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1 ABSTRACT

Natural convection is the governing phenomena in many
engineering applications. The conventional method of dif-
ferential heating of an enclosure may result in inadequate
thermal mixing and poor temperature distribution lead-
ing to high amount of energy loss. In the present study,
an alternative, energy-efficient method of distributed heat-
ing of the cavity is studied and compared with the differ-
ential heating case in enhancing the thermal mixing and
improving the temperature distribution in the cavity. Six
different cases, depending upon the location of the heat
sources on the side walls of the cavity, are studied. Flu-
ids with Pr = 7 have been investigated at high Rayleigh
number (Ra = 103 − 105). Galerkin finite element method
has been implemented for solving the governing equations
and Poisson-type of equations for streamfunction and heat-
function. Heatlines are found to be adequate tools for vi-
sualizing and understanding the heat energy distribution
occurring inside a cavity. It is found that thermal manage-
ment policy of distributed heating significantly influences
the thermal mixing and temperature uniformity in the en-
closures.

2 INTRODUCTION

Classical differential heating involves one isothermally hot
side wall while other side wall is maintained isothermally
cold in presence of adiabatic horizontal walls [1]. Natural
convection in various enclosures with differential heating
has been studied by various authors [2, 3] as these types of
configurations are found to be useful in applications such
as geothermal phenomena and the safe disposal of nuclear
waste. At steady state, thermal gradient in this type of
configuration may lead to the formation of hot and cold
regimes. These might enhance the chances of formation
of hot spots and cold spots which may be undesirable for
the processes where temperature uniformity is a critical
parameter for efficient processing.

Earlier workers studied the approach of dis-
crete/distributed heating, which is considered as a po-
tential methodology over differential heating for enhanced
thermal processing of materials [4]. The buoyancy flow
induced by discrete heat sources from multiple locations
results in improved mixing throughout the enclosure min-
imizes the formation of hotspots and coldspots [5]. Thus,
the process of discrete/distributed heating has advantages
such as improved mixing, better temperature uniformity,
better control over flow field and most importantly, high en-
ergy efficiency. Several industrial applications are reported
in the literature [6, 7], where the concept of distributed
heating has been employed for enhanced thermal mixing of
fluid.

NOMENCLATURE

g [m/s2] acceleration due to gravity
k [W/mK] thermal conductivity
l [-] dimensionless length of hot/cold part
L [m] side of the square cavity
N [-] total number of nodes
Nu [-] average Nusselt number
p [Pa] pressure
P [-] dimensionless pressure
Pr [-] Prandtl number
Ra [-] Rayleigh number
RMSD [-] root-mean square deviation
T [K] temperature
Th [K] temperature of hot right wall
Tc [K] temperature of cold left wall
u [m/s] x component of velocity
U [-] x component of dimensionless velocity
v [m/s] y component of velocity
V [-] y component of dimensionless velocity
x [m] distance along x axis
X [-] dimensionless distance along x axis
y [m] distance along y axis
Y [-] dimensionless distance along y axis

Greek symbols

α [m2/s] thermal diffusivity
β [1/K] volume expansion coefficient
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γ [-] penalty parameter
θ,Θ [-] dimensionless temperature
ν [m2/s] kinematic viscosity
ρ [kg/m3] density
Φ [-] basis functions
Π [-] dimensionless heatfunction
ψ [-] dimensionless streamfunction

Subscripts

k node number
l left wall
r right wall
1, 3 cold section
2, 4 hot section
cup cup-mixing
avg spatial average

In this work, visualization of heat flow via heat-
lines are elucidated for comprehensive understanding of
thermal mixing due to discrete heat sources, which would
immensely help in designing systems with high energy effi-
ciency.

Most of the studies in enclosures with discrete heat
sources in literature are analyzed and illustrated using
streamlines and isotherms [8]. Streamlines are found to
be adequate in describing the fluid flow, but isotherms are
inadequate to study energy flow, as the isotherm contours
indicate only temperature variations which are sufficient
enough to study conduction heat transfer.

In order to analyze convective heat transfer and
heat flow distributions, there is a demand for proper tool
which can be used for the visualization of energy flow inside
an enclosure. One such mathematical tool termed as, ‘heat-
lines’ was developed by Kimura and Bejan [9]. The ‘heat-
lines’, analogous to streamlines, are trajectories of flow of
heat and thus, they are useful to visualize the total energy
flow in a two-dimensional domain.

The main aim of the present work is to investigate
the scope of application of distributed heating over conven-
tional differential heating for enhancing the thermal mix-
ing during material processing through the understanding
of fluid flow, heat flow and their influence on temperature
distribution during natural convection in enclosures filled
with clear fluid. Six different cases with various locations of
discrete heat sources on the walls of the cavity were consid-
ered. Representative cases are illustrated in Figure 1. To
asses the performance in terms of achieving enhanced ther-
mal mixing and maximum heat transfer rate quantitatively,
‘cup mixing temperature’ and ‘average temperature’ have
been calculated for all the cases. The efficacy of distributed
heating over conventional differential heating for optimal
thermal mixing is established by correlating heatlines and
‘cup-mixing temperature’. Overall uniformity in temper-
ature and degree of mixing inside the enclosure is further
quantified using ‘root mean square deviation (RMSD)’.

3 MATHEMATICAL FORMU-

LATION AND SIMULATION

The physical domains of the square enclosure with the dis-
tributed heating sources are given in Figure 1a−c. Isother-
mal heat sources are distributed along the side walls of the
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Figure 1: Schematic diagram of the cavity for a) differential
heating case b) case 1−4 c) case 5−6. Top and bottom walls
are adiabatic. Thick lines represent the uniformly heated
section while remaining sections are maintained cold

cavity, which are represented by thick solid lines. Remain-
ing portions of the cavity are maintained isothermally cold
except the top and the bottom insulated wall. It may be
noted that, for all the six cases, the total dimensionless
length of the heat source is 1. The first four cases (case
1 − 4) involve single slot distributed heating system with
various orientations of heaters, each of length 0.5, on the
side walls (see Table 1a). The last two cases (case 5 − 6)
involve the different positioning of multiple slot heating
system on the side walls such that the total heater length
on each side wall is equal to 0.5. Representative schematic
diagrams are shown for the differential heating case (Fig.
1a), case 1-4 (Fig. 1b) and case 5-6 (Fig. 1c).

Table 1a: Length of the hot and cold zone along the side
walls for single slot (Case 1−4) distributed heating system.
Enclosure AA1 A2D BB1 B2C

Case 1 0.5 − 0.5 −
Case 2 0.15 0.35 0.15 0.35
Case 3 0.25 0.25 0.25 0.25
Case 4 0.15 0.35 0.35 0.15

Table 1b: Length of the hot and cold zone along the side
walls for multiple slot (Case 5− 6) distributed heating sys-
tem.
Enclosure AA1 A1A2 A2A3 BB1 B1B2 B2B3

Case 5 0.35 0.5 − 0.35 0.5 −
Case 6 0.15 0.15 0.35 0.15 0.15 0.35

Based on assumptions as stated in an earlier work
[12], governing equations for steady two-dimensional natu-
ral convection flow in the square cavity using conservation
of mass, momentum and energy can be written with fol-
lowing dimensionless variables or numbers:

X =
x

L
, Y =

y

L
, U =

uL

α
, V =

vL

α
, P =

pL2

ρα2
,
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θ =
T − Tc

Th − Tc
, P r =

ν

α
, Ra =

gβL3(Th − Tc)Pr

ν2
(1)

∂U

∂X
+
∂V

∂Y
= 0, (2)

U
∂U

∂X
+ V

∂U

∂Y
= −

∂P

∂X
+ Pr

(

∂2U

∂X2
+
∂2U

∂Y 2

)

, (3)

U
∂V

∂X
+V

∂V

∂Y
= −

∂P

∂Y
+Pr

(

∂2V

∂X2
+
∂2V

∂Y 2

)

+RaPrθ, (4)

U
∂θ

∂X
+ V

∂θ

∂Y
=

∂2θ

∂X2
+
∂2θ

∂Y 2
(5)

The velocity boundary conditions are given as follows:

U(X, 0) = U(X, 1) = U(0, Y ) = U(1, Y ) = 0

V (X, 0) = V (X, 1) = V (0, Y ) = V (1, Y ) = 0 (6)

and the boundary conditions for temperature for all the
cases are as follows:

θ = 1 (for the hot zone)

= 0 (for the cold zone)

∂θ

∂Y
= 0 (for the top and bottom adiabatic walls)(7)

Note that, in Eqs. 1-7, X and Y are dimensionless coordi-
nates varying along the horizontal and vertical directions,
respectively; U and V are dimensionless velocity compo-
nents in the X and Y directions, respectively: θ is the di-
mensionless temperature; P is the dimensionless pressure;
Ra and Pr are the Rayleigh and Prandtl numbers, respec-
tively; Th and Tc are the temperature at the hot and cold
walls respectively; L is the side of the cavity.

3.1 Solution procedure

The momentum and energy balance equations (Eqs. 3 - 5)
are solved using the Galerkin’s finite element method. The
continuity equation, Eq. 2 will be used as a constraint due
to mass conservation and this constraint may be used to
obtain the pressure distribution. In order to solve Eqs. 3,4,
the penalty finite-element method is used [10], where the
pressure (P ) is eliminated by a penalty parameter (γ) and
the incompressibility criteria is given by Eq. 2, which re-
sults in

P = −γ

(

∂U

∂X
+
∂V

∂Y

)

, (8)

The continuity equation, Eq. 2 is satisfied for
higher values of γ. Typical values of γ that yield consis-
tent solutions are 107. Using Eq. 8, the momentum balance
equations (Eqs. 3 and 4) reduce to

U
∂U

∂X
+ V

∂U

∂Y
= γ

∂

∂X

(

∂U

∂X
+
∂V

∂Y

)

+

Pr

(

∂2U

∂X2
+
∂2U

∂Y 2

)

, (9)

U
∂V

∂X
+ V

∂V

∂Y
= γ

∂

∂X

(

∂U

∂X
+
∂V

∂Y

)

+

Pr

(

∂2U

∂X2
+
∂2U

∂Y 2

)

+RaPrθ (10)

3.2 Streamfunction and Heatfunction

3.2.1 Streamfunction

The streamfunction (ψ) can be used to plot streamlines,
which represent the trajectories of particles in a steady flow
and is obtained from velocity components U and V . The
relationships between streamfunction and velocity compo-
nents for two dimensional flows are

U =
∂ψ

∂Y
and V = −

∂ψ

∂X
, (11)

The combination of above relationships yields following sin-
gle equation

∂2ψ

∂X2
+
∂2ψ

∂Y 2
=
∂U

∂Y
−
∂V

∂X
. (12)

The positive sign of ψ denotes anti-clockwise circulation
and negative sign represents the clockwise circulation. It
may be noted that, no-slip condition (ψ = 0) is valid at all
boundaries and there is no cross flow. The detailed solution
procedure to solve Eq. 12 is given in an earlier work [11].

3.2.2 Heatfunction

The heatfunction (Π) can be used to plot heatlines, which
represent the trajectories of heat flow and is obtained from

conductive heat fluxes (− ∂θ
∂X

, − ∂θ
∂Y

) as well as convective

heat fluxes (Uθ, V θ). The heatfunction satisfies the steady
energy balance equation Eq.(5) such that,

∂Π

∂Y
= Uθ −

∂θ

∂X
and −

∂Π

∂X
= V θ −

∂θ

∂Y
. (13)

The combination of above relationships yields a following
single equation

∂2Π

∂X2
+
∂2Π

∂Y 2
=

∂

∂Y
(Uθ)−

∂

∂X
(V θ) (14)

It may be noted that, the solution of heatfunction is
strongly dependent on non-homogeneous Dirichlet bound-
ary condition. Also, the sign of heatfunction is governed
by the sign of ‘non-homogeneous’ Dirichlet condition spec-
ified at the edges of the discrete heat sources. The sign
convention for the heatlines are in agreement with that of
streamlines. Further, it may be noted that the streamfunc-
tion and heatfunction have identical signs for convective
transport.

Eq. 14 is further supplemented with various Dirich-
let and Neumann boundary conditions in order to obtain an
unique solution of Eq. 14. Neumann boundary conditions
of Π, derived from Eq. 13 is specified as,

n · ∇Π = 0 (15)

The Dirichlet boundary condition for top insulated wall is

obtained from Eq. 15 which is simplified into ∂Π
∂X

= 0 for
an adiabatic wall. A reference value of Π is assumed to be
0 at X = 0, Y = 1 and hence Π = 0 is valid for Y = 1, for
all X. It may be noted that, current work is based on sit-
uations of differential and distributed heating which corre-
spond to various non-homogeneous Dirichlet conditions for
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Π at the hot-cold junctions. The unique solution of Eq.14
is strongly dependent on the non-homogeneous Dirichlet
conditions and the boundary conditions at these junctions
are obtained by integrating Eq.13 along boundaries from
the reference point until the end point of each junction.
Representative calculations for multiple distributed heat-
ing (cases 5− 6) are given as follows:

Case 5 or 6:

(i) At D,

Π(D) = 0 (16)

(ii) At A3,

Π(A3) = Π(D) +

A3
∫

D

∂Π

∂Y
dY

= l1Nul1 (17)

(iii) At A2,

Π(A2) = Π(A3) +

A2
∫

A3

∂Π

∂Y
dY

= Π(A3)− l2Nul2 (18)

(iv) At A1,

Π(A1) = Π(A2) +

A1
∫

A2

∂Π

∂Y
dY

= Π(A2) + l3Nul3 (19)

(v) At A,

Π(A) = Π(A1) +

A
∫

A1

∂Π

∂Y
dY

= Π(A1)− l4Nul4 (20)

Similarly, the value of Π(B3), Π(B2), Π(B1) and Π(B) on
the right wall are obtained. In an identical way, heat func-
tion boundary conditions for all other cases involving mul-
tiple slot distributed heating system have also been derived.

3.3 Cup mixing temperature and degree

of temperature uniformity

To compare the thermal mixing in various cases, the bulk
average temperature across the cavity also known as the
‘cup-mixing temperature’ is defined. Cup-mixing tempera-
ture is the velocity-weighted average temperature, which is
most suitable when convective flow exists. The cup-mixing
temperature (Θcup) and spatial average or area average
temperature (Θavg) are given as:

Θcup =

∫ ∫

V̂ (X,Y )θ(X,Y ) dXdY
∫

V̂ (X,Y ) dXdY
(21)

where,

V̂ (X,Y ) =
√

U2 + V 2 (22)

and

Θavg =

∫ ∫

θ(X,Y ) dXdY
∫

dXdY
(23)

Another quantity, namely ‘Root Mean Square Deviation
(RMSD)’ is defined to quantify the degree of temperature
uniformity in each case. Various forms of RMSD’s are de-
fined based on cup-mixing temperature (Θcup) and spatial
average temperature (Θavg), as follows:

RMSDΘi
=

√

∑N

k=1
(θk −Θi)2

N
(24)

where i = cup and average temperature, respectively. It
may be noted that, RMSDΘavg

or RMSDΘcup
value can-

not exceed 1 as the dimensionless temperature varies only
between 0 and 1. Further, the lower values of RMSD indi-
cate higher temperature uniformity in the cavity and vice-
versa.

4 NUMERICAL TESTS

The computational domain consists of 28×28 bi-quadratic
elements which correspond to 57×57 grid points. An adap-
tive grid with local refinement along X and Y near the
discrete/distributed heat sources has been used. It may
be noted that, for discrete heating cases, the hot wall is
shared with the adjacent cold wall which may lead to jump
discontinuities at the edges of the hot wall. To avoid this
mathematical singularities at the hot edges, the average
temperature of the two walls are specified at the hot-cold
junction and the adjacent nodes are maintained at the re-
spective wall temperatures. The unique solution for such
type of situations involves implementation of exact bound-
ary conditions at those singular points. Also, the current
solution scheme produces grid invariant results as discussed
in an earlier article [12]. Current Galerkin finite element
approach offers special advantage on evaluation of local
Nusselt number at the various cold or hot portions of the
wall as element basis functions are used to evaluate the
heat flux.

In order to validate the numerical procedure
adopted for the solution of governing equations, the al-
gorithm is tested for a square enclosure filled with water
(Pr = 0.71) in presence of hot left wall and cold right wall
with insulated top and bottom walls (differential heating)
at Ra = 105, similar to the problem studied by Deng and
Tang[1]. The results based on current simulation strategy
(see Figure 2) are in excellent agreement with the earlier
work [1]. Furthermore, in order to justify the physical ex-
planation for heatlines, simulations are carried out for a
wide range of Rayleigh numbers (Ra = 103 - 105) at Pr = 7
for various cases discussed in the following sections.

At Ra = 103, the fluid flow is found to be weak
and the heat transfer occurs mainly due to conduction. It
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Table 2: Comparisons of the present results with bench-
mark solution for natural convection in square cavity in
presence of air (Pr = 0.71)
Ra Present Work Deng and Tang [1]
103 1.116 1.118
104 2.245 2.254
105 4.524 4.557

may be noted that, although circulation cells with stream-
function values occur for all the cases, there is no signifi-
cant thermal mixing during conduction dominant regime.
In the conduction dominant regime, heatlines essentially
represented by ‘heat-flux’ lines, are perpendicular to the
isothermal surfaces and parallel to the adiabatic surfaces.
The heatlines originating from hot surface and ending on
cold surface are observed to be orthogonal to isothermal
surfaces. As they approach the top adiabatic wall, they
slowly bend and become parallel to that surface. Heatlines
are dense along the edges of the hot and cold wall denoting
maximum heat transfer near the junctions. Also, heatlines
and isotherms are smooth curves, without any distortion,
which denote conduction dominant heat transport at low
Ra (Ra = 103). Detailed analysis on streamlines, heatlines,
isotherms and thermal mixing are shown for Ra = 105 for
all the cases of distributed heating assemblies in section 5.

5 RESULTS AND DISCUSSIONS

5.1 Case 1

The distributions of streamlines, heatlines and isotherms
at Pr = 7 and Ra = 105 are illustrated in Fig. 2. Isother-
mal heat sources are located at 0 ≤ Y ≤ 0.5 along both the
vertical walls. At high Ra (Ra = 105), the buoyancy forces
start dominating over the viscous forces and circulations in
the cavity are enhanced as seen from higher magnitudes of
streamfunctions (|ψ|max = 6.7). Due to hot bottom por-
tion, fluid moves in upward direction. However, fluid does
not reach the top portion, rather, fluid forms small circu-
lation cell along the bottom portion. In a similar manner,
anticlockwise circulation cell occurs at the bottom portion
of the right half of the cavity. On the other hand, at the top
portion, fluid near the hot layer zone around Y = 0.5, rises
along the centerline and falls down along the cold walls at
1 ≤ Y ≤ 0.5, thus forming cells in the top half of the cav-
ity. Note that, streamline cells with identical magnitude,
are observed at the left and right halves of the cavity. As
seen from the signs of sreamfunction, counter rotating cir-
culation cells occur at each of the left and right portion of
the cavity (see Fig. 2).

Heatlines show several interesting trends at high
Ra. Due to high convective effect, heatlines are similar
to streamlines in 90% of the cavity except near the walls.
End to end heatlines emanate from the heaters and travel
a longer path to deliver heat from the hot bottom portion
to the cold top portion of the side walls (see Fig. 2). This
results in formation of sparse heatlines at the upper middle
portion of side walls depicting very less heat transfer. It
is interesting to observe that the heatlines near the top
portion of the side walls vary within 0.1 − 1.2. Further,
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Figure 2: Streamfunctions (ψ), heatfunction (Π) and tem-
perature (θ) plots for Ra = 105 and Pr = 7 for case 1.
Clockwise and anti-clockwise flows are shown via negative
and positive signs of streamfunctions and heatfunctions,
respectively. Thick lines along the vertical walls represent
the uniformly heated section while remaining sections are
maintained cold.

in addition to end to end heatlines, intense closed loop
heatline cells (|Π|max = 4) are seen due to high convection.
It may also be noted that, the intensity of thermal mixing
is greater at the bottom halves of the cavity as seen from
stronger magnitudes of closed loop heatlines at the lower
half. Note that, dense heatlines along the lower half of the
enclosure represents internal thermal mixing.

Due to enhanced thermal mixing, isotherms are
highly distorted at the top and bottom halves of the cav-
ity. Note that, uniform temperature is maintained with
θ = 0.4− 0.6 throughout the core of the cavity. The pres-
ence of dense heatlines along the lower and upper central
regions of the enclosure, gives rise to internal thermal mix-
ing near the core region. This causes the temperature to
vary within θ = 0.5 − 0.6 in the bottom half whereas the
temperature varies within θ = 0.4−0.5 in the upper central
region. As expected, isotherms are compressed at the hot-
cold junction due to temperature singularity. In addition,
isotherms are also strongly compressed at the bottom por-
tion and top corners of the side walls signifying very high
thermal gradient. This signifies high heat transfer rate in
those regions which can also be explained based on dense
heatlines.

5.2 Case 2

In this case, uniform heat sources are applied at 0.15 ≤
Y ≤ 0.65 for both the vertical walls and the distribu-
tion of streamlines, heatlines and isotherms are presented
in Fig. 3. As the heat sources are not present within
0 ≤ Y ≤ 0.2 along the side walls, a stagnant cold zone is
found near the bottom portion of the cavity. The formation
of stagnant zone near the bottom portion of the enclosure,
is depicted from the smaller magnitude of streamfunction
(|ψ| = 0.1) near those regions. The primary streamline
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cells are observed just above the stagnant fluid zone. Note
that, large primary streamline cells with high magnitude
(|ψ|max = 5.5) are seen near the heaters, as the buoyancy
forces are high near those zones. Hot fluid near Y = 0.65,
rises upwards and flows down along the cold regime of the
side walls (1 ≤ Y ≤ 0.65), thus forming secondary circula-
tion cells. Since less area is available for the fluid motion in
the upper half of the enclosure, the size and intensity of the
secondary circulation cells are smaller for case 2 (|ψ| = 4.5)
as compared to case 1 (|ψ| = 6.7). In addition, the eye of
the secondary vortex shifts from the middle region to the
upper region due to the vertical shifting of the heaters for
the present case in contrast to case 1.

Enhanced convection causes hot regimes of side
walls to transfer heat to a larger extent of cold regimes
within 0.65 ≤ Y ≤ 1 and 0 ≤ Y ≤ 0.15. Heatline cells
are observed at the upper portion of the cavity as well as
near the central region above the bottom wall. The strong
convective heatline cells recirculate significant amount of
heat as seen by |Π| varying within 1.2 − 2 at the top cen-
tral portion and 0.6−3 near the center of the enclosure. In
contrast to case 1, small tertiary cells (|Π|max = 0.08) are
observed near the bottom wall for case 2. It may be noted
that, due to low intensity of streamline cells, the intensity
of heatline cells is also less for case 2 (|Π|max = 3.4) as
compared to case 1 (|Π|max = 4).

As seen from Fig. 3, high temperature gradient is
observed in the top portion of side walls (θ = 0.1− 0.5) as
isotherms are compressed towards the side walls. Thus, the
thermal boundary layer thickness is reduced significantly
within 0.65 ≤ Y ≤ 1. Dense heatlines, near the central core
at the top and bottom half of the enclosure, represent en-
hanced thermal mixing in those regions. This results in uni-
form distribution of temperature within θ = 0.5− 0.6 near
the top central portion of the cavity. Lower portion within
0 ≤ Y ≤ 0.15, also receives heat from the hot portion.
Overall, the heaters distribute heat uniformly throughout
the cavity. Thus, a large central portion of the bottom half
is also maintained at θ = 0.5 − 0.6, which contrasts case
1. In addition, isotherms near the hot regimes are highly
compressed due to the presence of dense heatlines along
the side walls. It is also observed that, the hot regimes
transfer heat to the cold regimes near the bottom portion
of the side walls. Therefore, θ varies within 0.1− 0.5 near
the bottom corners of the enclosure. In addition, due to
the presence of heaters within 0.15 ≤ Y ≤ 0.65 on the
side walls, a large central core region of the enclosure is
maintained at θ = 0.6− 0.7.

5.3 Case 3

In this case, heat sources are applied at 0.25 ≤ Y ≤ 0.75
along the left and right vertical walls (Fig. 4). As heat
sources are now placed at the central portion of side walls,
fluid flow in the cavity is altered as depicted by stream-
lines. It is observed that, stagnation zone near the bottom
half of the enclosure covers more area with comparatively
higher magnitude (|ψ| = 1.1) in contrast to case 2, since
the heaters are located within 0.25 ≤ Y ≤ 0.75. The in-
tensity of the primary circulation cell situated around the
central region of the enclosure, also decreases significantly
(|ψ|max = 4) as compared to case 2 (|ψ|max = 5.5). Al-
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Figure 3: Streamfunctions (ψ), heatfunction (Π) and tem-
perature (θ) plots for Ra = 105 and Pr = 7 for case 2.
Clockwise and anti-clockwise flows are shown via negative
and positive signs of streamfunctions and heatfunctions,
respectively. Thick lines along the vertical walls represent
the uniformly heated section while remaining sections are
maintained cold.

though the flow intensity is less at the top portion, the
flow strength in other regions are sufficiently stronger to
provide mixing effect, which is further illustrated by heat-
lines.

As heat sources are now placed at the central por-
tion of side walls, circular heatlines, identical to stream-
lines, are observed apart from end-to-end heatlines at the
top and bottom regions. The strong circular heatlines in-
dicate the recirculation of heat energy or the thermal mix-
ing inside the cavity. Heatlines illustrate that the heat
distribution in the upper half of the cavity is primarily
due to the central heat sources on the side walls as seen
via the presence of dense heatlines, depicting large heat
transport to the cold top portion of side walls. The heat
source at the central region of the enclosure recirculates
the heat in the central core region and also transfers heat
to the cold regions of the bottom portion of the side walls.
Note that, stagnant zone near the bottom corners are re-
sponsible for low thermal mixing. However, high thermal
gradients are observed near the lower bottom portion, as
compared to case 2. It may also be noted that for case 3,
the magnitude of primary heatline cell is considerably lower
(|Π|max = 2.8), in contrast to that in case 2 (|Π|max = 3.4)
for identical Ra and Pr (Fig. 4).

Isotherm show high thermal gradient near the top
portion of the enclosure as isotherms are compressed due
to secondary heatline cells. This signifies enhanced heat
flow in those regions. High thermal mixing with |Π| = 1.5
is observed due to strong convection and therefore the tem-
perature distribution is uniform with θ = 0.6− 0.7 across a
large region near the central and upper portion of the cav-
ity. Dense heatlines near the heat source illustrates large
heat transfer rate that gives rise to compressed isotherms
near those regions. The thick boundary layer near the bot-
tom portion of the side walls signifies negligible heat flow
in that region (Fig. 4). Due to poor heatline circulation or
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Figure 4: Streamfunctions (ψ), heatfunction (Π) and tem-
perature (θ) plots for Ra = 105 and Pr = 7 for case 3.
Clockwise and anti-clockwise flows are shown via negative
and positive signs of streamfunctions and heatfunctions,
respectively. Thick lines along the vertical walls represent
the uniformly heated section while remaining sections are
maintained cold

convective heating at a large zone near the bottom wall,
high thermal gradient (θ = 0.3 − 0.6) is observed in those
region, indicating poor local thermal mixing.

5.4 Case 4

Fig.6 illustrates streamlines, heatlines and isotherms distri-
butions for Pr = 7 and Ra = 105. In this case, isothermal
heat sources are applied at 0.15 ≤ Y ≤ 0.65 on the left
wall and at 0.35 ≤ Y ≤ 0.85 on the right wall. This is an
asymmetric configuration in contrast to the previous cases.
At Ra = 105, two large circulation cells of different magni-
tudes are formed in the upper and lower halves of the en-
closure, caused by asymmetric distributed heating. Due to
enhanced buoyancy effect, hot fluid from 0.35 ≤ Y ≤ 0.85,
moves upward in anti-clockwise direction and flows down
along 0.65 ≤ Y ≤ 1. On the other hand, hot fluid near
0.15 ≤ Y ≤ 0.65, rises up due to buoyancy forces but
that is intercepted by the movement of the stronger upper
circulation cells. This results in the downward clockwise
movement of the bottom circulation cell. Note that, due
to asymmetric positioning of the heaters, the streamline
cells are not circular. It is interesting to observe that, the
magnitude of streamfunction (|ψ|max = 7.5) in the upper
half is more than that of lower half (|ψ|max = 4.6). Tiny
circulation cells of small magnitude (|ψ| = 0.25) are ob-
served near the top right and bottom left corners of the
cavity due to negligible fluid flow in the corner regions (see
Fig. 6).

As seen from Fig. 5, the streamlines and heatlines
in the upper and lower halves of the cavity are observed to
be qualitatively similar, which denotes that the heat trans-
port is mainly due to the convective flow in those regions.
The heat source of left wall transfers large amount of heat
directly to the cold bottom portions of right wall within
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Figure 5: Streamfunctions (ψ), heatfunction (Π) and tem-
perature (θ) plots for Ra = 105 and Pr = 7 for case 4.
Clockwise and anti-clockwise flows are shown via negative
and positive signs of streamfunctions and heatfunctions,
respectively. Thick lines along the vertical walls represent
the uniformly heated section while remaining sections are
maintained cold.

0 ≤ Y ≤ 0.35. As the bulk of the heat flows towards the
cold bottom portion of the right wall, less heat is trans-
ferred from the hot regime of left wall to the cold portion
above it (0.65 ≤ Y ≤ 1) as seen from the low magnitude
of heatfunction (0.6 ≤ |Π| ≤ 0.8). However, the upper cold
regime on the left wall (0.65 ≤ Y ≤ 1) receives heat cor-
responding to 0.1 ≤ Π ≤ 1.2 from the heat sources on the
right wall. It may be noted that, the cold regime on the top
portion of the right wall (0.85 ≤ Y ≤ 1) receives heat from
adjacent hot regime (0.35 ≤ Y ≤ 0.85). It is also found
that, the hot regime on the left wall (0.15 ≤ Y ≤ 0.65)
transfers smaller amount of heat to the adjacent bottom
cold portion (0 ≤ Y ≤ 0.15) as seen from the low magni-
tude of heatfunctions (0.2 ≤ Π ≤ 0.4).

As significant amount of heat is distributed to the
upper portion of the left wall (0.65 ≤ Y ≤ 1) from both
the heaters, large temperature gradients are observed in
those regions leading to the formation of thermal boundary
layer and thus the isotherms are found to be compressed at
those regions. On the other hand, the cold regime within
0 ≤ Y ≤ 0.4 receives heat of low magnitude (|Π| ≤ 0.1)
from the heater situated on the left wall (0.15 ≤ Y ≤ 0.65).
This leads to the formation of thermal boundary layer of
larger thickness along the bottom portion of the right side
wall. Due to enhanced thermal mixing and effective heat
distribution, the central portion of the upper half of the
cavity is uniformly maintained within θ = 0.6− 0.7 in con-
trast to the previous cases, at higher Ra. In addition, the
presence of dense heatlines near the hot regimes on the ver-
tical walls, result in compressed isotherms (θ = 0.6− 0.9).
Note that, dense heatlines around the central core signify
high thermal mixing and uniform temperature distribution
with θ = 0.5 − 0.6 (see Fig. 5). In contrast to case 1 and
2, large thermal gradient is observed in the central portion
of the bottom half due to poor heatline circulations in the
bottom half.
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Figure 6: Streamfunctions (ψ), heatfunction (Π) and tem-
perature (θ) plots for Ra = 105 and Pr = 7 for case 5.
Clockwise and anti-clockwise flows are shown via negative
and positive signs of streamfunctions and heatfunctions,
respectively. Thick lines along the vertical walls represent
the uniformly heated section while remaining sections are
maintained cold.

It may be concluded from the above analysis that,
the distributed heating significantly enhances the heat dis-
tribution in the cavity. In order to further improve the heat
distribution or thermal management in the cavity with the
aim of achieving uniform temperature distribution across
the cavity, it is proposed to further divide the heat sources
and place at various locations along the vertical walls. De-
tailed investigation of fluid flow and heat distribution in
the cavity, with multiple heat sources are presented in the
following section.

5.5 Case 5

Fig.7 illustrates the streamlines, heatlines and isotherms
distribution for Pr = 7 and Ra = 105 for multiple heat
sources on the vertical walls. Isothermal heat sources are
applied at 0 ≤ Y ≤ 0.35 and 0.85 ≤ Y ≤ 1 along each
vertical wall (Fig.7). The presence of heaters near 0 ≤ Y ≤
0.35, results in the upward motion of the fluid. However,
the fluid does not reach the top portions of the enclosure
and tends to flow down and form small circulation cells in
the bottom half of the enclosure (|ψ| = 4.3). Further, as a
result of buoyancy effect, the fluid rises from the zone just
above Y = 0.35 and flows down along cold portions of the
vertical walls (0.35 ≤ Y ≤ 0.85), forming two symmetric
rolls in the middle the cavity. Small symmetric circulation
cells are also observed near the top corner portions of the
enclosure, due to the presence of heaters within 0.85 ≤
Y ≤ 1. The intensity of streamlines at the upper portion
(|ψ|max = 5.5) are stronger compared to those present near
the bottom portion of the cavity (|ψ|max = 4.3).

The complex patterns of heat flow during the con-
vection mode are adequately illustrated by heatlines. As
the heat sources are present along 0 ≤ Y ≤ 0.35 on the
side walls, strong heatline circulation cells (|Π|max = 2.2),

similar to streamlines, are observed just above the bottom
wall. The heat source located at the bottom zone of the
side walls (0 ≤ Y ≤ 0.35) also transfers heat to the cold
regimes (0.35 ≤ Y ≤ 0.8) of the side walls. Similarly,
the heat sources at the upper regions on the side walls
(0.85 ≤ Y ≤ 1) transfer heat to a small portion of the
cold regimes within 0.8 ≤ Y ≤ 0.85. Heatlines are dense
near upper portion of the cold side walls (0.7 ≤ Y ≤ 0.8)
than at the middle section signifying larger heat flow near
0.7 ≤ Y ≤ 0.8. It is interesting to observe that, although
the |ψ|max values for the circulation cells at the central
and the bottom portions of the cavity are different, the
thermal mixing induced by those circulation cells is nearly
same as seen from the |Π|max values, which are 2.2 and 2
at both the central and bottom portions of the enclosure,
respectively (see Fig.7).

Large portion near the central zone in the upper
and lower halves are maintained at θ = 0.4 − 0.5, due to
enhanced mixing in those regions as visualized from the
presence of dense heatlines along the central vertical line
of the cavity. Further, the bottom zone also consists of
dense heatlines emanating from the heat source signify-
ing large amount of heat flow due to enhanced convection.
Thus, the isotherms are largely compressed near the bot-
tom portion of side walls and high temperature gradient
is observed. In addition, enhanced thermal mixing near
the central core causes the temperature to be maintained
within θ = 0.3−0.4. The presence of sparse heatlines along
0.35 ≤ Y ≤ 0.7 results in the development of boundary
layer near those regions. Due to enhanced convection and
distributed heating with multiple heat sources, a large por-
tion of cavity is maintained at θ = 0.3− 0.5, in contrast to
case 1. Further, heatlines are more dense near the central
region of the cavity within 0.3 ≤ Y ≤ 0.4, as compared to
case 1. This results in intense heat flow or thermal mixing
in those regions, in contrast to that in case 1.

5.6 Case 6

Isothermal hot sources are located at 0 ≤ Y ≤ 0.15 and
0.3 ≤ Y ≤ 0.65 on each of the side walls (Figure 7). Strong
fluid circulation cells (|ψ|max = 4.3), representative of en-
hanced convection, are induced in the cavity due to the
presence of multiple heat sources (Fig. 7). Due to intense
circulation near the heat source within 0 ≤ Y ≤ 0.15, the
outer vortex of the primary circulation cell is slightly com-
pressed inward. As a result, the primary fluid circulation
cell in this case is not exactly circular. In addition, hot
fluid near Y = 0.65 rises upwards and flows down along
the cold portion of side walls forming symmetric secondary
circulation cells (|ψ| = 3.5) in the top portion of the cavity.
Note that, for the present case, circulation cells near the
top corners disappear. Instead, small tertiary cells of low
magnitude (|ψ| = 0.1) arise near 0.15 ≤ Y ≤ 0.35 due to
local fluid motion near those regions.

Due to enhanced convection, heatlines are dis-
torted and multiple cells of heatlines are observed. Strong
convective cells distribute heat to the top and bottom por-
tions of the cavity. Similar to fluid circulation cells, two pri-
mary and two secondary cells of heatlines are also observed.
Note that, heatline patterns are qualitatively similar to
streamlines. It is interesting to observe that 0.7 ≤ Y ≤ 1
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Figure 7: Streamfunctions (ψ), heatfunction (Π) and tem-
perature (θ) plots for Ra = 105 and Pr = 7 for case 6.
Clockwise and anti-clockwise flows are shown via negative
and positive signs of streamfunctions and heatfunctions,
respectively. Thick lines along the vertical walls represent
the uniformly heated section while remaining sections are
maintained cold.

corresponds to 0.3 ≤ Π ≤ 1 along the side walls.

Note that, eye of the secondary vortex shifts from
the middle region of the cavity to the upper portion of
the cavity in contrast to case 5. It is also seen that the
dense heatlines occur near 0.3 ≤ Y ≤ 0.4, illustrating large
heat transport from the heat sources of middle portions
of the side wall. In addition, enhanced circulations near
the central core region of the enclosure, also denote larger
amount of convective heat flow as seen from higher values
(|Π|max = 2.5) of heatfunction (see Fig. 7).

Due to the enhanced thermal mixing, the
isotherms near the top portion of the cavity are pushed
towards the side walls. Note that, absence of heat source
within 0.65 ≤ Y ≤ 1 does not necessarily affect the tem-
perature distribution in the top half of the enclosure. As
a result, uniform temperature within θ = 0.4 − 0.5 is
maintained at the top central region of the cavity, simi-
lar to the previous case. Dense heatlines emanating from
the hot regimes results in large temperature gradient near
0.3 ≤ Y ≤ 0.65 and 0 ≤ Y ≤ 0.15 and thus the isotherms
are compressed in those regions. In addition, strong con-
vective cells near the centre of the enclosure results in en-
hanced thermal mixing, due to which, a large portion at
the central core is maintained at θ = 0.5 − 0.6 (Fig. 7).
Note that, uniform temperature distribution occurs around
a large zone near the central and bottom portion of the en-
closure which can be explained based on comparatively low
thermal gradients in contrast to case 3 and case 4.

5.7 THERMAL MIXING AND TEM-

PERATURE UNIFORMITY

All the six cases are compared with the conventional dif-
ferential heating (Case 0) in order to analyze the extent of
thermal mixing in the cavity, which indirectly refers to the
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Figure 8: Cup-mixing temperature (©) and average tem-
perature (△) and root-mean square deviation (RMSD)
based on θcup (©) and θavg (△) in various cases for Pr = 7
at Ra = 105.

maximum heat transfer from discrete heat sources to the
fluid (Fig. 8). Note that, case 0 refers to the differential
heating of the left wall with cold right wall, in the pres-
ence of adiabatic top and bottom walls. The cup-mixing
temperature (Θcup) and the spatial average temperature
(Θavg) at Ra = 105 for each case are evaluated based on
Eqs. 21 and 23, respectively and they are illustrated in
the inset plots of Fig. 8. Temperature uniformity for vari-
ous cases is estimated by RMSD based on Θcup and Θavg

(Eq. 24).

It may be noted that, Θcup values are shown in
the inset plots for various cases at high Ra (Ra = 105)
since it is more suitable when a convective flow exists. It is
observed that, RMSDΘcup

value for case 0 is the highest
(= 0.2489) among all the cases. This is evident from the
fact that, in differential heating, fluid near the left wall, re-
ceives maximum heat which results in the formation of hot
spots near the left half of the enclosure. On the other hand,
fluid near the right wall remains cold and thus, cold spots
tend to occur near the right wall which causes non-uniform
temperature distribution throughout the cavity. However,
thermal mixing is found to be significant as implied from
the value of Θcup (Θcup = 0.5) for case 0. Further, it is in-
teresting to observe that, for case 1 and 6, the cup-mixing
temperature (Θcup) closely follows the average temperature
(Θavg). Cup-mixing temperature (Θcup) in case 2 is found
to be 0.5655, which is mainly due to enhanced thermal
mixing induced by the distributed heating sources. This
can also be verified through the presence of dense heatlines
near the central portion of the enclosure (0.5 ≤ |Π| ≤ 1.3).
Further, low values of RMSDΘcup

signify high tempera-
ture uniformity throughout the enclosure in case 2. How-
ever, non-uniformity is observed to be large in case 3 as
RMSDΘcup

is higher (= 0.2095) as compared to case 1
and 2. This may be attributed to the fact that, the lower
corners and the region around the bottom middle portion
along the center axis, receives negligible amount of heat, as
viewed from presence of sparse heatlines (|Π| = 0.05− 0.1)
for case 3. As a result, the bulk of fluid in that portion
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remains cold. Note that, corresponding Θcup for case 3 is
found to be 0.592, which is highest among all the cases (see
figure 8). This may be due to the central positioning of the
heater source on the vertical walls, which greatly enhances
the thermal mixing inside the cavity, as seen from the high
intensities of heatlines in those region (|Π|max = 2.8). On
the other hand, presence of dense heatlines near the cen-
tral, bottom and upper portion of the enclosure, for case 4
(asymmetric configuration), results in high thermal mixing
(Θcup = 0.568) throughout the cavity. However, temper-
ature distribution inside the cavity (RMSDΘcup

= 0.2)
does not show much improvement since the bottom cor-
ners of the enclosure in case 4 receive negligible amount of
heat. For case 6, dense heatlines in the bottom and cen-
tral zones of the enclosure (|Π|max = 2.52), indicates ade-
quate distribution of heat throughout the cavity and thus
high thermal mixing (Θcup = 0.5174) is observed. Further,
the RMSDΘcup

value for case 6 is found to be the low-
est (= 0.167) among all cases which implies high degree
of temperature uniformity inside the enclosure. Thus, it
may be concluded that, the distributed heating with case 6
may be an attractive option for processing of fluids, as this
configuration results in optimum thermal mixing as well
as greater uniformity in temperature distribution across a
large region in the cavity.

6 CONCLUSION

The main objective of the present work is to study natural
convection in square cavities filled with fluid having Pr = 7
due to differential and distributed heating methodologies
and analyze their role in enhancing the thermal mixing
and temperature uniformity. Overall six cases were con-
sidered in the present study and detailed analysis of fluid
flow and heat flow have been carried out via streamlines,
isotherms and heatlines. Heatline approach has been ex-
tensively used to visualize thermal mixing and the complex
heat flow patterns in the cavity.

In all the cases, at Ra = 103, it is found that
heatlines are smooth curves, perpendicular to isothermal
surfaces, parallel to adiabatic surface and are of low mag-
nitudes. These characteristics of heatline represent con-
duction dominant heat transfer. At Ra = 105 , heatlines
are distorted and magnitudes are increased, signifying en-
hanced heat transfer due to dominant convection mode. In
addition, thermal mixing throughout the cavity is evalu-
ated and visualized via heatlines. In case 1, it is observed
that, larger regime of the heat source is located near the
bottom of the side walls due to which less heat is trans-
ferred to the upper portion of the cavity. For case 2, the
heat sources are shifted slightly upward along the vertical
walls thus giving rise to stagnant cold spots near the bot-
tom corners. However, improved temperature uniformity
is observed throughout the cavity with significant thermal
mixing. In case 3, the heat sources are centrally located
on the vertical walls. Although, heat distribution to the
upper zone of the cavity is largely enhanced, temperature
non-uniformity prevails throughout the enclosure due to
poor convection near the bottom zone. In case 4, it is ob-
served that the heat source on the left vertical wall trans-
fers heat to the bottom portion of the right wall, while
heat source on the right vertical wall supply heat to the

top cold regime of the left and right vertical wall. This
results in non-uniform temperature distribution through-
out the cavity. For case 5, multiple heat source provides
high temperature uniformity but comparatively with low
thermal mixing. Case 6 configuration is the best among all
the cases since it gives the highest temperature uniformity
with significant thermal mixing.

Overall, the heatline approach establishes that the
distributed heating is more efficient than conventional dif-
ferential heating. Also, the present work illustrates that
distributed heating is an energy saving alternative as com-
pared to differential heating.
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