llo
9 . ) (5.19)
< —max(1, —)(lg(0)] + ld)llope) Vi€ 0,T]
So Cp
for
v > v = (aCp + 3)So/2. (5.20)

It then follows (again from Gronwall’s lemma and (5.7)) that
" ~CpSo
@I + &g (1 = 9l At

< mae” P lwol[7 + (1 — =P ) (lg (D)5 + ld(1)]15.00)
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for all ¢t € [0,T], and (by integrating (5.19) over [0, ], etc.) that
T

T
1|v||f,T+cpso/0 lo(s)2 ds + 7 / 14, (s)]12 ds
T
< nallvoll? + 74 / (g + ()] 50) ds. ]

The lower bound (5.18) [or (5.20)] on v was imposed in order to simplify the
expressions 7y, ...,nN4, but is not really necessary here. Requiring only that
v > 0, one can derive estimates in terms of min(v,2S5), as will be done in
the next section (see the proof of Proposition 5.9(c)).

The proof now proceeds exactly as in Section 5.3 for Lemma 5.4, the only
difference being that in the case m = 0 one must define

Si=14 4unsCY, _14 4vC3max(2,1/a)
amy kCpSo
CF 41/774 CF 8v
Nmn=—+ = — - .
v any v akmin(1l,Cp)CpS?

Now one can establish the existence of global classical solutions:

Theorem 5.7 Let m > 1 and let ), o, K, N and v* be as in Lemma 5.4
or Lemma 5.6. Then, for every v > v, there are positive constants § and v,
depending only on Q, m, v, a, |K||cm+2 and ||N||cm+2, such that if

Vo € Xmts,  ||[Vollmss <6,
ge€ Loo(0, 00; Xm+1) N L2(0’ 05 Xm+1)7

. (5.21)
d € LOO(O, (o o Zm+3/2) N L (0, o o Zm+3/2),

191lz2,m+1,00 + |llL2,m+3/2,0000 < 7,

then the slip problem (4.6) has a unique solution v,Vp for all t € [0,00),
satisfying the regularity conditions (4.7) for every 0 < T < oo.

Proof. With &, é;, 70 and ; as in Lemma 5.4 (Lemma 5.6, resp.) and C,
as in Theorem 4.4, assume that

1 yh
2/6," 2"

do
||9||L2, +1, || ||L2 +3/2,00,00 < Y (‘Yo, \/8_71)

[Vollmss < § = Cemin(1,
(5.22)
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Then, defining uo and wq as before, it follows from the definition of C, (see
the first paragraph in the proof of Theorem 4.4) that

1 ) 1 4
max({[tol|m, [|wollm+2) < F-[lvollmts < min(l, \/271)50- (5.23)

Thus, by Theorem 4.3 (with D, = &¢/2 and, for example, D = dg) there
exists a unique solution v! on [0,7]. Moreover, from the inequalities (5.5)

(of Lemma 5.4 or 5.6), (5.23) and (5.22); one has

max([| ' (T)||m, 1w (T) lm2)*

< 261max(|[wo|m, [[wollm+2)* + 11 (11122 mt1,00 + 1Bl L2 m13/2,00,00)

53 53_ 502
<8+8_(2).

Hence one may again apply Theorem 4.3 and Lemma 5.4 (Lemma 5.6, resp.)
to deduce the existence of a unique solution u?, v?, w? on [T, 2T| with v*(T) =
v!(T), etc. From Propositions 3.7 and 3.11 and (4.7) it is clear that the re-
sulting vector functions u,v,w on [0,27] satisfy the conditions of Lemma
5.4 (Lemma 5.6, resp.) with 27 instead of T', and so it follows as above from

(5.5) that

max([(2T) o 20 (2T )ns2) <

By repeating this procedure one obtains a solution on [0, 00) with the stated
regularity properties, the uniqueness being ensured by Lemma 4.7. m]
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5.2 Stability of the Rest State

The quantity
a
E(t) = lv(@ls + 51 4: (D)o,

which was encountered in the previous section, can be interpreted as the
sum of the averaged kinetic and stretching energy in the fluid at time ¢. For
flows that satisfy the no-slip condition on a portion of the boundary, [119,
pp- 221 — 222] showed that E(t) cannot decay to zero in a finite time. Not
surprisingly, this is also the case here:

Proposition 5.8 Let ) be a bounded domain, v > 0, a > 0 and suppose
that
S = inf S(z) > —o0.
z2>0

Then there is a constant C' = C(2) such that any global solution v of the slip
problem (4.9) under a conservative body force (i.e. g =0, d = 0) satisfies

max(1,2a)||v(t)|]} > E(t) > E(0)™ > min(1, %)fi“vollfe"M (5.24)
for all t > 0, with

2 (v + C(@)Imin(0, S)), C(Q)min(0,8)[) >0.  (5.25)

A = max( —
a

Moreover, if ) is not roiationally symmetric, or if there is a fized subsurface
Y C 00 of nonzero measure such that v =0 on ¥ for all t > 0, then

141 (®)llo > C(2,@)lwoll;** V¢ > 0. (5.26)

Proof. Since S(|v|) > S > min(0,S) = —|min(0,S)|, it follows from
equation (5.8);, the trace theorem and Korn’s inequality that
E'(t) > —v]|Ai(t)]5 — [min(0, S)|C2(Q)* v (t)II;
> —(v + C(Q)|min(0, S)|)|| A1 (t)llc — C(2)min(0, S)|.[[v(®)ll5
>=AE(t) Vt>0,
where C = C3(2)?/k and A is as in (5.25). This yields (5.24) upon inte-

gration, and (5.26) is then immediate from (5.9), which follows from the
Poincaré-Morrey inequality (5.3)2 or (5.3)s.
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Proposition 5.9 Let Q be a bounded domain, v > 0, a > 0,g=0,d =0,
and assume that

S = sup S(z) < oo.
z2>0
Then, for any global solution v of the slip problem (4.9), with any initial
value vy, one has:
(a) If S <0, then
E't)<0 Vt>0, (5.27)

i.e. the null solution is (monotonically) stable in the Lyapounov sense:
For anyty > 0 ande > 0, if

1
lv(to)l} < xmin(1, Z)min(1, 5-)e?,

then ||v(t)||1 < € for all t > t,.

(b) If Q has no azes of symmetry, or if there is a subsurface ¥ C 0 of
nonzero measure such that v = 0 on X for allt > 0, then there exist positive
constants C, C), C,, depending only on Q and «, such that

min(1, S)slle(t)] < B(t) < BO)e™ < Clas(wo)lie™  (5.29)

for allt > 0 and _
A= —-C)\(V - C,,S),
so that the null solution is exponentially stable if v > C,S.

(c) If S = -8, <0 and v > 0, then
min(1, g)nHv(t)Hf < E(t) < E(0)e™ < max(1,20)|lvollfe™  (5.29)

for allt >0 and
)= 2vCpmin(v, 25,)

"~ 2v + aCpmin(v, 2Sy)

i.e. the null solution is exponentially stable.

>0,

Proof. From equation (5.8),
E'(t) + vl Ai()llo = 2(S(lv]), [0]")osa < 2S[[v(t)]lg 00; (5.30)

which establishes (a) in view of (5.10).
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Inequality (5.30) also shows that one may substitute max(0, S) for ||S||co in
the derivation of inequality (5.13); (page 88), so that (b) holds with

Cp 2. 2aCp + 4

= — , = 1, — Cy ()2
C)‘ an+2’ ¢ max( ’a) liCp 2( )
To verify (c), set
. 2v
Ty aCpmin(v,2Sp)’
then inequalities (5.30) and (5.3); give

—E'(t)
> v A(t)llo + 25ollv(t)llo a0
> (v — emin(v, 25))[| A1 (t)llo + € min(v, 250) (| A1 (t)ll + v (t)]l5 50)
> (1= e)v|| A1 ()]l + eCpmin(v, 25)|lv(t)lg
= eCpmin(v,25,)E(t) Vit>0.

Remark 5.10 (a) The assumption in Proposition 5.9(c) — that S is bounded
from above by a negative number — excludes the important (for free surface
flows) case of perfect slip, but is not unreasonable in the light of the restric-
tions imposed by the existence proofs of [115] and [116] (for simpler fluids).
With the notation as on page 11, [115] assumes that

0S
S(0,9), 52 (v, ) € €10, 0) x 90,
and
=51 <5< -5
S
Stva <=5 1V (v,y) € 0,00) x 99, (5.31)
aS
2>
ov — 0
where Sy, S1, 52 are positive constants, while [116] requires that
S(v,0), Z_*Z(v,a) € C°((0,00) x R),
in addition to (5.31) with (5.31)3 replaced by
v 95 <S3; V(v,y)€[0,0) xR,
v
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for some constant S; > 0. (In both cases, identical regularity and growth
conditions (with M in place of —S) are also imposed on the viscosity function

M.)

(b) The stability result of [127] for flows with perfect slip in unbounded
domains assumes that the boundary is flat, in which case the condition

(Tm), =0 on 90
becomes equivalent to
(Ajn), =curlv xn =0 on Q.

For incompressible second grade fluids that satisfy the no-slip condition this
holds on smooth boundaries of arbitrary shape, as can be seen from the
formula derived in [181]:

Tn=(-p+ (201 + ay)|curlv|*)n + (pcurlv + aI%curlv) X .

(c) As a final comment, [ point out that the arguments (involving eigenvalues)
employed in [119, section 9] and [121], section 7, to prove the stability of
arbitrary base flows rely on the no-slip condition to a degree that seems
impossible to circumvent in any obvious manner.
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5.3 Appendix

Proof of Lemma 5.4 (contd.).
The case m = 0.

Taking the L?(Q)-scalar product of equation (I); with u gives
ld v v
57 1ele + S llulls = =(curlv,u)o + (u-Vv, u)o(curlg, u)o

14
< V2(=llelh + llglh)llwllo + lo-Fuofllo

as (v-Vu,u)o = 0. Hence, after using inequality (3.15) (with s = 3) and the
Cauchy inequality as in (3.55);, one obtains

d v 4v 4o

S lllg + ~llulls < 2Csflvllsllwlic + vl + — gl (5.32)
Similarly, taking the scalar product of equation (II), (see page 46) and w in
H?(Q) and applying inequality (3.14) gives

l1d v y

Il + Ll = (09w, w); + (F,w),

, X (5.33)
< Co()|vlls]|w]l; + (1502 + [1Bll2 + €]l + —lldllz)l|wll2,

while the a priori estimate for the Stokes problem, the steps leading to (3.24),
(3.26) and (3.28), and inequality (3.34); imply that

131l < C@IK = + INllez [ 199V + [loll3 + lvli3])vll2,
1Bl < C()llolla(llvllz + llw]l2),

. (5.34)
€]l < C(@)lvli3,
]l < C(Q)ldlls/2,00-
From (5.34)4 and Cauchy’s inequality one also gets
y v c(Q)
dll2llwllz < Sz + == l4l3/2.00 (5.35)

Thus, by adding (5.32) and (5.33) and using (5.34) — (5.35), one arrives at
d v
7 Ulllg + llwllz) + =(llullg + llw]2)
< C@{~(Ik Nllca[ [/ 2 ;
< CO{Z (1K le2 + IV lle= [192177 + [[vlls + [[vlls ])llvls

+ [[vl[3 Hlwllz + C(@)lfvlla(llelg + llwl]l2)
c(Q)

va

(5.36)

4v 4o
+ —llolit + —lgllt + —=—l1dll3/2.00:
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With y(t) = ||u(?)]|3+ |lw(2)]|3, it follows from (5.7) that ||[v]|s < Cio/¥, and
hence from (5.36) that

Y1) +1= -Gy < F(1) Vie(o,T], (5.37)

where G(z) = Co(||K|lc2+||N|lc2(1+z+2%)+/Z ),z > 0, for some constant
Ce = Ce(,a) and
4 Cr
F(O) = Lol + gl + 11,00
with Cr = max(4a,C(Q)/c). Assume that
v > v* = max(w, 2aC6(, a)(||K]|c2 + ||N||c2))- (5.38)

Then, since G is continuous and G(0) = Ce(||K||c2 +]| N||c2), there exists an
e = e(Q,v,o,||K||c2, || N||c2) > 0 such that G(z) < v/(2a) for all z € [0,¢].
Moreover, by (5.11) and (5.7) (for m = 0, ¢t = 0)

T T
y(0) + / F(t)dt < 61y(0) +m / (g@IE + 1A 3.50) dt

with
=1+ M =1 8vCP(Cp + 1)max(2,1/a)
1= al; - VCPK—4C22(C’P+ 1)”5”00,
_Cr s _Cr 32(Cp + 1)?max(1, C2)
M= v a)\l N v OZK,CP[I/CPI{ - 4022(013 + 1)”5”00]
Hence, if

13
luollo+ ol < o= /5=

(5.39)
lgllzz.ar + I dllL2 372,100 < Y0 = \/22,
"N
then according to Lemma 5.1 (with k; = 2k, = v/a),
2 2 v [T 2 2
Iull + ol + 57 [ Ol + fo@las

< b1(lluollg + llwollz ) + 11 (llgllze 1 r + 1222 372,700 )-

[ Note that the bounds dp, 7o on the magnitude of the data can be made
arbitrarily large by taking v* sufficiently large; when v — oo, then € — o0
and §; — 4y, say, v1 — 0, so that dg — 00, v —> 00.
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This also shows that do, d;, 7o and 4; can be chosen independent of v:
Choose a v* > max(vy, 2aG(0)) such that §;(v) < & + 1 and 7;(v) < 1 for
all v > v*. Then there is an € > 0, depending only on v* and G(+), such that
G(z) < v*/(2a) for all z € [0,¢]. Hence it suffices to replace §; and v, by
4, + 1 and 1.]

The case m = 1.
Taking m + ¢ = 1 in (3.50) - (3.55), one gets

d v 4v 4o
Slll? + Zlall? < 2Ca() + Cs@)lelsllull? + 2ol + g3 (5.41)

Moreover, for any m > 1, arguing as in (5.33) — (5.34) yields

d v
a“w”iwz + ;lelfm
1, . .
< CO{=(lIKlle= + [N[lomez[ 1% + [|0]|2 10 + 0125 DIl
+ [[0llmt2(l|vllmis + lwllmsz) + [[0]12 15 H 2w ||mie
c)

va

+ 2C4(Q)||v|lm2llwllF, 4 + 1l 43/2,00-

(5.42)
Hence, setting y; (¢) = ||u(t)||? + ||w(t)]|?, adding (5.41) to (5.42) with m =1
and using the estimates ||w]||3s < /31, ||v|ls < Ci04/¥1, one obtains

V(1) + (= = G < Bt Vie(o,T),
4 1 (5.43)
Fi(t) = o)l + SCr(2, ) (lg®)l13 + 14(E)]Z/2.00),

where G is a function of the same form as G. If conditions (5.38) and (5.39)
are satisfied, then by (5.7) and (5.40),

v T
—&—/0 lo(8)]l7 dt < 8CT[819(0) + n1(llgllZe 1 7 + 1Al 5/2.7.50) )

(One could apply Cauchy’s inequality to the term

1 -
~CO)(IIKlle= + INllos 12 l[vlls | w]ls

in (5.42) and take the resulting ||v||3-term to the right hand side of (5.43),
but there is seemingly not much to gain from this.)
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Therefore, in the same way as before, it follows from Lemma 5.1 that there
exist positive constants v, do1, Y01, 01,1 and 1,1 such that if v > vf and

llwolls + |lwolls < bo,1, |gllL2.2,0 + | dl|z2,5/2,100 < V0,15
then

T
v
lellir + llwlisr + 2—0/0 (lu()llF + llw(s)l5) ds

< S1a(llwollg + lwoll3) + 1a(llgllze o + NdliZ2 572,700 )-

(5.44)

The general case m > 2.
Let k£ > 2 and assume that (5.5); holds for m = k£ — 1. From (3.50) - (3.55)

one has

d v
a”’uﬂi + a‘“"“i < 2(Ca(Q) + Cs(W) |0 |lk41]lw]l;
(5.45)

v da
+ o vlles + ) g lis1-

Hence, by adding (5.45) and (5.42) (with m = k) and using the estimate
(5.7), one again obtains a differential inequality of the type (5.1) in

yr(t) = lu(@) + llw(@)llz s
with
4y 1
Fi(t) = _“v(t)”2+1 + > Cr (0, k)( lg(lIZ: + A3 4a/2,00)-

As above, from (5.7) and the induction hypothesis one has

Y[ e o

< 8C10(2, 0)*[1,4-19k-1(0) + 1,k-1(I1glIZ2 k7 + Il 22 41/2,7.00) ],
and therefore, by the same reasoning as before, it follows that inequality
(5.5)1 holds for m = k, and thus for all m > 2.
(b) By adding inequalities (3.57) (with ¢ = 0) and (3.84) (with E,, M,n
replaced by ||w||mt2,7, ||V]lm+s.1, w, respectively) and using (5.7) one obtains

C(Q,m)

u dw
I|E|‘m—1,T + ”W”"‘“’T < V2|\gllm,r + Al ms1/2,7.00

+ C(Q v, 0, || Kllez, [|Nllomes, l[ellm,z, |0]lmear),
and therefore (5.6) by virtue of (5.5).
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5.4 List of Constants

Constant Equation Page
Ci (3.1) 33
C, (3.2) 34
Cs (3.11) 37
Cy (3.14) 39
Cs (3.15) 39
Ce (3.18) 40
C? (3.36) 46
Dy, Dy (3.56) 55
D, (3.57) 55
Cs (3.69) 60
Cy, F (3.70) 61
Eo, Ey (3.71) 61
E, (3.84) 64
D, D, 67
T, Fo, Fy, F (4.1) 68
Cs (4.5) 69
M 70
K (4.13) 73
Cho (4.22) 76
Cp (5.3) 86
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